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Synthese des travaux de recherche






Introduction

Hématique de recherche centrale en Informatique depuis de nombreuses décennies, le raisonnement
T concernant le temps et ’espace a notamment été étudié dans des domaines tels que la compréhen-
sion du langage naturel, la spécification et la vérification de programmes et de systeémes, les systemes de
gestion de base de données temporelles et spatiales, les systemes d’informations géographiques (SIG), la
planification temporelle et spatiale, etc.

Dans les années 80, ALLEN [All81, All83] propose un formalisme pour raisonner sur le temps qui
deviendra un modele pour de nombreux autres formalismes dévolus au raisonnement sur le temps et
I’espace. ALLEN représente les entités temporelles (actions, activités, événements) par des intervalles
de la droite et considere 13 relations de base entre ces intervalles représentant des positions particulieres
entre entités temporelles. La relation de base meets, par exemple, est constituée de I’ensemble des paires
d’intervalles telles que la borne supérieure du premier intervalle coincide avec la borne inférieure du se-
cond. Cette relation peut étre utilisée pour représenter le fait qu’une activité se termine a I’instant ol une
autre débute. L’originalité de I’approche d’ ALLEN ne réside pas réellement dans le fait de considérer les
13 relations de base correspondant a toutes les configurations possibles des quatre bornes de deux inter-
valles mais plutdt dans la maniere dont est représenté et géré I’ensemble des informations temporelles
concernant un systeme.

En effet, ALLEN représente les informations temporelles par un ensemble de contraintes. Chacune
de ces contraintes est définie par un ensemble de relations de base et représente les positions relatives
possibles entre deux entités temporelles du systeme a modéliser. Dans la suite de ce rapport, nous ap-
pellerons réseau de contraintes qualitatives un tel ensemble de contraintes (RCQ en abrégé). Un RCQ
est une description qualitative d’un ensemble de configurations possibles d’entités puisqu’elle ne fait
explicitement aucune référence a des données quantitatives ou métriques. Malgré tout, chaque relation
de base correspond a une abstraction d’un ensemble de configurations pouvant &tre décrites quantitati-
vement. Une telle abstraction peut étre souhaitable lorsque les informations a représenter ne sont pas
suffisamment précises ou sont qualitatives par nature. Un RCQ permet également de représenter des in-
formations incomplétes ou incertaines puisque chaque contrainte est définie par un ensemble de relations
de base.

Etant donné un RCQ, ALLEN propose un mécanisme d’inférence basé sur une table de composition
(appelée également table de transitivité). Dans le cadre du calcul des intervalles, la table de composition
décrit, pour chaque couple de relations de base r et 7/, I’ensemble des relations de base pouvant étre
satisfaites par deux intervalles x et y lorsqu’il existe un troisieme intervalle z tel que z et z satisfont r
et z et y satisfont /. La méthode d’inférence proposée consiste a itérer sur tous les triplets de variables
v;, vj, v du RCQ I’opération consistant a supprimer de 1’ensemble de relations de base définissant la
contrainte entre v; et vy, les relations de base non possibles du fait des relations de base permises entre v;
et vy, et celles entre vy, et v;. Ces relations de base non possibles sont déduites de la table de composition.
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Introduction

De plus, le traitement est réalisé jusqu’a ce qu’un point fixe soit obtenu. En fait, ALLEN applique une
méthode de filtrage des contraintes a 1’aide de 1’opération de composition (appelée aujourd’hui faible
composition ou composition algébrique et notée dans le suite par ©). Le sous-RCQ obtenu est équivalent
au RCQ initial et admet une propriété de cohérence locale que nous appellerons ¢-cohérence.

La méthode proposée par ALLEN n’est pas complete pour décider de la cohérence ou non d’un
RCQ. En effet, elle permet de supprimer des relations de base non possibles mais n’enléve pas dans le
cas général toutes les relations de base non possibles. En fait, cette méthode de calcul de la fermeture
d’un RCQ par faible composition est une méthode polynomiale tandis que le probleme de décider de la
cohérence d’un RCQ du calcul des intervalles est un probleme NP-complet. Compte tenu de ces résultats
de complexité, de nombreuses études ont eu pour objectif de caractériser des ensembles de relations de
base du calcul des intervalles pour lesquels le probleme de la cohérence est un probleme polynomial et
pouvant notamment se résoudre a partir de la méthode du calcul de la fermeture par faible composition.
Aujourd’hui, une cartographie complete des classes traitables et de celles qui ne le sont pas a été tracée
pour le calcul d’ ALLEN [KJJ03] . Définir un RCQ sur un fragment traitable du calcul apporte 1’assurance
de pouvoir décider de sa cohérence en temps polynomial.

De maniere générale, pour décider du probleme de la cohérence d’un RCQ, un algorithme de re-
cherche avec retour arriere peut étre mis en ceuvre. A chaque étape de la recherche, une contrainte est
sélectionnée puis définie par une des relations de base la composant. De plus, le calcul de la fermeture par
faible composition peut étre réalisé afin de supprimer des relations non possibles. L’ algorithme s’arréte
lorsqu’un scénario (un RCQ défini par des relations singletons) fermé par faible composition est carac-
térisé ou lorsque I’ensemble des choix pris lors de la recherche ont conduit a un échec. Dans le premier
cas, la cohérence du RCQ initial a été caractérisée. Dans le second cas, nous pouvons affirmer qu’il est
non cohérent. Cet algorithme de recherche a été rendu beaucoup plus efficace par I’utilisation de classes
traitables [LR92, Neb96, Neb97]. En effet, a chaque étape de la recherche, plutdt que d’instancier la
contrainte sélectionnée par chacune des relations singletons correspondant a ses relations de base, nous
pouvons réaliser une instanciation par des sous-relations de la contrainte issues d’une classe traitable. Le
facteur de branchement dans 1’arbre de recherche se trouve ainsi diminué.

Le calcul des intervalles d’ALLEN a initié une multitude de définitions de formalismes dévolus au
raisonnement sur le temps et sur I’espace. Un des points communs de ces formalismes est qu’ils sont tous
définis a partir d’un ensemble de relations de base completes et mutuellement exclusives représentant
des configurations qualitatives particulieres d’entités temporelles ou spatiales. De plus, pour tous ces
formalismes, des RCQ sont utilisés pour représenter I’ensemble des informations temporelles ou spatiales
du systeme considéré. Le raisonnement se fait également par résolution de contraintes a I’aide du calcul
de la fermeture par faible composition.

Dans le chapitre suivant, nous définissons formellement ce qu’est un formalisme qualitatif pour le
temps et I’espace utilisant des ensembles de contraintes comme langage de représentation des connais-
sances. Nous donnons quelques exemples de formalismes qualitatifs représentatifs compte tenu du choix
des entités et des relations de base considérées. Nous posons quelques définitions et propriétés concer-
nant les RCQ. Nous décrivons également nos travaux [BCLO3b][CL04a]"'* concernant I’axiomatisation
en logique du premier ordre des relations de base du calcul des points cycliques [IC00] et du calcul des
intervalles cycliques [BOO0O], travaux réalisés en collaboration avec PHILIPPE BALBIANI et GERARD
LIGOZAT.

Le deuxiéme chapitre est consacré au probleme de la cohérence des RCQ. Dans un premier temps,
nous détaillons 1’algorithme de recherche le plus efficace utilisé afin de résoudre ce probléme. Dans un
deuxieme temps, nous présentons certains de nos travaux concernant ce probleme :

e nos études consacrées a la recherche de classes traitables pour certains formalismes qualitatifs
(le calcul des intervalles généralisés [BCFO98a, BCFO98b, BCLO0][Con04]"'"%, le calcul des rec-



tangles et celui des n-pavés [BCF98, BCF99a, BCF99d], le calcul des n-points [BCF99¢, BCO2b],
le calcul des points cycliques [BCLO3b], le calcul INDU [BCL03a][BCLO06]*'*"),

e notre étude concernant la notion de contraintes éligibles et 1a notion de contraintes gelées [CLS07],

e nos travaux dévolus aux cohérences locales appelées ;i—cohérences [CL10]™®,

e nos recherches concernant la résolution du probleme de la cohérence des RCQ par traduction en
CSP discrets [DCLS07] et en probleme SAT [CD07, CD0S],

e nos travaux concernant les décompositions arborescentes de RCQ [Conl1, CC11][CD11]7**,

Ces différents travaux ont été réalisés en collaboration avec PHILIPPE BALBIANI, ASSEF CHMEISS,
CHRISTOPHE LECOUTRE, GERARD LIGOZAT, LAKHDAR SAIS, ainsi qu’avec MAHMOUD SAADE et
DOMINIQUE D’ ALMEIDA que j’ai co-encadrés lors de leur these.

En premiere partie du troisieme chapitre, nous décrirons nos travaux [BC02a]*® concernant une
logique spatio-temporelle correspondant intuitivement a la logique propositionnelle temporelle linéaire
pour laquelle les propositions sont définies par des contraintes qualitatives. Nous présenterons également
un travail concernant un sous-langage de cette logique spatio-temporelle [CLT05]. Ces différents travaux
ont été réalisés en collaboration avec PHILIPPE BALBIANI, GERARD LIGOZAT, MAHMOUD SAADE et
STAVROS TRIPAKIS.

La seconde partie du troisieme chapitre est consacrée a des travaux [CKS08, CKMS09b, CKMS09c]
[CKMS09a, CKMS10bJ'®**'85 concernant la problématique de la fusion des RCQ. Dans le cadre de la
thése de NICOLAS SCHWIND co-encadré par SOUHILA KACI, PIERRE MARQUIS et moi-méme, nous
avons défini différentes familles d’opérateurs de fusion de RCQ que nous décrirons.

Pour conclure, nous décrirons un ensemble de perspectives de recherche concernant nos travaux.
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Chapitre 1

Les formalismes qualitatifs pour le temps
et I’espace a base de contraintes

Sommaire
1.1 Relations de base et relations disjonctives des formalismes qualitatifs . . . . . 8
1.2 Les opérations relationnelles . . ... ................0..... 17
1.3 Les réseaux de contraintes qualitatives(RCQ) . . . ... ... ... ... ... 21
1.4 Axiomatisation des relations de base en logique du premier ordre . . . . . . . 24
1.5 Conclusion . ... ... ... ittt e e e 26

N formalisme qualitatif pour le temps et I’espace a base de contraintes consideére un ensemble de
U relations de base représentant des configurations temporelles ou spatiales particulieres entre des
entités. A partir de ces relations peuvent étre définis des problémes de satisfaction de contraintes particu-
liers permettant de s’abstraire de descriptions utilisant des valeurs numériques qui sont parfois difficiles,
voire impossibles a réaliser pour certaines applications. Une représentation qualitative d’informations
temporelles ou spatiales permet également de mettre en ceuvre des méthodes de raisonnement efficaces
comme nous le verrons par la suite.

Le premier formalisme qualitatif pour le temps est issu du systeéme proposé par ALLEN en 1981
[AlI81]. L’objectif d’ALLEN ¢était de définir un systeme permettant de représenter des connaissances
temporelles dans le cadre de la compréhension du langage naturel et de pouvoir raisonner sur ces connais-
sances, en particulier lors de I’ajout de nouvelles informations. Le modele de temps retenu par ALLEN
utilise des intervalles de la droite pour représenter des entités temporelles telles que des actions, des
événements ou bien encore des activités. Un ensemble de relations (appelées relations de base) corres-
pondant a des configurations qualitatives particulieres entre deux intervalles peut alors étre considéré.
Dans cet ensemble, se trouve par exemple la relation precedes qui est satisfaite par deux intervalles dans
le cas ou la borne supérieure du premier intervalle est strictement plus petite que la borne inférieure du
second. Cette relation permet de représenter le fait qu’une activité se déroule strictement avant une autre.
ALLEN utilise un réseau de contraintes afin de représenter I’ensemble des connaissances temporelles
d’un systeéme a modéliser. Ce réseau spécifie des relations de base possibles pour chaque couple d’en-
tités temporelles. Un mécanisme de raisonnement proposé consiste en une propagation des contraintes
réalisée avec une table de transitivité (appelée aujourd’hui table de (faible) composition) a partir de la-
quelle peuvent étre déduites toutes les configurations possibles de trois intervalles. Compte tenu de son
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compromis entre pouvoir d’expressivité et efficacité de raisonnement, le calcul des intervalles d’ ALLEN
a été utilisé dans de nombreux domaines applicatifs ou théoriques de 1’Informatique tels que la plani-
fication [AKS83, PA87, All91, Dor95], le traitement du langage naturel [SC88], les bases de données
temporelles [Sno87, CZ98] , les bases de données multimédia [LG93], la gestion de documents mulit-
média [LEOS], la biologie molléculaire [GS93] et le workflow [LSPGO6]. Depuis trois décennies, de
nombreux formalismes inspirés du calcul d’ ALLEN ont été proposés dans le cadre du raisonnement tem-
porel mais également dans le cadre du raisonnement spatial. Dans les années 90, a été notamment défini
le calcul RCC [RC89, RCCY2a, RCCI2b, Ege91] permettant de raisonner sur les positions relatives d’en-
tités spatiales a 1’aide de huit relations de base d’ordre topologique. Le calcul RCC a connu un succes
aussi important que le calcul d’ALLEN. Ce formalisme est utilisé dans de nombreuses applications, en
particulier des applications concernant les SIG (Systemes d’Informations Géographiques).

Dans ce chapitre, nous introduisons les différents éléments définissant un formalisme qualitatif a base
de contraintes : les relations de base et les relations disjonctives ainsi que les différentes opérations qui
leurs sont associées. Nous décrivons quelques formalismes qualitatifs représentatifs, aussi bien du point
de vue des entités prises en compte (points, intervalles, régions, ...) que du point de vue du type des
relations de base considérées (relations de type directionnel, relations de type topologique,...). Apres
avoir introduit les réseaux de contraintes qualitatives et certaines propriétés les concernant, nous décri-
vons nos travaux [BCF98, BCLO3b][CL04aJ"'* concernant I’axiomatisation en logique du premier ordre
des relations du calcul des rectangles [BCFO98a], de celles du calcul des points cycliques [IC00] et de
celles du calcul des intervalles cycliques [BO0O].

1.1 Relations de base et relations disjonctives des formalismes qualitatifs

Un formalisme qualitatif considére un ensemble fini B de relations non vides appelées relations de
base ou encore relations atomiques. Ces relations sont définies sur un domaine D et sont de méme arité
a (avec a > 1). Les éléments de D sont utilisés pour représenter les entités temporelles ou spatiales du
systeme. D est généralement un ensemble non fini. Les relations de B permettent de distinguer et de
caractériser des configurations qualitatives entre deux ou plusieurs entités. Tout tuple de a éléments de
D satisfait une et une seule relation de base de I’ensemble de B (les relations de B sont dites completes
et mutuellement exclusives). Formellement, I’ensemble B satisfait les deux propriétés suivantes :

a fois
———
e (1) U{r e B} =D x ... x D= D (complétude),

e (2) Vr,7" € Btelsque r # r',r N7’ = () (exclusion mutuelle).

Une relation (complexe) d’un formalisme qualitatif correspond a une union de relations de base. Nous
définissons I’ensemble A par I’ensemble des relations correspondant a toutes les unions des relations
de base. Formellement, A est défini par A = {(JE : E C B}. Il est habituel de représenter une
relation r; U ... U r; (avec r; € B pour tout i € {1,...,5}) de A par ’ensemble des relations de
base {ri,...,7;} qui la composent. De ce fait, lorsqu’il n’y a pas d’ambiguité, nous ne ferons pas de
distinction entre A et 2B par la suite. Ainsi, ’ensemble 2B représentera 1’ensemble des relations du
formalisme qualitatif considéré. Parmi les relations de 28, nous notons ¥ la relation appelée relation
totale ou relation universelle et contenant toutes les relations de base de B. La relation vide, notée 0,
correspond a la relation ne contenant aucune des relations de base. De plus, nous supposons qu’il existe
une relation de 2B, notée par Id, correspondant  la relation identité sur D*. Notons que, dans la plupart
des formalismes qualitatifs, cette relation correspond & une seule relation de base.



1.1. Relations de base et relations disjonctives des formalismes qualitatifs

Lorsque les relations de base sont d’arité 2 nous utiliserons une notation infixée, dans le cas contraire
une notation préfixée. Ainsi, pour des relations de base d’arité 2, deux éléments x,y € D satisfont la
relation € B, notée = r v, si et seulement si (z,y) € r. Pour R € 2B et z,y € D, x et y satisfont R,
noté z R y, lorsqu’il existe une relation de base » € R tel que x r y. La relation totale ¥ est toujours
satisfaite par deux éléments, tandis que la relation vide ne I’est jamais. Lorsque I’arité a des relations
est supérieure a 2, les notations r(x1,...,x4), R(x1,...,2,), avecr € B, R € Betxy,...,zq €D
correspondent respectivement a la satisfaction de r et R par z1,. .., Z4.

Dans la suite, nous donnons quelques exemples d’ensembles de relations de base de formalismes
qualitatifs. Nous considérons tout d’abord des exemples de formalismes prenant en compte des points
comme entités de base, puis des formalismes considérant des intervalles, enfin des formalismes basés sur
des régions.

Le calcul des instants. Le calcul des instants [VK86, VKB90] également appelé algebre des points
permet de représenter le positionnement d’entités temporelles ponctuelles telles que des événements
en considérant trois relations de base : = precedes y (x se réalise avant y), x follows y (x se réa-
lise apres y) et x same y (x et y se réalisent au méme instant), voir Figure 1.1. Les trois relations de
base considérées par I’algebre des points sont interprétées sur un ensemble muni d’une relation d’ordre
linéaire. En considérant les points de la droite des nombres rationnels muni de la relation d’ordre ha-
bituelle <, les trois relations de base precedes, follows et same se définissent de la maniere sui-
vante : precedes = {(z,y) € Q x Q : = < y}, follows = {(z,y) € QxQ : y < z} et
same = {(z,y) € QxQ : 2 = y}. A partir de ces trois relations de base, nous pouvons définir huit rela-
tions complexes correspondant a I’ensemble 28 = {{precedes, follows, same}, {precedes, follows},
{precedes, same}, { follows, same}, {precedes}, { follows},{same}, B} Considérons, par exemple
la relation { follows, precedes}. Cette relation permet d’exprimer qu’un instant se réalise avant ou apres
un autre instant mais pas en méme temps. De plus, z € Q et y € Q satisfont cette relation si et seule-
ment si, x # y. Désormais, pour des raisons de concision, nous utiliserons les symboles <, > et = pour
référencer respectivement les relations de base precedes, follows et same.

€ Y Y €T T,y

x precedes y x follows y Yy same x

FIGURE 1.1 — Les relations de base du calcul des instants.

Le calcul des directions cardinales. Dévolu au raisonnement spatial, le calcul des directions cardi-
nales proposé par LIGOZAT [Lig98a, Lig98b] est une extension au plan du calcul des instants. Les entités
du domaine D sont donc les points du plan muni d’un repere orthogonal. La position relative entre deux
points est déterminée par les relations de base de I’algebre des points issues des projections des points sur
les deux axes. Nous obtenons ainsi 9 positions relatives qualitatives possibles entre deux points corres-
pondant a I’ensemble de relations de base B = {EQ, E, N, S, W, NE, NW, SW, NW}, voir Figure1.2.
A partir de ces 9 relations sont définies les 2° relations du calcul des directions cardinales.

Le calcul des n-points et le calcul a-étoile. Le calcul des n-points [BC02b] est une généralisation du
calcul des instants a 1’espace euclidien de dimension n avec n > 1. Les entités considérées sont les points
de I’espace euclidien de dimension n muni d’un repere orthogonal. Chaque relation de base est définie par
un n-uplet formé de n relations de base du calcul des instants. Le 7*™ élément du n-uplet, avec 1 < i < n,
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——————— o oY 0 Y

4
rrrrrrr oY R o Qe Q & or e Ty Y
x North y (N) x SouthFEast y (SE) z East y (F) x SouthWest y (SW) x Same y (EQ)
y South x (S) y NorthWest x (NW) y West x (W) y NorthEast x (NW)

FIGURE 1.2 — Les relations de base du calcul des directions cardinales.

correspond a la relation de base du calcul des instants satisfaite par les projections orthogonales des deux
points sur le i*™ axe. Dans la figure 1.3 se trouve illustrés deux 3-points satisfaisant la relation de base
(<, <,=). Le calcul des n-points est basé sur 3" relations de base. Le calcul des instants et le calcul des
directions cardinales correspondent respectivement au calcul des n-points pour n = 1 etn = 2.

(<, <, =)y

FIGURE 1.3 — Une relation de base du calcul des 3-points.

Le calcul a-étoile [Mit02, Mit04], avec « un entier strictement positif, est également une générali-
sation du calcul des directions cardinales. Il permet une description plus fine des positionnements des
entités spatiales. Etant donné un point du plan z et une relation de base r du calcul des directions car-
dinales, la satisfaction de r par = et un deuxieéme point y impose que le point y soit dans une zone
particuliere du plan, voir Figure 1.4(a). Ces différentes zones forment une partition du plan et sont dé-
limitées par 4 demi-droites d’origine =, deux demi-droites consécutives formant un angle de 90 degrés
(nous supposons le plan orienté dans le sens trigonométrique). Le calcul a-étoile généralise ce parti-
tionnement en considérant non plus 4 demi-droites mais o« demi-droites d’origine x. Chaque paire de
demi-droites consécutives forme un angle de (360/«) degrés. Chaque région correspond a une relation
de base du calcul a-étoile qui est ainsi basé sur (2.«) + 1 relations. En dehors de la relation identité
désignée par EQ, chaque autre relation de base est identifiée par un nombre compris entre 0 et (2.cv) — 1.
Les figures 1.4(a) et 1.4(b) représentent respectivement ce partitionnement pour le calcul 4-étoile et celui
pour le calcul 8-étoile. Dans la figure 1.4(c) sont illustrés deux points = et y du plan tels que = 1 y et
y b x dans le cadre du calcul 4-étoile, et = 3 y et y 11 x dans le cadre du calcul 8-étoile. Les relations de
base référencées par un nombre pair correspondent a des demi-droites, celles référencées par un nombre
impair a des zones coniques de dimension 2. Notons que le calcul des directions cardinales correspond
au calcul 4-¢étoile.
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0
N (0) 5
5 1 15 A
NW(1) NE(T)
3 13
w(2) T E(6) 4 12 z
EQ x
. 11 y
9]
SW(3) SE(5) ;
S(4)
7 3 9
(a) (b) ©

FIGURE 1.4 — Partitionnement du plan par les relations de base du calcul des directions cardinales (du
calcul 4-étoile) (a) et par celles du calcul 8-étoile (b). Deux points x et y du plan (c).

Calcul des instants basé sur un ordre partiel. En suivant le modele du temps utilisé dans de le cadre
de certaines logiques temporelles [Eme90a], BROXVALL et JONSSON [BJ0OO] réinterprétent le calcul des
instants en considérant une structure temporelle non linéaire. Formellement, ils considérent un ensemble
d’éléments D muni d’un ordre partiel <. A partir de cet ordre partiel et du prédicat d’égalité sont définies
quatre relations de base (<, >,=,||) de la maniére suivante : la relation < est définie par {(x,y) €
DxD:xz<wyetx # y}, > est définie par {(z,y) € D x D : y < xetnonz = y}, la relation ||
correspond a I’ensemble de valeurs {(z,y) € DxD : nonz < yet nony < z} etenfin = correspond a
la relation identité sur D. Le calcul des instants sur un ordre partiel permet notamment de représenter des
relations temporelles concernant des événements intervenant dans des systemes distribués non pourvus
d’une horloge globale. BROXVALL et JONSSON considerent également le cas particulier de la sous-classe
des ordres partiels satisfaisant la propriété Va,y,z € D, siz || y et y < z alors z || z stipulant que deux
points temporels incomparables ne peuvent avoir un successeur commun. Intuitivement, cette condition
interdit la jonction de deux branches de temps dans le futur afin d’obtenir un modele de temps arborescent
dans le futur.

Le calcul des points cycliques. Le calcul des points cycliques que nous avons proposé et étudié dans
[BCLO3b] est basé sur des relations de base ternaires permettant de raisonner sur les positions relatives
d’entités ponctuelles sur un cercle orienté du plan. Etant donnés trois points z, y et z du cercle, six
positions relatives peuvent étre distinguées (Figure 1.5) : y est rencontré strictement apres x et strictement
avant z en suivant I’orientation du cercle (Byp.(, y, 2)), y est rencontré strictement apres z et strictement
avant x en suivant I’orientation du cercle (B, (, y, 2)), x et y sont égaux et distincts de z (Bgqac(, y, 2)),
x et z sont égaux et distincts de y (Bupa(, y, 2)), 2 et y sont égaux et distincts de = (Bpao (2, v, 2)) et,
x, y, z sont trois points égaux (Bgqq(,y, 2)). Dans un contexte de représentation spatiale, les relations
des points cycliques permettent par exemple de capturer et de représenter les positions relatives d’objets
observés au travers d’un tour d’horizon panoramique. De maniere générale, les relations de base du
calcul des points cycliques peuvent étre définies a partir d’'un ensemble D muni d’une relation d’ordre
cyclique dense. Formellement une relation d’ordre cyclique sur D est une relation ternaire < satisfaisant
les propriétés suivantes, pour tout z,y, z,t € D :

e non < (z,y,y) (P1);si < (z,y,2) et < (z, z,t) alors < (z,y,t) (P2 - Transitivité) ;
e siz£yetx #zalorsy =zou< (z,y,z)ou < (z,z,y) (P3 - Totalité) ;
o < (x,y,2)ssi < (y,z,2)ssi < (z,2,y) (P4 - Cyclicité) ;

11



Chapitre 1. Les formalismes qualitatifs pour le temps et [’espace a base de contraintes

e six # y alors il existe z tel que < (z, z,y) et il existe z tel que < (x,y, z) (P5 - Densité) ;
e il existe z,y € D tels que = # y (P6).

Dans le cadre d’un cercle orienté C, nous pouvons formellement définir D par intervalle [0, 360[ de
Q. Chaque point du cercle C est défini par le nombre rationnel de cet intervalle correspondant a 1’angle
formé par une droite horizontale et la droite passant par le centre de C et ce point. La relation d’ordre
cyclique < peut se définir par <= {(z,y,2) ED:zx <y <zouy <z <zouz < x < y} avec <
la relation d’ordre linéaire habituelle sur les nombres rationnels. Les six relations de base du calcul des
points cycliques peuvent se définir a partir de la relation d’ordre cyclique < et le prédicat d’égalité. Nous
avons par exemple By (2, y, 2) si et seulement si < (z,y, 2) et Bggy(x,y, 2) ssiz = y etnon x = z.

OO O

ahz‘ z,Y, Z a(b z,Y,z aab r,Y,z
Q Q Q -
abu z, y7 Bbaa :L' 'Y, Z uaa :L Y Ys 2

FIGURE 1.5 — Relations de base du calcul des points cycliques.

Nous allons maintenant décrire sommairement quelques relations de base de formalismes qualitatifs
dont les domaines sont des intervalles.

Le calcul des intervalles. Le calcul des intervalles proposé par ALLEN [AlI81, AlI83] est certaine-
ment le plus connu des formalismes qualitatifs et celui ayant recu le plus d’attention. Outre qu’il est le
premier formalisme qualitatif proposé et étudié, sa notoriété provient notamment de son intérét pour la
représentation d’informations temporelles dans de nombreuses applications de I’Informatique. ALLEN
représente des entités temporelles de type activité ou action par des intervalles de la droite et consi-
dere 13 relations de base binaires : B = {eq, p, pi, m,mi,o,0i,s, si,d,di, f, fi} (voir Figure 1.6).
Chacune de ces relations correspond a une configuration particuliere des quatre bornes de deux inter-
valles et permet de représenter une position relative qualitative particuliere entre deux entités tempo-
relles. La relation de base meets correspond par exemple a la configuration dans laquelle la deuxieme
borne du premier intervalle est égale a la premiere borne du second intervalle et permet de représen-
ter une situation ol une activité se termine exactement au méme instant oll une deuxieéme activité dé-
bute. Formellement, pour le calcul d’ALLEN, le domaine D peut étre défini par I’ensemble des inter-
valles de la droite des rationnels : D = {z = (z7,2") € Q x Q : z— < at}. Chaque relation
de base peut étre définie par des contraintes sur les bornes des intervalles. Ainsi, la relation de base
starts se définit par starts = {(z,y) € D x D : 2= = y~ ety™ > x"} et la relation meets par
meets = {(x,y) € Dx D : 2" =y~ }. Notons que dans [AlI81] ALLEN ne considere que 9 relations de
base, les relations de base d, s, f (respectivement ds, s¢, fi) étant regroupées dans une unique relation.
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Y Y Y

x precedes y (p) x meets y (m) x overlaps y (0)
y precededBy x (pi) y metBy x (mi) y overlappedBy x (oi)
f——» © O——»©° O——F—=3
x starts y (s) x during y (d) x finishes y (f)
y satrtedBy x (si) y contains x (di) y finishedBy x (f1)
z Y
g—=

x equals y (eq)

FIGURE 1.6 — Relations de base du calcul des intervalles.

r1 T2 I3 r1 X2 I3
* z1 feq p p 1 feq m p
zo | Pt eq p xo | mi eq m
y T3 \ pi pi eq r3 \ pi mi eq
1 T z

2/
@ () (©)

FIGURE 1.7 — (a) Deux 3-pavés z et y satisfaisant la relation de base (overlaps, starts, metBy), (b) un
intervalle généralisé de LADKIN et (¢) un intervalle généralisé de LIGOZAT.

Le calcul des n-pavés et les calculs des intervalles généralisés. Le calcul des n-pavés (avec n > 1)
que nous avons étudié dans [BCF99d] est une généralisation naturelle du calcul des intervalles a un es-
pace euclidien de dimension n muni d’une base orthogonale. Les entités spatiales considérées, appelées
n-pavés, sont les pavés dont les cotés sont paralleles aux axes du repere. Chaque relation de base de ce
calcul est binaire et caractérisée par un n-uplet de relations de base du calcul des intervalles. Le *™e é1é-
ment de ce n-uplet est la relation de base satisfaite par les intervalles issus des projections orthogonales
des deux pavés sur le i*™ axe. La figure 1.7 (a) représente deux 3-pavés satisfaisant la relation de base
(overlaps, starts, metBy). Le calcul des n-pavés admet 13" relations de base. Le calcul des 1-pavés
correspond au cas particulier du calcul des intervalles et le calcul des 2-pavés a celui du calcul des rec-
tangles [BCF98]. D’autres extensions naturelles du calcul des intervalles consistent a considérer comme
entités des ensembles d’intervalles satisfaisant des positions relatives particulieres. Ces entités sont ap-
pelées intervalles généralisés. Les intervalles généralisés de LADKIN [Lad86] correspondent a des tuples
d’intervalles pour lesquels deux intervalles consécutifs satisfont la relation be fore du calcul des inter-
valles. Ceux considérés par LIGOZAT dans [Lig91] peuvent étre définis par des tuples d’intervalles pour
lesquels chaque couple d’intervalles consécutifs satisfait la relation meets. La relation qualitative entre
deux intervalles généralisés est déterminée par les relations de base du calcul d’ ALLEN satisfaite entre
chaque paire d’intervalles constituant les intervalles généralisés. Dans [Con04]"'"*, nous définissons et
étudions un calcul englobant le calcul des n-pavés et les calculs des intervalles généralisés de Ladkin et
de Ligozat. Dans ce calcul, les intervalles généralisés considérés sont des n-uplets d’intervalles a priori
sans contrainte sur leur structure. Chaque relation de base est définie par une matrice de relations de
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Chapitre 1. Les formalismes qualitatifs pour le temps et [’espace a base de contraintes

base du calcul des intervalles. Cette matrice permet de décrire la position relative entre deux intervalles
généralisés en spécifiant la relation satisfaite par chaque paire d’intervalles composée d’un intervalle
du premier intervalle généralisé et d’un intervalle du second intervalle généralisé. Ces relations de base
permettent également de structurer un intervalle généralisé en utilisant la relation appropriée qu’il doit
satisfaire. Les figures 1.7 (a) et (b) illustrent les deux relations de base permettant de contraindre un
3-intervalle généralisé a €tre un intervalle généralisé considéré par LADKIN et par LIGOZAT respective-
ment.

TpTy xpSy TpTy
FIGURE 1.8 — Raffinement de la relation precedes du calcul d’ Allen en trois relations de base du calcul
INDU.

Le calcul INDU. Le calcul INDU est un formalisme temporel proposé par PUJARI et al. [PKS99]
considérant également des intervalles comme entités temporelles. Il prend en compte des informations
concernant les durées relatives des intervalles en plus des informations exprimées par les relations du
calcul d’ALLEN. Le calcul INDU est basé sur 25 relations de base. Chacune de ces relations de base est
issue d’un raffinement d’une relation de base du calcul des intervalles et peut-&tre définie par un couple
de relations (4, p). La premiere relation ¢ de ce couple est la relation de base du calcul d’ Allen satisfaite
par les deux intervalles. La seconde relation p est une relation de base du calcul des points représentant
la relation satisfaite par les durées des deux intervalles (> correspond au cas ol le premier intervalle a
une durée strictement supérieure a celle du second intervalle, < correspond au cas ou le premier inter-
valle a une durée strictement inférieure a celle du second intervalle, = correspond au cas ou les deux
intervalles ont la méme durée). La relation de base du calcul INDU définie par le couple (i, p) sera notée
¥ dans le suite. Ainsi, I’ensemble des relations de base du calcul INDU correspond a I’ensemble B =
{eq=,p<,p”,p=,pi<,pi~,pi—,m<,m”,m=, mi<, mi~, mi—,0%,0”,0,0i<,0i”,0i~, 5%, si”,d<,
di, f<, fi~}. Les relations de base d’ALLEN p, pi, 0, 0i, m, mi se raffinent en trois relations de base
du calcul INDU (voir Figure 1.8 pour une illustration concernant la relation precedes) tandis que les
relations de base s, st, f, fi, d, di, = sont inchangées malgré leur renommage.

Le calcul des intervalles cycliques et le calcul des intervalles sur un temps arborescent. Le calcul
des intervalles cycliques proposé par BALBIANI et OSMANI [BOOO] considere les positions relatives
possibles entre deux intervalles du cercle orienté. Les relations de base de ce calcul sont au nombre de 16
et correspondent a toutes les configurations possibles de quatre bornes de deux intervalles définis sur un
ordre cyclique, voir Figure 1.9. Certaines relations de base de ce calcul ne peuvent pas étre satisfaites par
deux intervalles définis sur un ordre linéaire. Considérons par exemple la relation de base mms (meets-
metBy). Cette relation correspond a la configuration ou la seconde borne (respectivement la premiere
borne) du premier intervalle est égale a la premiere borne (respectivement la deuxieéme borne) du second
intervalle. Cette relation de base peut étre satisfaite par deux intervalles du cercle orienté mais pas par
deux intervalles de la droite.

Comme pour le calcul des instants, les relations du calcul des intervalles ont également été interprétées
sur un modele de temps arborescent [Euz98, RW04]. Avec ce type de modele, 6 nouvelles configurations
qualitatives peuvent étre caractérisées lorsque deux intervalles se trouvent sur deux branches de temps
distinctes. Ces nouvelles relations sont représentées par la figure 1.10. Nous avons par exemple la relation
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miatiallyMeets (1 M) qui est satisfaite par deux intervalles x et y lorsque la borne inférieure de = se
réalise strictement avant la borne inférieure de y et lorsque les bornes supérieures de x et y ne sont pas
comparables. En utilisant les relations de base précédemment introduites dans le cadre du calcul des
instants sur un modele de temps arborescent, nous avons x ¢M y si et seulement si, £~ < xt oy <y,
T <y etat |yt

xTmy T mmiy T Mot y z fy r sy
ymix Yy mio T y fix Yy St T
Qy @y @J QU @
x ppt Yy zdy Toy T 00t Y T eqy
ydix Yy ol T

x
*—e *—o
ziBy xiMy ik y zuly

FIGURE 1.10 — Des relations de base du calcul des intervalles pour un temps arborescent dans le futur :
initiallyBe fore(iB), initiallyMeets(iM ), initially Equals(iE) et unrelatedT o(uT).

Le calcul des régions RCC8. Dans le domaine du raisonnement spatial, RANDELL et al. [RC89,
RCC92a, RCCI2b] ont proposé une théorie du premier ordre appelée Region Connection Calculus
(RCC). RCC est une axiomatisation de 1’espace considérant des régions comme entités spatiales pri-
mitives basée sur la relation binaire C(x,y) : la région x est connectée a la région y. L’interprétation
standard de RCC considere les ensembles réguliers d’un espace topologique ou C'(z,y) est interprété
par : les fermetures topologiques de = et y partagent au moins un point. Compte tenu de 1’axioma-
tisation de RCC [RCC92b], chaque région possede un complémentaire. Ainsi, I’ensemble de tous les
points est exclu de I’ensemble des régions. De plus, du fait de I’interprétation topologique de C, il n’est
pas possible de distinguer les ensembles ouverts, les ensembles fermés et les ensembles semi-ouverts.
Nous pouvons donc considérer uniquement 1’un de ces ensembles pour définir les régions, I’ensemble
des ensembles fermés par exemple. RANDELL et al. définissent a partir du prédicat C' différentes autres
relations binaires :

Dé

e DC(x,y) = ~C(z,y) (z est déconnecté de y) ;

=

15



Chapitre 1. Les formalismes qualitatifs pour le temps et [’espace a base de contraintes

Déf.

o P(x,y) = Vz[C(z,x) — C(z,y)] (x est une partie de y);
x,y) A —P(y,x) (x est une partie propre de y) ;

)
o EQ(z, y) = P(z, y) A P(y, x) (x et y sont identiques) ;
o O(z,y) = 3z[P(z,z) A\ P(z,y)| (x chevauche y) ;
o PO(z,y) = O(z,y) N —P(x,y) AN ~P(y, x) (x chevauche partiellement z) ;
o EC(z,y) DE O(:z: y) A C(z,y) (z est extérieurement connecté a y) ;

g
1134

e TPP(x,y)
e NTPP(x,y
dey);

° P¥(z,y) =
e TPP™(z,y)

PP(:U y) A 3z[EC(z,x2) N EC(z,y)] (z est une partie propre tangentielle de y) ;

éf.

g
3

~—

PP(z,y) N—=3z[EC(z,z) AN EC(z,y)] (x est une partie propre non tangentielle

Def

P(y,z); PP~ (2,y) = PP(y,1):
éf.

Z TPP(y,z); NTPP~(z,y) = NTPP(y, ).

L’ensemble des huit relations { DC, EC, PO, EQ,TPP,NTPP,TPP~, NTPP~} correspond al’en-
semble des relations de base du formalisme qualitatif appelée RCC8. Une illustration graphique de ces
relations est donnée par la figure 1.11. Les relations de base de RCC8 permettent de raisonner sur la nature
des relations topologiques entre des régions représentant des objets d’un systeme a modéliser. En défi-
nissant la relation PP (respectivement la relation P P~) par ’'union des deux relations T PP et NT PP
(respectivement T PP~ et NT PP™), I’ensemble { DC, EC, EQ, PP, PP~} constitue ’ensemble des
relations de base d’un formalisme moins expressif appelé RCC5. Dans le cadre de certaines applications
ou études, les relations topologiques de RCC8 sont interprétées sur des régions tres spécifiques (poly-
gones, rectangles, régions convexes,. .. ). Par exemple, dans [Ege05], EGENHOFER considere les régions
d’une sphere et montre que des configurations particulieres entre régions peuvent étre réalisées sur la
sphere et pas dans le plan. Dans certains formalismes, les relations de base de RCC8 ont également été
combinées avec des relations considérant des aspects autres que topologiques. Par exemple, dans [GR98]
GEREVINI et RENZ considérent comme entités spatiales des régions de R™ auxquelles est associée une
taille. En plus des relations topologiques de RCCS, ils prennent en compte le rapport qualitatif entre les
tailles des régions. Comme pour le formalisme INDU, les relations du calcul des points sont utilisées
pour représenter ce rapport. La relation de base < permettra par exemple d’indiquer que la taille de la
premiere région est strictement inférieure a la taille de la seconde région. Une autre combinaison de re-
lations a été proposée par LI ef al. [LLR09] qui considérent les relations de base de RCC8 ainsi que des
relations permettant d’exprimer 1’orientation relative entre deux régions du plan. Ces relations sont les
relations de base du calcul des directions cardinales que nous présentons dans le paragraphe suivant.

Le calcul des directions cardinales sur les régions. Le calcul des directions cardinales sur les régions
a été proposé par GOYAL et EGENHOFER [GEO1, SK04]. Ce formalisme permet de raisonner sur 1’orien-
tation relative de régions dans le plan (ensembles bornés fermés réguliers et connexes du plan). Etant
donnée une région x du plan muni d’un repére orthogonal, a 1’aide des quatres droites prolongeant les
cOtés du plus petit rectangle englobant contenant x (le plus petit rectangle contenant x et dont les cotés
sont paralleles aux axes), nous pouvons définir 9 zones particulieres du plan, voir Figure 1.12(a). Ces
9 zones sont notées NW,N,SE,W,O,E,SW,S SE et sont appelées tuiles. La relation de base satisfaite par
une région y et la région x est déterminée par I’ensemble des tuiles qui s’intersectent avec y. Elle est
notée par les références de ces tuiles séparées par le symbole deux points. La figure 1.12(b) représente
une configuration ou la région y satisfait avec la région x la relation de base W:SW:S et la région =
satisfait avec la région y la relation de base N:NE:O:E. Dans la figure 1.12(c), la région y satisfait avec x
la relation de base W:O:SW:S. Une des particularités du calcul des directions cardinales sur les régions
est que la transposée d’une relation de base ne correspond pas a une relation de base. Considérons par
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3680

x DCy x ECy x POy x TPPy

x TPP~y x NTPPy x NTPP~ z EQy

FIGURE 1.11 — Illustration des relations de base de RCC8.

NW N NE

w v E

Y n)
A AL

(a) (b) (©)

FIGURE 1.12 - Division du plan par une région x pour le calcul des directions cardinales sur les régions
(a), z N:NE:O:E y et y W:SW:S x (b), x N:NE:O:E z et 2 W:0:SW:S x.

exemple deux régions z et y telles que z satisfait avec y la relation de base N:NE:O:E. En examinant de
nouveau la figure 1.12, nous pouvons constater que la relation de base pouvant étre satisfaite entre y et x
n’est pas unique. En effet, elle peut étre la relation W:SW:S (Figure 1.12(b)) mais également la relation
W:0:SW:S (Figure 1.12(c)).

1.2 Les opérations relationnelles

Comme ensemble d’ensembles de relations de base, I’ensemble 2B est muni des opérations ensem-
blistes d’union (U) et d’intersection (N). Etant données deux relations R,S € 2B RUS correspond a
la relation de 2B constituée des relations de base de B appartenant 2 R ou a S, R N S est la relation
de 2B formée des relations de base appartenant i la fois 2 R et & S. En tant qu’ensemble de relations,
I’ensemble 2B est également muni d’opérations relationnelles que nous allons décrire.

Opérations pour des relations d’arité 2 (inverse et composition faible). Lorsque I’ensemble B est
un ensemble de relations de base binaires, 2B est muni de I’opération unaire inverse (™) et de 1’opération
binaire appelée opération de faible composition ou opération de composition algébrique, notée ¢ dans
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la suite. Dans le cas général, I’opération inverse associe a chaque relation de base r la relation r~
appartenant a 28 définie par r~ = { € B : 3x,y € Davecz r yety r’ x}. L’opération inverse est
généralisée a 1’ensemble 2B par R~ = U,er ™™ pour tout R € 2B Notons que nous avons pour tout
z,y € Det R € 2B, si z Ry alors y R~ z. L’inverse n’est pas forcément vraie dans le cas général.
Pour la plupart des formalismes, il existe pour chaque relation de base r € B une relation de base de B
correspondant a la transposée de r, i.e. larelation {(y, z) : (z,y) € r}. Dans le cadre de ces formalismes,
pour toute relation de base » € B, nous avons 7~ qui ne contient qu’une seule relation de base, la
transposée de 7. D’autre part, nous avons pour tout z,y € D et R € 2B, x Ry si et seulement si y R~ x.
A notre connaissance, il n’existe que le calcul des directions cardinales sur les régions précédemment
présenté pour lequel les éléments de la transposée d’une relation de base sont répartis dans plusieurs
relations de base. Dans ce cadre précis, le calcul de I’opération inverse des relations de base a donné lieu
a des études particulieres [CF04].

La relation inverse d’une relation de 2B peut se calculer a partir d’une table des inverses dans laquelle
pour chaque relation de base 7 est donnée la relation . Dans la Figure 1.1 sont représentées les tables
des inverses de quelques uns des formalismes présentés précédemment. En considérant, par exemple,
la relation {p,m,o0i} du calcul des intervalles et la table des inverses pour ce calcul, nous pouvons
facilement établir 1’égalité suivante : {p, m, 0i}~ = {pi, mi, o}.

(@) (b) (©) (d) (e
ro|rT ro|rT T r T r r r
< > < > N S b bi DC DC
> < > < NW | SE bi b EC EC
=1 = =| = w E 0 o1 PO PO
I I SW | NE o1 0 TPP TPP~
S N m | m? TPP™ TPP
SE | NW mi | m NTPP NTPP™
E w d di NTPP~ NTPP
NE | SW di d EQ EQ
EQ | EQ st S
S st
[ fi
fio | f
eq eq

TABLE 1.1 — Table des inverses du calcul des instants (a), du calcul des instants sur des ordres partiels
(b), du calcul des directions cardinales (c), du calcul des intervalles (d) et du calcul RCC8 (e).

Etant données deux relations de base r,r’ € B et trois entités x, i, z € D telles que x et y satisfont r
et, y et z satisfont r’, seules certaines relations de base de B peuvent étre éventuellement satisfaites par
x et z. Ce sous-ensemble de relations de base correspond 2 la relation de 2B résultant de la composition
faible entre r et v/, dénotée par r ¢ . Considérons par exemple les deux relations de base o (overlaps)
et f (finishes) satisfaites respectivement par x et y et par, y et z, avec x, y, z trois intervalles de la droite
des rationnels. Seules trois positions relatives différentes sont possibles entre x et z, voir Figure 1.13.
Ces trois configurations qualitatives correspondent aux relations de base overlaps, starts et during,
ainsi nous avons o ¢ f = {o, s,d}. Formellement, pour tout ,7' € B, ror’ = {r" : Jz,y,2 €
Davec z 7 y,y ' zetz r” z}. L opération de faible composition est généralisée aux relations de 28 par
RoR =J,c Rrer T o1 pour tout R, R’ € 2B. Le calcul de la faible composition de deux relations de
2B s’effectue a partir d’une table de composition dans laquelle sont stockées les compositions faibles de
chaque couple de relations de base. A titre d’illustration, les tables de composition du calcul des instants
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T OLO z OLO T OLO
o————— 0 z O—— O 2 O————————02z
O——O O O O
x overlaps z (0) x starts z (s) z during z (d)

FIGURE 1.13 — Trois configurations possibles pour trois intervalles x,y, z telsque x oy et y f z.

et du calcul des intervalles sont représentées par la figure 1.2. A partir de la table de composition du calcul
des intervalles, nous pouvons par exemple facilement établir les égalités suivantes : {o,di} ¢ {m, s} =
(oom)U(oo s)U(diom)U(dios) = {p}U{o}U{di,o, fi}U{di,o, fi} = {p,o,d, fi}. En considérant

(@
<o < > =
< < <, >, = <
> <, >,= > >
= < > =
(b)
P pi d di o oi m mi S si f fi eq
P P v pdoms P p pdoms p pdoms p P pdoms p p
pi 4 pi pi d oi pi pi d oi pi pi d oi pi pi d oi pi pi pi pi
mi fi mi fi mi fi mi fi
d P pi d v pdoms pi d oi p pi d pi d oi d pdoms d
mi f mi
di pdiomfi pi di oi ddissif di diofi di oi si diofi dioifi diofi di di oi si di di
mi si fiooieq
o P pi di oi dos pdiomfi pom eqddio p di oi si o dioifi dos pom o
mi si oissiffi
oi pdiomfi pi doif pi di oi mi si eqddio pi oi mi diofi pi doif pi oi mi oi di oi si oi
oissiffi
m p pi di oi dos P p dos p eqffi m m dos p m
mi si
mi pdiomfi pi doif pi doif pi eq s si pi doif pi mi mi m
s p pi d pdiomfi pom doif p mi s eq s si d pom s
si pdiomfi pi doif di diofi oi dioi fi mi eq s si si oi di si
f p pi d pi di oi mi si pos pi oi mi m pi d pi oi mi f eqffi f
fi P pi di oi dos di o diois m diois o di eqffi fi fi
mi si
eq P pi d di o oi m mi s si f fi eq

TABLE 1.2 — Table de composition du calcul des instants (a) et table de composition du calcul des
intervalles (b).

le composition relationnelle usuelle définie par RoR’' = {(z,z) € DxD : 3y avec z Ry ety R’ 2z}, nous
pouvons remarquer que dans le cas général R o R’ C R ¢ R’, d’ou le nom de composition faible pour
I’opérateur <. Pour des formalismes tels que le calcul des instants ou le calcul des intervalles interprétés
sur la droite des rationnels, nous avons 1’égalité R o R’ = R o R’ pour tout R, R’ € 2B. Pour d’autres
formalismes tels que le calcul INDU, le calcul RCC8 ou encore le calcul des intervalles interprété sur la
droite des entiers, nous avons pour certaines relations R et R’, une inclusion stricte : Ro ' C R R'.
Comme illustration, considérons les deux relations singletons {p~} et {m~=} du formalisme INDU. En
prenant les trois intervalles z,y, z de la droite des rationnels définis par x = [0,4], y = [6,10] et
z = [10,14] nous avons = p~ y, y m~ z et x p~ z. 1l s’ensuit que p~ € {p~} ¢ {m~}. Considérons
maintenant les deux intervalles 2’ = [5, 7] et 2’ = [8, 10], nous avons z'p=2’. Ainsi, 2’ ({p~}o{m~}) 2.
De plus, il est clair qu’il n’existe pas d’intervalle 3/ tel que 2’ p~ ¢/, ¥y m™ 2’ et 2’ p~ 2’ puisque
la longueur de 3/ doit étre de 2 et y doit étre placé strictement aprés z’ et avant 3’ (un emplacement
de longueur 1). Nous avons donc, (2/,2') & {p=} o {m™}. De tout cela découle I'inclusion stricte
{p=}o{m=} C {p=}o{m™}. La composition faible peut étre utilisée dans le cadre de tout formalisme
qualitatif contrairement a la composition relationnelle usuelle qui ne peut pas toujours étre définie par
des unions de relations de base. Pour une étude générale concernant la composition faible, le lecteur
peut se reporter a [RLO5]. Cette opération a également été étudiée dans le contexte spécifique de certains
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formalismes. Par exemple, dans [LY03], une étude est menée afin de déterminer s’il existe des modeles
de RCC8 pour lesquels la composition usuelle et la composition faible sont similaires ; la réponse est
négative. Comme autre exemple, nous pouvons citer les travaux réalisés dans le cadre du calcul des
directions cardinales sur les régions afin de définir la table de composition [SKO1, SK04]. Notons que
la structure algébrique constituée de I’ensemble des relations 28, des opérations d’inverse ~ et de faible
composition ¢, de la relation d’identité Id et de la relation totale ¥, forme pour certains formalismes
une algebre relationnelle au sens de TARSKI [Tar41, TG87]. C’est par exemple le cas pour le calcul
des intervalles et le calcul des instants mais pas pour d’autres formalismes tels que le calcul INDU. Le
lecteur peut se reporter a [LR04] pour une discussion concernant ce sujet.

Opérations pour des relations d’arité quelconque (rotation, permutation et composition faible).
Dans le cadre de la these de MAHMOUD SAADE encadrée par PIERRE MARQUIS et moi-méme, nous
avons porté une partie de nos travaux sur I’étude de formalismes qualitatifs basés sur des relations de base
d’arité a quelconque, avec a > 1. Nous avons en particulier formellement défini et étudié des opérations
relationnelles nécessaires au raisonnement dans le cadre de ces formalismes.

Avant de détailler les opérations de rotation, permutation et composition faible, nous considérons une
hypothese générale permettant de représenter 1’égalité entre deux entités de D. Pour tout 4, j € {1,...,a}
nous supposons qu’il existe une relation de 28 correspondant 2 la relation diagonale sur 7 et j, notée AV
et définie par A;; = {(x1,...,2,) € D* : 2; = x;}. Remarquons que la relation identité correspond a
I’intersection de 1’ensemble des diagonales. En considérant le calcul des points cycliques, nous avons a
titre d’illustration Ajo = Aoy = {Baab, Baaa} €t A1z = A1 = {Baba, Baaa }-

L’ opération inverse étendue au cas de relations de base d’arité n > 1 quelconque se décline en
deux opérations : 1’opération de permutation (3-) et ’opération de rotation (m). Pour chaque rela-
tion de base r € B, nous supposons que la permutation de r défnie par ™ = {(z1,...,%q,Ta—1) :
r(x1,...,2q-1,2q)} et larotation de r définie par r™ = {(xo, ..., xq,21) : 7(x1,T2,...,2T4)}, appar-
tiennent également a I’ensemble des relations de base B. Les opérations de permutation et de rotation sont
définies sur 2B de la maniére suivante : pour tout R € 28, R* = {r* :r € R} et R™ = {r™ : r € R}.
La table 1.2(a) et la table 1.2(b) correspondent respectivement a la table de permutation et la table de ro-
tation des relations de base du calcul des points cycliques. A partir de ces deux tables, la permutation et la
rotation de toute relation du calcul des points cycliques peuvent étre calculées. Nous avons par exemple
{Baaba Babc}% = {BCH By, } = {Babaa Bacb} et {Baaba Babc}m = {Bm o } = {Babaa Babc}-

aab’ ~abc aab’ ~abc
@
’ a H Baaa ‘ Baab ‘ Bapa ‘ Bhaa ‘ Babe ‘ Bacb ‘
’ a” H Baaa ‘ Baba ‘ Baab ‘ Bhaa ‘ Bach ‘ Bape ‘

(b)
’ a H Baaa ‘ Baab ‘ Baba ‘ Bbaa ‘ Babc ‘ Bacb ‘
’ a™ H Baaa ‘ Bapa ‘ Bhaa ‘ Baap ‘ Babe ‘ Bacb ‘

TABLE 1.3 — Table de permutation (a) et table de rotation (b) des relations de base du calcul des points
cycliques.

Pour les formalismes qualitatifs binaires, la composition faible permet, étant données trois entités
x1, T2, u pour lesquelles sont connues la relation satisfaite par x; et u et, la relation satisfaite par u et
x1, de savoir quelles sont les relations de base pouvant étre satisfaites par x; et z3. De la méme maniere,
pour un formalisme qualitatif d’arité @ > 1, la composition faible permet étant données a + 1 entités
Z1,...,,Tq,u pour lesquelles sont connues la relation satisfaite par z1,...,zq4_1, u, celle satisfaite par
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TlyeeeyTq_2,U,Tn, ..., celle satisfaite par u, xo, . . ., x4, d’en déduire les relations de base pouvant &tre
satisfaites par xy,...,x,. Formellement, pour un formalisme qualitatif d’arité a > 1, ’opération de
faible composition est une opération d’arité a définie de la maniere suivante :

e soientry,...,7q € B,o(ry,...,rq) ={r€B:r(xy,...,z,) et Ju € Davecri(x1,...,Tq-1,u),
ro(T1, ..y Ta—2, Uy Tp)y vy Ta(U, T2y ..o Tg) )
e Soient Ry, ..., Ry € 28, 0(Ry1,..., Ra) = Uy ey ruchk, O+ -5 Ta)-

A titre d’illustration, considérons quatre points d’un cercle orienté x1, x2,x3, u et les trois relations de
base Bgpe, Bach, €t Baep satisfaites respectivement par x1, X2, u, X1, U, T3 et u, r2, r3. La seule confi-
guration qualitative possible entre z1, x5 et x3 est représentée par la figure 1.14(a). Elle correspond a la
relation de base Bygp. Ainsi, ¢(Bgpe, Bach, Bach) = {Bacb }-

x3
X \
)
u

(@
Rl Baaa Baaa Baab Baab Baab Baab Baba Babc
RQ Baaa Baab Baba Babc Bbaa Bacb Baab Babc
R3 Baaa Baab Bbaa Bacb Baba Babc Babc Bacb

O(Rla R2a R3) {Baaa} {Baab} {Baaa} {Baab} {Baab} {Baab} {Babc} {Babc}

(b)

FIGURE 1.14 — (a) la seule configuration qualitative possible lorsque By (21, 2, u), Baep(z1, u, 3), et
Baep(u, x2, x3) , (b) la table de faible composition du calcul des points cycliques.

Différentes propriétés concernant les différentes opérations présentées ont été€ mises en évidence dans
la thése de M. SAADE [Saa08].

1.3 Les réseaux de contraintes qualitatives (RCQ)

Dans le cadre des formalismes qualitatifs, les informations temporelles ou spatiales concernant les
positions relatives des différentes entités du systéme peuvent étre représentées par un ensemble de
contraintes définies a 1’aide d’un réseau de contraintes qualitatives, RCQ en abrégé. Chaque contrainte
représente un ensemble de configurations qualitatives acceptables entre des entités. Elle est définie par
un ensemble de relations de base. Formellement, pour un formalisme qualitatif basé sur I’ensemble de
relations de base B et d’arité a, un RCQ est défini de 1a maniére suivante :

Définition 1 Un RCQ N est un couple (V,C') ou :
o V ={vy,...,v,} est un ensemble de n variables représentant les entités temporelles ou spatiales
du systeme ;
e C est une application qui associe a chaque tuple (v;,,...,v;,) de variables de V une relation
C(viy,...,v;,) € 28, dénotée également par Cy, i, ou N1, ..., i,). C est telle que pour tout
tuple (viy, ..., v;,) devariables de V', nous avons C(viy, ..., vi, 1,0i,) = C(Viy, ..., iy, 0, )T
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et C(viyy ..., vi,_1,0i,) = C(vi,,Viyy ... i, ). De plus, pour tout k,l avec 0 < k <1< a
si vy, = vj, alors C(vi,,...,v,) C A, (voir page 20 pour les définitions de I'opération de
rotation (), 'opération de permutation (3-), et les relations diagonales).

Lorsque les relations de base sont binaires, les conditions posées sur 1’application C' se simplifient du fait
que les opérations de rotation et de permutation correspondent & 1’opération d’inverse. D’autre part, la
seule relation diagonale est la relation identité. Ainsi, pour des relations binaires, nous avons C(v,v’) =
C(v',v)~ et C(v,v) C Id pour tout v,v" € V.

A titre d’illustration, la figure 1.15 représente trois RCQ définis dans différents calculs. Remar-
quons qu’une contrainte n’est pas représentée lorsqu’elle peut étre obtenue par 1’opération d’inverse,
par I’opération de permutation ou encore par 1’opération de rotation. En outre, nous ne représentons pas
les contraintes correspondant aux relations diagonales. Le RCQ N7 = (V, C) est défini dans le calcul
des intervalles et sur quatre variables vy, vo, v3, v4 représentant des intervalles de la droite. La contrainte
Ca3 = {d, o, fi} stipule que la position relative entre les intervalles représentés par vo et v3 doit cor-
respondre a la relation de base during (d) ou overlaps (0) ou bien encore finishedBy (fi). Les RCQ
N5 et N3 sont respectivement définis sur le calcul RCC8 et le calcul des points cycliques. N3 définit des
contraintes ternaires. Il est représenté par un hypergraphe orienté. La contrainte Ca43 stipule que seules
les relations de base B, Bach €t Baqp peuvent étre satisfaites par les points du cercle orienté représentés
par vg, v4 et v3.

1
3 {Babrts Buab}

{szb(‘~ Bachy Baab}

(b) (©

FIGURE 1.15 — (a) un RCQ A du calcul des intervalles, (b) un RCQ A5 du calcul RCC8 et (¢) un RCQ
N3 du calcul des points cycliques.

Dans la suite de ce rapport, nous supposerons un ensemble de relations de base B donné. De plus,
pour des raisons de clarté et de concision, nous supposerons que les relations de base considérées sont
binaires. Les concepts, propriétés et définitions peuvent dans la plupart du cas étre étendus de maniere
naturelle au cas de relations de base d’arité supérieure. Nous donnons maintenant quelques définitions
concernant les RCQ :

Définition 2 Soit N' = (V,C) un RCQ.

e Une solution partielle de N sur V' C 'V est une application o de V' vers D telle que pour chaque
couple de variables (v;,vj) de V', o(v;) et o(vj) satisfont C;j, i.e. il existe une relation de base
r € Cyj telle que (o(v;), o(vj)) € 7.

e Une solution de N est une solution partielle sur'V.

o N est cohérent si, et seulement si, N admet une solution.

e Deux RCQ définis sur le méme ensemble de variables sont équivalents si, et seulement si, ils
admettent les mémes solutions.
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e UnRCQN' = (V',C") est un sous-RCQ de N, dénoté par N' C N, si, et seulement si, V =V’
et C{j C C;j pour tout vi,v; € V (dans le cas ou il existe v;,v; avec C’Z{j C Cjj nous parlerons de
sous-RCQ strict, et nous le dénoterons par N' C N).

o Un RCQ atomique est un RCQ tel que chacune de ses contraintes est définie par une seule relation
de base.

e Un scénario S de N est un sous-RCQ atomique de N

e Une relation de base r est dite incohérente pour la contrainte Cy; si, et seulement si, il n’existe
pas de scénario cohérent S de N tel que S|i, j] = r.

Pour un scénario cohérent donné, il existe un ensemble, généralement non fini, de solutions corres-
pondant a ce scénario. La figure 1.16 représente des solutions de chacun des RCQ de la figure 1.15 et les
scénarios correspondant.

V2

U3, Us

U1

FIGURE 1.16 — Une solution et un scénario de Vi (a), de Na (b) et de N (c).

Etant donné un RCQ, le principal probléme est le probleme de la cohérence : déterminer si ce RCQ
admet ou n’admet pas au moins une solution. Pour la plupart des formalismes qualitatifs, ce probleme
est un probleme NP-complet. En considérant les formalismes présentés précédemment, le probleme de la
cohérence est uniquement polynomial pour le calcul des instants [VK86]. Pour les autres formalismes, ce
probleme est NP-complet [RN97, BCF98, Lig98b, BO00, SK05]. Classiquement, les méthodes pour ré-
soudre le probleme de la cohérence consiste en la recherche d’un scénario et non pas d’une solution d’un
RCQ. En effet, pour la plupart des formalismes, une solution peut étre construite facilement en temps
polynomial a partir d’un scénario. En régle générale, nous disposons également d’une méthode polyno-
miale pour décider du probléme de la cohérence des scénarios du formalisme. Une méthode simple et
brutale pour décider de la cohérence d’un RCQ consiste a énumérer et a tester la cohérence des scénarios
du RCQ.

Un nombre important de travaux de recherche ont été et sont menés afin de proposer des méthodes
pour résoudre ce probleme. Les plus efficaces [LR92, Neb96, Neb97] consistent a réaliser une recherche
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avec retour arrieére combinée avec d’une part une méthode de filtrage des contraintes utilisant I’opération
de faible composition, et d’autre part un découpage des contraintes a I’aide de classes de relations dites
traitables. Dans le chapitre suivant, cette approche sera détaillée, ainsi que nos contributions concernant
la résolution du probleme de la cohérence des RCQ.

Avant cela, nous allons faire le lien entre les RCQ et des langages logiques basés sur une axiomati-
sation des relations de base.

1.4 Axiomatisation des relations de base en logique du premier ordre

De nombreuses axiomatisations en logique du premier ordre de structures temporelles ont été pro-
posées et étudiées dans le passé. Les relations considérées dans ces travaux correspondent ou permettent
d’exprimer les relations de base prises en compte par certains formalismes qualitatifs. Concernant le
calcul des intervalles, nous pouvons citer par exemple les travaux de ALLEN et HAYES [AH85] et LAD-
KIN [Lad87] ou sont définies et étudiées des axiomatisations en logique du premier ordre de la relation
meets a partir de laquelle les douze autres relations de base du calcul des intervalles peuvent étre dé-
finies. D’autres axiomatisations équivalentes considérant d’autres prédicats sur les intervalles ont été
proposées. VAN BENTHEM [van83] propose par exemple une axiomatisation des relations d’inclusion
et de précédence sur les intervalles. La premiere de ces relations correspond a I’union des relations de
base starts, finishes, during du calcul des intervalles, tandis que la seconde correspond a la relation
be fore. Dans [Tsa87], TSANG considere la relation de précédence et la relation de chevauchement sur
les intervalles (qui correspond a I’union de toutes les relations de base exceptées les relations precedes
et son inverse). Une étude complete de ces différentes axiomatisations est réalisée dans [Haj96]. Dans le
cadre spatial, des axiomatisations de certaines relations de base ont également été définies. Nous avons,
par exemple, le calcul RCC8 qui comme nous 1’avons vu précédemment a ses relations de base interpré-
tées dans un modele de la théorie appelée Region Connection Calculus proposée par RANDELL et al.
[RC89, RCCI92a, RCCI2b].

Une axiomatisation en logique du premier ordre des relations de base considérées permet d’obtenir
un langage plus riche que les réseaux de contraintes qualitatives. Muni d’un tel langage, le probleme de
la cohérence revient dans certains cas a considérer la validité d’une formule particuliere. Il est également
possible d’établir la table de composition faible du formalisme qualitatif considéré en testant la validité
de formules particulieres ou bien encore d’établir des propriétés telles que la composition faible et la
composition usuelle coincident. Définir un calcul a partir d’une axiomatisation comme dans le cadre de
RCC8 permet également de considérer une classe d’interprétations (de domaines) plutdt que de considé-
rer un domaine particulier.

Nous allons maintenant décrire nos travaux concernant des axiomatisations que nous avons proposées
dans le cadre du calcul des rectangles, du calcul des points cycliques et du calcul des intervalles cycliques.

Dans le cadre du calcul des rectangles, nous avons proposé une théorie en logique du premier ordre
des rectangles du plan [BCF98] afin de caractériser les modeles du calcul des rectangles. Cette théorie
considére comme entités primitives les rectangles et les deux prédicats m; et mgy entendus pour re-
présenter respectivement les relations : le coté droit du premier rectangle et le coté gauche du second
rectangle sont sur la méme droite verticale et le coté haut du premier rectangle et le coté bas du second
rectangle sont sur la méme droite horizontale, voir Figure 1.17(a). L’axiomatisation de la relation my
et celle de mq correspondent a celle proposée pour la relation meets des intervalles [AH85, Lad87].
Ainsi, un modele des rectangles est une structure (R, m,mz) avec (R, mq) et (R, ma) deux modeles
des intervalles. Parmi ces modeles, nous considérons les modeles dits normaux qui sont les modeles des
rectangles tels que (1) =; N =2 est la relation identité sur R et (2) =; o =5 est la relation universelle
1 om;) N (m; om; ) pouri € {1,2}. La propriété (1) exprime intuitivement

sur R, avec =;= (m;
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le fait que deux rectangles ayant les mémes projections verticales et les mémes projections horizontales
sont identiques. La propriété (2) correspond au fait que pour tout couple de rectangles x et y, il existe
un rectangle z tel que les projections de z et x selon la verticale sont égales et que les projections de z et
y selon I’horizontale sont égales, voir Figure 1.17(b). Notre principal résultat correspond a la propriété
suivante : tout modele dénombrable des rectangles normal est isomorphe au modele des rectangles du
plan des rationnels (rectangles dont les c6tés sont horizontaux et verticaux dans le plan des rationnels).
Remarquons qu’a partir des relations m1 et mo peuvent s’exprimer chacune des 169 relations de base de
I’algebre des rectangles.

z y &
y e | y
T myy T myy

(a) (b)

FIGURE 1.17 — (a) Illustration des deux relations m; et mq et (b) illustration de la propriété (2).

Dans [BCLO3b], nous avons étudié 1’axiomatisation en logique du premier ordre de la relation
d’ordre cyclique dense < (donnée précédemment en page 11) a partir de laquelle peuvent s’expri-
mer les relations de base du calcul des points cycliques. Nous avons, tout d’abord, établi que deux
ordres cycliques denses dénombrables sont isomorphes. Tout ordre cyclique dense est donc isomorphe
a I’ordre cyclique dense (Q, <) définit par < (z,y,2) siet seulementsiz < y < zouy < z < x
ou z < x < y. Nous pouvons également en déduire que la théorie du premier ordre basée sur les 6
axiomes définissant un ordre cyclique dense est compléte. Dans cette étude, nous avons également dé-
fini une méthode d’élimination des quantificateurs pour cette théorie. A partir de cette méthode, nous
pouvons transformer toute formule en une formule sans quantificateur équivalente et avec les mé&mes
variables libres. Ainsi, pour une formule sans variable libre, notre méthode permet de décider si cette
formule est conséquence ou non de la théorie de I’ordre cyclique dense. Cette méthode peut étre égale-
ment utilisée afin de résoudre le probleme de la cohérence d’un RCQ N = (V, C) du calcul des points
cycliques. En effet, il suffit d’appliquer notre méthode d’élimination des quantificateurs sur la formule
Oy = 3(vg ... an)(/\Ui,’l)j7’l}kev{¢(cijk)}) avec n le nombre de variables de V' et ¢(Cjji) la formule
résultant de la traduction de la relation Cj;;, a I’aide des prédicats <, =. Considérons par exemple que
Cijk = {Babe, Baan }» nous aurons ¢(Cij) == (vi, v, vk) V (v; = v A =(vz = v2)).

Dans [CL04al'®®, nous avons proposé une axiomatisation en logique du premier ordre, notée Cyclnt,
de la relation meets (m) du calcul des intervalles cycliques. Les autres relations de base de ce calcul
peuvent étre définies a partir de cette relation et du prédicat d’égalité. Nous avons par exemple :

UMMIV =py JW, T, Yy, zwmrmymzmwAzmumyANTmuvmuw,

ol une formule de la forme v; m v m w3 ... est une abréviation de v m vy A v9 m v3.... Cyclnt est
composé de huit axiomes. Ces axiomes sont motivés par des propriétés intuitives du modele attendu que
sont les intervalles du cercle. Certains sont des adaptations au cas cyclique d’axiomes proposés dans le
cadre d’axiomatisations de la relation meets du calcul des intervalles. Nous ne donnons et commentons
que les deux premiers axiomes, ’axiomatisation compléte étant décrite dans [CL04al*'®. Nous utilise-
rons I’abréviation X (u,v,w,z) =umov Awmz A (u m z w m v). Intuitivement, X (u, v, w, z) est
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satisfaite lorsque les deux intervalles cycliques de chacun des couples (u,v) et (w, z) se rencontrent et
les rencontres se réalisent en un méme point. Les axiomes A1 et A2 de Cyclnt sont les suivants :

o Al.Vu,v,w,z,y,z X(u,v,w,z) A X(y, z,w,x) = X(u,v,y, 2),
o A2.Vu,v,w,x,y,z X(u,v,w, ) AN X(y,u,z,2) = "umz A -z mu.

Le premier axiome exprime I’intuition qu’étant donnés trois couples d’intervalles se rencontrant, si un
couple d’intervalles se rencontre en un méme point qu'un deuxieme couple d’intervalles et si de plus
ce deuxieme couple d’intervalles se rencontre en un méme point qu’un troisieme couple d’intervalles,
alors nous avons le premier et le troisiéme couples d’intervalles qui se rencontrent en un méme point. Le
deuxieme axiome stipule que deux intervalles cycliques avec les mémes bornes ne peuvent pas €tre en
relation meets. En définissant des passerelles entre les modeles de Cyclnt et les ordres cycliques, nous
montrons que les modeles dénombrables de Cyclnt sont isomorphes. A partir de ce résultat, nous pouvons
en déduire que la résolution du probléeme de la cohérence d’un RCQ du calcul des intervalles cycliques
conduira a un résultat unique quelque soit le modele de CyclInt utilisé comme interprétation des relations
de base. De plus, nous pouvons également utiliser un prouveur de théoréme pour résoudre le probleme
de la cohérence d’un RCQ. Considérons par exemple le RCQ N = (V,C) du calcul des intervalles
cycliques avec V' = {vy,va,v3}, Cia = {ppi,mi}, C13 = {m,mi} et Ca3 = {o}. N est cohérent si,
et seulement si, nous pouvons déduire la formule ¢ = (Jvy,v2,v3)((p(v1 ppi v2) V P(vl mi v2)) A
(¢(vl m v3) V p(vl mi v3)) A ¢p(v2 0 v3)) a partir de Cyclnt (¢ correspond a la traduction d’une
contrainte dans le langage de la logique du premier ordre utilisant le prédicat m et le prédicat d’égalité).

1.5 Conclusion

Dans ce chapitre, nous avons introduit de maniere générale les formalismes qualitatifs pour le temps
et I’espace a base de contraintes. Nous avons notamment présenté la structure algébrique sur laquelle
s’appuie un tel formalisme : I’ensemble des relations de base a partir duquel sont définies les rela-
tions complexes, ainsi que les différentes opérations algébriques (1I’opération d’inverse, 1’opération de
faible composition, I’opération de permutation et 1’opération de rotation). A travers différents exemples
représentatifs, nous avons pu mettre en avant les différents types de relations considérés par les forma-
lismes qualitatifs pour le temps et I’espace. Nous avons notamment présenté des formalismes considérant
comme entités primitives des points, des intervalles, des rectangles ou bien encore des régions et comme
relations des relations d’arité 2 ou 3 permettant d’exprimer des positions relatives en s’attachant a des
aspects d’orientation, de précédence ou encore de topologie. La liste des formalismes qualitatifs présen-
tés n’est pas exhaustive et de nombreux autres calculs ont été proposés (le calcul des intervalles orientés
[Ren01], le calcul OPR.A [MRWO00], le calcul issu de la combinaison de RCC8 et du calcul des direc-
tions cardinales, le calcul combinant RCC8 et 1’algebre des rectangles [LLRO09], le calcul LR [SNO4],
...). Nous avons également défini les réseaux de contraintes qualitatives (RCQ) et le probleme principal
associé, le probleme de la cohérence. Le chapitre suivant sera enticrement dévolu a ce probleme et a nos
travaux de recherche le concernant. Nous verrons en particulier comment grace aux différentes opéra-
tions algébriques définies dans cette section peut étre définie une méthode efficace de résolution de ce
probleme. Le probléme de la cohérence d’un RCQ est un probléme de satisfaction de contraintes parti-
culier. Nous avons également vu qu’il peut étre considéré comme une formule de la logique du premier
ordre quantifiée existentiellement a I’aide d’une axiomatisation des relations de base. Concernant cette
approche logique des formalismes qualitatifs, nous avons présenté nos travaux sur 1’axiomatisation des
relations de base du calcul des points cycliques et sur celle du calcul des intervalles cycliques.
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Ans ce chapitre, nous nous focalisons sur la résolution du probleme de la cohérence des RCQ. Dans
D un premier temps, nous présentons la méthode de fermeture par faible composition [All83]. Cette
méthode permet de supprimer d’un RCQ certaines relations de base non cohérentes a 1’aide de 1’opération
de faible composition. Le RCQ résultant posseéde une propriété de cohérence locale appelée o-cohérence.
La méthode de fermeture par faible composition peut étre utilisée comme prétraitement d’une recherche
de scénario cohérent ou comme méthode de filtrage des contraintes lors de cette recherche. Nous décri-
vons également 1’algorithme de recherche le plus efficace dans le cadre de la résolution de RCQ. Cet
algorithme [Neb96, Neb97], en dehors du fait qu’il utilise, comme méthode de filtrage des contraintes,
la méthode de fermeture par faible composition, utilise également une classe de relations dite traitable.
Cette classe permet dans certains cas de considérablement diminuer le facteur de branchement de 1’ arbre
de recherche par rapport a une recherche brutale considérant une a une les relations de base définis-
sant une contrainte. Dans un second temps, nous présentons quelques uns de nos travaux concernant cet
algorithme et de maniére générale la résolution de RCQ.

L’expression de RCQ a I’aide de relations appartenant a une classe traitable permet de s’assurer que
la résolution de ces RCQ peut étre réalisée en temps raisonnable (temps polynomial). D’autre part, une
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classe traitable pour laquelle la ¢-cohérence est compléte peut étre utilisée avantageusement lors de la
résolution du probleme de la cohérence sur tout le formalisme. La caractérisation de classes traitables est
donc une étude fondamentale systématiquement réalisée sur les différents formalismes qualitatifs pour le
temps et pour I’espace proposés dans la littérature. Dans la section 2.2, nous décrivons notre approche et
nos résultats concernant la recherche de classes traitables réalisée dans le cadre de différents formalismes
qualitatifs : le calcul des intervalles généralisés [BCFO98a, BCFO98b, BCLO0O][Con04]*'", les calculs
des rectangles et des n-pavés [BCF98, BCF99a, BCF99d], le calcul des n-points [BCF99c, BCO2b], le
calcul des points cycliques [BCLO3b] et le calcul INDU [BCL03a][BCL06]"'.

La section 2.3 est en partie dévolue a la notion de contraintes éligibles que nous avons présentée
dans [CLSO07]. Cette notion permet de cerner les contraintes devant €tre considérées et découpées en
sous-relations de la classe traitable lors de I’application de 1’algorithme de recherche. Elle peut &tre
utilisée dans le cadre de la définition de la condition d’arrét de la recherche et dans celui de la définition
d’une heuristique sélectionnant la prochaine contrainte a traiter. Remarquons que la notion d’éligibilité
a été prise en compte dans une implémentation du solveur de contraintes qualitatives GQR [GWWO08]
proposée par GANTNER et al., rendant ce solveur plus performant [WW09].

Dans la section 2.4, nous présentons la notion de contraintes gelées [CLS07]. Une contrainte gelée est
simplement une contrainte ne pouvant pas étre modifiée lors de I’application de I’algorithme de recherche
(méthode de filtrage comprise). Comme nous le verrons, geler des contraintes peut étre réalisé dans des
situations particulieres et permet d’obtenir un algorithme de recherche plus efficace.

La section 2.5 est consacrée a la description d’une nouvelle famille de cohérences locales proposée
dans [CL10]7*®, Chaque cohérence locale de cette famille est définie par une application f associant a
chaque relation de 2B un ensemble de relations. La cohérence locale associée  une application f donnée
est appelée ;i—cohérence. Comme nous le verrons, la plus faible des cohérences de cette famille est la
o-cohérence et la plus forte, une cohérence locale similaire a la cohérence SAC étudiée dans le cadre des
CSP discrets [DB97, BD08]. Pour certaines applications f, un calcul de la fermeture par ;i—cohérence
peut étre avantageusement réalisé lors d’un prétraitement a la résolution d’un RCQ en lieu et place d’un
calcul de la fermeture par composition faible.

Les RCQ peuvent étre transformés en CSP discrets de maniére équivalente pour certains formalismes
qualitatifs. Dans la section 2.6, nous présentons cette transformation et des propriétés la concernant. Nous
présentons également une approche que nous avons proposée dans [DCLS07] et qui consiste a résoudre
le probleme de la cohérence d’un RCQ a 1’aide d’une recherche de solutions d’un CSP discret issu d’une
relaxation de sa transformation en CSP discret.

Dans la littérature, des transformations du probleme de la cohérence des RCQ en probleme SAT ont
également été étudiées [PTS06, PTS08, WWO09]. Dans [CD07, CDO08], nous en proposons une que nous
décrivons dans la section 2.7. L’ originalité de cette traduction en probleme SAT réside dans 1’exploitation
des classes traitables correspondant aux relations convexes.

Récemment, nous avons étudié une approche de résolution de RCQ a 1’aide de décompositions ar-
borescentes [Con11][CD11]"**. Cette approche permet de ne pas traduire en probleme SAT I’ensemble
des contraintes d’'un RCQ. D’autre part, elle nous a permis de revisiter 1’algorithme de recherche habi-
tuellement utilisé pour résoudre un RCQ et de définir un nouvel algorithme de résolution plus efficace
[Conll, CC11]. Ces travaux sont présentés dans la section 2.8.

Avant de conclure, nous décrivons les implémentations réalisées au cours de ces études. Nous nous
focaliserons en particulier sur la boite a outils QAT (Qualitative Algebra Tools) réalisée en collaboration
avec MAHMOUD SAADE et GERARD LIGOZAT.
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2.1 Algorithme de recherche efficace basé sur la o-cohérence et les classes
traitables

2.1.1 Méthode de fermeture par faible composition et la o-cohérence

La méthode de fermeture par faible composition permet de supprimer certaines relations de base
d’un RCQ avec la garantie qu’elles ne peuvent pas étre satisfaites par une solution. Etant donné un RCQ
N = (V,C), I’application de cette méthode consiste 2 itérer I’opération de triangulation suivante :

Cz'j — Cij N (Czk <o Ck;j),

sur tous les triplets de variables v;, vj, vy € V, jusqu’a ce qu'un point fixe soit obtenu. Du fait de la
définition de 1’opération de faible composition, cette méthode est saine puisqu’elle ne supprime des
contraintes que des relations de base ne pouvant pas étre satisfaites par une solution. Dans le cas général,
elle n’est pas complete pour le probleme de la cohérence. En effet, elle ne supprime pas forcément
toutes les relations de base incohérentes des différentes contraintes. Toutefois, lorsque 1’application de
la méthode de fermeture par faible composition conduit 2 un RCQ contenant la contrainte vide, nous
pouvons conclure que le RCQ initial est non cohérent. Dans le cas contraire, nous ne pouvons pas affirmer
la cohérence de ce RCQ. Nous allons maintenant introduire la cohérence locale de RCQ appelée -
cohérence. Elle est définie de la maniere suivante :

Définition 3 Soir un RCQ N = (V,C). N est dit o-cohérent ou fermé par faible composition si et
seulement si Ci; C Cyp, © Cij, Vv, v, 05 € V.

Le RCQ obtenu en appliquant la méthode de fermeture par faible composition sur un RCQ A est unique.
Ce RCQ appelé fermeture de N par o-cohérence et noté o(N) correspond au plus grand (pour C) sous-
RCQ o-cohérent de NV. Etant donnés deux RCQ N et N définis sur un méme ensemble de variables,
nous avons les propriétés suivantes concernant la fermeture par o-cohérence :

o(N) C N

o(N) est équivalent a N ;
5(o(A) = oA

si N/ C NV alors o(N7) C o(N).

La o-cohérence est tres proche de la chemin-cohérence définie dans le cadre des CSP [Mac77, MF85,
Mon74]. En effet, dans le cas ol la faible composition et la composition relationnelle classique cor-
respondent aux mémes opérations, ces deux cohérences locales coincident. Dans le cas général, la o-
cohérence implique la (0, 3)-cohérence (il existe une solution partielle pour tout triplet de variables). Les
algorithmes permettant d’implémenter de maniere efficace la méthode de fermeture par faible composi-
tion sont largement inspirés des algorithmes permettant d’obtenir la propriété de chemin-cohérence dans
le cadre des CSP, en particulier des algorithmes PC1 et PC2 [Mac77, MF85, Mon74].

Ceux basés sur PC1 réalisent dans une boucle principale les opérations de triangulation pour I’en-
semble des triplets de variables du RCQ. Cette boucle sera de nouveau réalisée jusqu’a ce qu’aucune des
contraintes du RCQ ne soit modifiée. La complexité en temps de ces algorithmes est en O(n®) avec n le
nombre de variables. Cette complexité temporelle peut étre rabaissée en O(n?) en considérant des algo-
rithmes basés sur PC2. Ces algorithmes utilisent une structure de données permettant de sauvegarder les
paires ou les triplets de variables pour lesquels il est nécessaire de réaliser des opérations de triangula-
tion, évitant ainsi de réaliser des opérations de triangulation inutiles (i.e. des opérations de triangulations
ne supprimant pas de relations de base de la contrainte considérée).

Considérons la fonction FFC2P (Fermeture par Faible Composition) donnée a titre d’exemple. Cette
fonction inspirée de PC2 utilise une queue sauvegardant les couples de variables (v;, v;) pour lesquels
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Function FFC2P(\V)
in :N = (V,C)un RCQ avec n = |V|.
output : o(N).

1 begin

2 Q <+ {(vi,vj) : 1 <i<j<n}; /* Initialisation de @ =/
3 while Q # () do

4 (vi,vj) ¢ next(Q) ; /+ Sélection d’un couple (v;,v;) a traiter »/
5 Q < Q\{(vi,v;)};

6 foreach v, € V do

7 R+ Cy;jN(Cyi0Cij) 3 /+ Opération de triangulation sur (uvg,v;,v;) */
8 if Cy; # R then

9 Cij < R;Cj, +— R

10 if £ < j then

1 | Q<+ QU{(uvk,vj)};

12 else

s Qe QUi u)

14 R+ CiyN(CijoCi,); /+ Opération de triangulation sur (v;,v;,v5) */
15 if C;x # R then

16 Cip < R;Ci, — R

17 if i < k then

s | Qe QU u):

19 else

20 | Q<+ QU {(vk,vi)};

21 return \V;

il sera nécessaire de réaliser les opérations de triangulation C; < Cj; N (Cy; © Cyj) et Cyp, = Cy, N
(Cij o Cji) pour toute variable v, € V, avec N' = (V,C) le RCQ donné en parameétre. La fonction
FFC2P a une complexité spatiale en O(n?). Il est également possible de sauvegarder les triplets de
variables correspondant aux opérations de triangulations a réaliser plutdt que des couples de variables.
Dans ce cas, une structure de données contiendra les triplets (v;, v;, vx;) pour lesquels il sera nécessaire de
réaliser I’opération de triangulation C;; < C;;N(Cy,©Cl;). Les algorithmes obtenus ont une complexité
spatiale en O(n?).

Dans le cadre des algorithmes basés sur PC2, différentes heuristiques concernant 1’ordre dans le-
quel sont réalisées les différentes opérations de triangulation ont été proposées. Ces heuristiques peuvent
diminuer considérablement le nombre global d’opérations de triangulation a effectuer. Une heuristique
efficace va tenter de sélectionner au cours du traitement comme prochain couple (ou triplet) de variables
a traiter, le couple (ou triplet) maximisant le nombre de relations de base supprimées lors des opéra-
tions de triangulation correspondantes. L’ efficacité d’une heuristique dépend également du temps et de
I’espace mémoire nécessaire a son traitement, ceci devant étre de moindre colit compte tenu du nombre
important d’opérations de triangulation a réaliser dans le cas général. Dans le cas d’une structure de
données manipulant des paires de variables, une heuristique simple et efficace consiste a sélectionner un
couple de variables (v;, v;) dont la relation correspondante est de plus petite cardinalité par rapport aux
relations des autres couples sélectionnables.

Une autre heuristique efficace proposée par MANCHAK et VAN BEEK [BM96] dans le cadre du
calcul des intervalles utilise une pondération statique de chaque relation de base. Un poids est attribué
a chacune des relations de base de B de la maniere suivante. Tout d’abord est calculée, pour chaque
relation de base, la somme des cardinalités des relations obtenues par composition faible de la relation
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de base considérée avec chacune des relations du calcul. Dans un second temps, une mise a I’échelle de
ces sommes est réalisée afin de définir le poids de chacune des relations de base : la valeur 1 correspond
a la plus petite somme obtenue, la valeur 2 a la somme suivante, et ainsi de suite. Les poids obtenus pour
les 13 relations de base du calcul des intervalles sont les suivants : 1 pour eq, 2 pour s, si, f, fi,m, mi, 3
pour p, pi, di et 4 pour d, o, 0i. La pondération d’une relation complexe est obtenue en sommant les poids
des relations de base la composant. Ainsi, le poids de la relation {p, m,0,eq} estde 3+ 2+ 4 + 1, i.e.
11. Intuitivement, plus le poids d’une relation est faible, plus la relation est estimée étre restrictive lors
d’une opération de triangulation. L’ heuristique choisira parmi les couples de variables sélectionnables, un
couple de variables (v;, Uj) minimisant le poids de C;;. Dans [CLS06b], nous avons défini une heuristique
basée sur une pondération légerement différente. En effet, nous attribuons les différents poids a partir de
statistiques réalisées sur la table de composition. Pour chaque relation de base, nous réalisons la somme
des cardinalités des relations présentes sur la ligne ou la colonne ayant pour entrée cette relation de base.
Puis, a partir d’'une mise a I’échelle des sommes obtenues, nous affectons un poids a chaque relation de
base. Pour le calcul des intervalles, nous obtenons une pondération qui diffeére de celle de MANCHAK et
VAN BEEK par le fait par exemple que le poids de la relation de base d est 3 a la place de 4. L’avantage
de notre pondération est qu’elle nécessite un faible colit de calcul méme pour un nombre de relations de
base important et peut donc s’étendre a tout formalisme qualitatif.

Dans le cadre de la these MAHMOUD SAADE, nous avons réalisé une étude expérimentale compara-
tive complete des différents algorithmes implémentant la fermeture par faible composition. Nous avons
comparé des algorithmes basés sur PC1 et des algorithmes basés PC2 utilisant différentes structures de
données et heuristiques. Lors de cette étude, nous avons introduit de nouvelles heuristiques correspon-
dant essentiellement a la combinaison d’heuristiques existantes. De plus, nous avons introduit un nouvel
algorithme basé a la fois sur PC1 et sur PC2. Cet algorithme réalise tout d’abord une boucle principale
dans laquelle sont effectuées les opérations de triangulation pour I’ensemble des triplets des variables
du RCQ. Tl réalise, dans un deuxieéme temps, un traitement similaire aux algorithmes basés sur PC2 a
la différence que la structure de données des couples ou triplets a traiter ne contient initialement que
les couples ou triplets correspondant aux contraintes modifiées lors de la premiere phase du traitement.
L’intérét de cet algorithme est d’€tre un compromis entre des algorithmes basés sur PC1 moins efficaces
en terme de temps et des algorithmes basés sur PC2 plus gourmands en espace mémoire. Pour plus de
détails, le lecteur pourra se reporter a [CLS06b, Saa08].

2.1.2 Algorithme de recherche

Nous allons maintenant présenter I’algorithme de recherche avec retour arriere proposé par LADKIN
et REINEFELD [LR92] et NEBEL [Neb96, Neb97]. A chaque étape de la recherche, cet algorithme uti-
lise la méthode de fermeture par faible composition comme méthode de filtrage des contraintes afin de
supprimer des relations de base non cohérentes. De plus, il utilise une classe traitable pour minimiser le
facteur de branchement lors de la recherche. Avant de donner et commenter cet algorithme, définissons
la notion de classes traitables.

Une classe est un sous-ensemble C de 2B, fermé pour les différentes opérations que sont I’intersec-
tion, I’inverse et la faible composition. Nous dirons qu'un RCQ N = (V, C) est défini sur une classe C
lorsque C;; € C pour tout v;, v; € V. Une classe C est dite traitable lorsque le probléme de la cohérence
des RCQ définis sur C est un probleme polynomial. Les classes traitables qui nous intéressent plus par-
ticulierement ici sont les classes pour lesquelles le probleme de la cohérence peut étre résolu au moyen
de la méthode de fermeture par faible composition, i.e. dont tout RCQ ¢-cohérent non trivialement in-
cohérent est cohérent. Pour une telle classe traitable C, nous dirons dans la suite que la ¢-cohérence est
complete pour C.

La fonction Cohérence (voir page 32) est basée sur 1’algorithme de recherche le plus efficace et le plus
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Function Cohérence(V) : Booléen
in N = (V,C),un RCQ.
output : true si A est cohérent, false sinon.

1 begin

2 N —oN) ; /* Filtrage par fermeture par faible composition =*/
3 if V' = | then

4 L return false ; /+ Non cohérence détectée x/
5 Sélectionne (v;,v;) € V x V avec i < j tel que (v;, v;) non déja sélectionné;

6 if un tel couple n’existe pas then

7 L return frue ; /* Plus de contraintes a traiter, cohérence détectée */
8 Partager C);; en sous-relations Ry,..., R, € C;

9 foreach! € 1,... k / Recherche pour chacune des sous-relations */
10 do

1 Cij < Ry Cjy +— R

12 if Cohérence(/) then

13 L return frue ; /+ Cohérence détectée pour la sous-relation r; */
14 return false ; /* Non cohérence détectée pour chaque sous-relation =/

couramment utilisé afin de résoudre un RCQ. Son traitement nécessite une classe traitable C pour laquelle
la o-cohérence est complete. La fonction Cohérence est récursive et considere une a une les différentes
contraintes du RCQ N passé en parametre (ligne 5). Avant la sélection de la prochaine contrainte 2 traiter,
la méthode de fermeture par faible composition est appliquée afin de supprimer de N des relations de
base non possibles et de rendre celui-ci o-cohérent (ligne 2). Suite a ce traitement, si une contrainte de
N est vide, la non cohérence de A est détectée. Dans le cas contraire, une nouvelle contrainte C;j est
sélectionnée (ligne 5), puis traitée de la maniere suivante. Elle est tout d’abord découpée en sous-relations
Ry, ..., Ry, appartenant a la classe C. Ainsi, nous avons C;; = Ul€{17..',k} Ry avec R; € C pour tout [ €
{1,...,k}. Pour que ce découpage soit toujours réalisable, il est nécessaire que C contienne I’ensemble
des relations singletons de 2B. Dans le cas général, ce découpage n’est pas forcément unique. Par la
suite, de maniere itérative la contrainte C;; est définie par une des sous-relations issues du découpage
avant de réaliser un appel récursif 2 la fonction Cohérence. A la ligne 14, la non cohérence du RCQ
courant est détectée du fait que chacune des sous-relations n’a pas abouti a la caractérisation d’un sous-
RCQ cohérent. Dans le cas ol il n’existe plus de contrainte a traiter (ligne 6), la fonction Cohérence
a caractérisé un sous-RCQ o-cohérent du RCQ initial, défini sur C et ne contenant pas la relation vide
comme contrainte. Nous pouvons donc déduire que ce RCQ et le RCQ initial sont cohérents (pourvu que
la o-cohérence soit compléte pour C). Ainsi, nous avons la propriété suivante :

Théoreme 1 Soit C une classe traitable contenant ’ensemble des relations singletons pour laquelle la
o-cohérence est compléte. Nous avons : la fonction Cohérence est saine et compléete pour le probleme de
la cohérence des RCQ définis sur 28,

Notons que si la classe C ne contient pas 1’ensemble des relations singletons, la fonction Cohérence
permet de résoudre le probleme de la cohérence des RCQ définis sur I’ensemble des relations constitué
des unions de relations de C. De plus, lorsque les RCQ définis sur la classe traitable C ne sont pas résolus
par fermeture par faible composition mais par une autre méthode polynomiale, un appel de cette derniere
méthode doit étre réalisé afin de s’assurer de la cohérence du RCQ courant (ajout d’une instruction a la
ligne 6 de la fonction Cohérence).

Les implémentations les plus efficaces concernant le calcul de la fermeture par faible composition
(ligne 2) sont réalisées a partir d’algorithmes incrémentaux basés sur PC2. Ces algorithmes initialisent
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la structure des données par les couples ou les triplets devant étre traités suite a la modification réalisée
a ligne 11 de la fonction Cohérence. Pour obtenir la version incrémentale de la fonction FFC2P donnée
dans la section précédente, il nous faudrait seulement substituer la ligne 2 par une initialisation de () de
la forme @ < {(v;,v;)} avec Cj; la contrainte modifiée lors de la recherche (ligne 11 de la fonction
Cohérence).

Dans [Neb96, Neb97], NEBEL réalise une étude expérimentale complete d’un algorithme similaire
a la fonction Cohérence. Cette étude réalisée sur des RCQ du calcul des intervalles considere la classe
des relations ORD-Horn que nous présenterons dans la section suivante. Il montre que le facteur de
branchement de 1’arbre de recherche est tres fortement réduit du fait de 1’utilisation de cette classe.
En supposant que les relations du calcul des intervalles soient uniformément distribuées, la facteur de
branchement moyen (théorique) est de 2, 533 pour la classe des relations ORD-Horn contre 6, 5 lorsqu’on
utilise les relations singletons pour le découpage des contraintes. Comme nous le verrons par la suite, ces
résultats ont conduit a de trés nombreux travaux afin de caractériser des classes traitables dans différents
formalismes qualitatifs.

2.2 Recherche de classes traitables

Pour de nombreux formalismes qualitatifs, des études ont été menées afin de caractériser des classes
ou des ensembles de relations traitables [VK86, VP87, NB94, Neb95, DJ96, Kou96, DJ97, JD97, RN97,
BCF98, BCFO98a, BCF99a, RN99, Ren99, BCF99d, BCL00, BO00, Ren01, GN02, BCL03b, BCL03a,
RWO04, BCLO06]. Nous nous bornerons a décrire quelques classes traitables du calcul des intervalles et
des résultats concernant nos propres travaux.

Les études concernant le calcul des intervalles ont permis de réaliser une cartographie compléte des
classes traitables et de celles qui ne le sont pas [KJJ03]. Les relations convexes [N6k91, VKB90] et les
relations ORD-Horn [NB94, Neb95, NB95], également appelées relations préconvexes [Lig94, Lig96],
forment deux classes traitables de ce calcul pour lesquelles la méthode de fermeture par faible composi-
tion résout le probleme de la cohérence. Différentes approches permettent de caractériser ces ensembles
de relations. La premiere caractérisation des relations ORD-Horn données par NEBEL et BURCKERT
[NB94, NB95] utilisent la notion de clauses ORD. Une clause ORD est une clause contenant unique-
ment des littéraux de la forme a = b, a < bet a # b (avec a, b des bornes d’intervalles). En considérant
les littéraux de la forme a = b et a < b comme des littéraux positifs et les littéraux de la forme a # b
comme des littéraux négatifs, les relations ORD-Horn sont les relations du calcul des intervalles pouvant
s’exprimer par des ensembles de clauses ORD de Horn (clauses ORD avec au plus un littéral positif).
La relation {p, o, d} est, par exemple, une relation ORD-Horn puisque la satisfaction de cette relation de
base entre deux intervalles z = (z—,2%) et y = (y—,y™) peut s’exprimer avec ’ensemble de clauses
ORD-Horn suivant :

a” <ataT Aty <yTyT Ayt <yTaT #yTaT Ay Ty <am vy #ah

Les relations ORD-Horn sont au nombre de 868, soit plus de 10% des 8192 relations du calcul des inter-
valles. La classe des relations ORD-Horn est la seule classe maximale traitable contenant les 13 relations
singletons du calcul des intervalles. Ainsi, pour toute classe contenant les 13 relations singletons, soit le
probleme de la cohérence la concernant est NP-complet, soit cette classe est incluse dans la classe des
relations ORD Horn ; le probleme de la cohérence correspondant est alors polynomial. Des classes maxi-
males traitables ne contenant pas toutes les relations singletons ont été caratérisées [DJ96, DJ98, KJJO1].
Aujourd’hui toutes connues, elles sont au nombre de 17 [KJJO3].

Les relations convexes sont les relations ORD-Horn pouvant s’exprimer a I’aide d’un ensemble de
clauses ORD unitaires tel que si a # b est une clause présente alors la clause a < bou b < a est
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également présente. La relation {p, m, o, s, d} est une relation convexe car la satisfaction de cette relation
par deux intervalles x et y peut s’exprimer par I’ensemble de clauses ORD suivant :

e <ataT Aoty <ytyT AyTat <ytiaT £yt

La classe des relations convexes est constituée de 83 relations. De plus, tout RCQ ¢-cohérent non tri-
vialement incohérent défini a partir de cette classe est globalement cohérent. De maniere générale, cette
propriété n’est pas satisfaite par les RCQ o-cohérents définis sur I’ensemble des relations ORD-Horn.

> 0 < <
m> 5 d
m=
<

(a) (b) (©

FIGURE 2.1 - (a) le treillis des intervalles, (b) le treillis du calcul des points, (c) le treillis du calcul
INDU.

e e = e e = e e =
0 1 3 4 0 1 2 3 4 0 1 3 4

FIGURE 2.2 — Partionnement de la droite en 5 zones par un intervalle = (a), la relation meets (m)
satisfaite par y et z et la relation overlapped By (o) satisfaite par y et = (c).

Les relations convexes peuvent étre facilement caractérisées a 1’aide du treillis des intervalles (B, <)
[N6k91, Lig91] représenté par la figure 2.1(a). Ce treillis peut étre défini de plusieurs maniéres, nous
décrivons I'une d’entre elles proposée par LIGOZAT. Etant donné un intervalle de la droite z, nous pou-
vons définir 5 zones auxquelles nous attribuons un entier compris entre 0 et 4 (voir Figure 2.2). A chaque
relation de base r est associé le couple d’entiers (4, j) avec i (resp. j) la référence de la zone dans la-
quelle doit se trouver la borne inférieure (resp. la borne supérieure) d’un intervalle y satisfaisant avec
x la relation de base r. Nous avons, par exemple, le couple (0, 1) qui est associé a la relation de base
meets (m), et le couple (2,4) qui est associé a la relation overlappedBy (oi). La relation d’ordre <
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définissant le treillis des intervalles se définit par r </ ssi i, < v et jp < jpr, avec (ir, jr) €t (ip, jo)
les deux couples d’entiers attribués respectivement a 7 et r’. Nous avons par exemple, m < oi.

Les relations convexes correspondent aux intervalles de ce treillis. La relation {p, m, o, s, d} est, par
exemple, la relation convexe correspondant a I’intervalle [p, d] de (B, <). A partir des relations convexes
et de la notion de dimension d’une relation, LIGOZAT [Lig96] définit I’ensemble des relations précon-
vexes, ensemble qui coincide avec 1’ensemble des relations ORD-Horn. Il attribue une dimension (un
entier compris entre 0 et 2) a chacune des relations de base du calcul des intervalles. Pour une relation
de base r, cet entier correspond au nombre maximum d’égalités de bornes imposées par une relation de
base (2) moins le nombre d’égalités de bornes imposées par 7. Ainsi, la dimension des relations de base
D, Pi, 0,00, d, di est de 2, celle de m, mi, f, fi, s, si est de 1 et celle de eq est de 0. La dimension d’une
relation R € 2B est le maximum des dimensions des relations de base la composant. Une relation R est
préconvexe si et seulement si, afin d’obtenir la plus petite relation convexe contenant R, nous rajoutons
uniquement des relations de base de dimension strictement inférieure a la dimension de R. Considérons
par exemple, la relation R = {p, o, d}. La dimension maximale des relations de base appartenant a R est
de 2. D’autre part, la plus petite des relations convexes incluant R est la relation {p, m, o, s, d}. Ainsi,
pour obtenir cette relation a partir de R, nous devons ajouter les relations de base m et s de dimen-
sion 1, nombre strictement inférieur a 2. Nous pouvons en conclure que R = {p, 0, d} est une relation
préconvexe.

Nous avons apporté différentes contributions concernant la caractérisation de classes ou d’ensembles
traitables dans le contexte de certains formalismes qualitatifs : le calcul des intervalles généralisés
[BCFO98a, BCFO98b, BCLO0O][Con04]°'", les calculs des rectangles et des n-pavés [BCF98, BCF99a,
BCF99d], le calcul des n-points [BCF99c, BC02b], le calcul des points cycliques [BCLO3b] et le calcul
INDU [BCLO03a][BCLO6]"'*'.

Pour les formalismes qualitatifs dont les relations de base sont interprétées sur des intervalles ou des
points de la droite, nous avons suivi la ligne de raisonnement proposée par LIGOZAT en définissant les
relations convexes et préconvexes a partir de la notion de dimension et d’un treillis. Les différents treillis
ont été définis a partir de produits du treillis des intervalles, de produits du calcul des points (voir Figure
2.1(b)) ou de produits des deux, en apportant éventuellement des restrictions sur la structure obtenue. A
titre d’illustration, considérons le treillis du calcul INDU représenté par la figure 2.1(c). Nous avons défini
ce treillis en réalisant le produit du treillis des intervalles avec celui des points. Une relation convexe
du calcul INDU correspond a un intervalle de ce treillis dans lequel ont été supprimés les éléments
ne correspondant pas a des relations du calcul (éléments appelés relations virtuelles et représentés par
des cercles blancs sur la figure). Nous avons, par exemple, la relation convexe {si~, 0i~, 0i~, 0i<} qui
correspond a I’intervalle [si<, 0i”] privé des relations virtuelles si~ et si~. Les notions de dimension et
de relations préconvexes sont définies de la méme maniere que pour le calcul des intervalles. Nous avons
montré que la o-cohérence est complete pour les classes des relations convexes du calcul des n-pavés, du
calcul des n-points et du calcul des intervalles généralisés. Concernant les relations préconvexes, nous
avons des résultats différents de ceux établis dans le cadre du calcul des intervalles. Nous avons, par
exemple, montré que pour I’ensemble des relations préconvexes du calcul des n-pavés (pour n > 1) et le
calcul des n-points (pour n > 2), le probléme de la cohérence est non polynomiale.

Suite a ce résultat, nous avons distingué deux notions de préconvexité : la préconvexité faible et
la préconvexité forte. Les relations faiblement préconvexes correspondent a la notion de préconvexité
initiale. La notion de préconvexité forte que nous avons introduite est définie de la maniere suivante. Une
relation fortement préconvexe est une relation 12 faiblement préconvexe telle que pour chaque relation
convexe ', RN R’ est une relation faiblement préconvexe. Notons que I’ensemble des relations convexes
est inclus dans I’ensemble des relations fortement préconvexes, lui-méme inclus dans I’ensemble des
relations faiblement préconvexes. Pour les formalismes précédemment cités (le calcul des n-pavés, le
calcul des n-points et le calcul des intervalles généralisés), nous avons montré que pour les ensembles de
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relations fortement préconvexes, le probleme de la cohérence peut se résoudre au moyen de la méthode de
fermeture par faible composition. Pour montrer ce résultat, nous avons introduit une méthode plus faible
que la fermeture par faible composition basée sur I’opération de triangulation suivante : Cj; < Cj; N
I(Cyx0Cy;), avec I(R) correspondant & la fermeture convexe de la relation 2 € 2B (la plus petite relation
convexe contenant R). Cette méthode a été introduite pour palier le fait que pour certains formalismes,
nous ne savons pas si ’ensemble des relations fortement préconvexes est stable pour 1’opération par
faible composition (contrairement a la stabilité de I’ensemble des relations fortement préconvexes pour
Iintersection et I’inverse). Nous avons également établi que pour le calcul des 3-points, la classe des
relations fortement préconvexes est une classe maximale traitable.

Dans le cadre du formalisme INDU, nous avons également étudié les relations convexes et précon-
vexes [BCLO3a][BCLO6]'*'. Lors de cette étude, nous avons obtenu des résultats différents. En effet pour
les RCQ définis a partir de relations singletons et a fortiori a partir de relations fortement préconvexes,
la o-cohérence n’est pas complete. Malgré tout, le probleme de la cohérence sur I’ensemble des relations
fortement préconvexes est polynomial, contrairement a celui sur les ensembles des relations faiblement
préconvexes. Nous avons montré que tout RCQ défini par des relations fortement préconvexes peut étre
traduit de maniere équivalente en un ensemble de contraintes linéaires particulieres pouvant étre résolu
en temps polynomial. Ces contraintes linéaires appelées contraintes de Horn sont des disjonctions d’in-
équations de la forme ay.x1 + . . . + ap.x < a et d’inégalités de la forme a1.21 + ... 4+ ag.xr # a, avec
a,ai,...,a des entiers et x1, ...,z des variables sur les réels, et contenant au plus une inéquation.
Dans [Kou96], KOUBARAKIS établit que les contraintes de Horn peuvent étre résolues en temps poly-
nomial. Toujours concernant le calcul INDU, nous avons également caractérisé un ensemble de relations
distinctes de I’ensemble des relations fortement préconvexes pour lequel la ¢-cohérence est compléte.
Cette classe contient 11854 relations sur les 22° relations du formalisme INDU. Chacune de ses relations
est une relation faiblement préconvexe satisfaisant une propriété particuliere avec les relations convexes
de INDU pouvant se traduire dans le calcul des intervalles d’ ALLEN.
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FIGURE 2.3 — Représentation des relations de base du calcul des intervalles dans le plan (a) et représen-
tation de celles du calcul de INDU (b).

Des notions telles que convexité et la préconvexité peuvent étre définies et étudiées dans le cadre
d’une représentation géométrique des différentes relations de base (voir Figure 2.3). En prenant de nou-
veau comme exemple le calcul INDU, nous pouvons représenter chaque relation de base par une région
particuliere du plan muni d’un repére orthogonal. Pour se faire, chaque intervalle z = (2, 2") du do-
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maine est représenté dans le plan par le point d’abscisse z~ et d’ordonnée = ™. En fixant un intervalle
de référence © = (x~,z™"), a chaque relation r est associée la région de points correspondant aux in-
tervalles y = (y~,yT) satisfaisant avec x la relation de base r. A une relation R € 2B est associée
1’union des régions des relations de base la composant, voir Figure 2.3(b). A partir de cette représenta-
tion, différentes notions et propriétés peuvent étre caractérisées. Nous avons, par exemple, la notion de
dimension d’une relation R qui peut étre définie par la dimension de la région représentant la relation
R. La notion de préconvexité peut également étre définie a I’aide de la fermeture topologique : une rela-
tion R est préconvexe si et seulement si la région correspondant a sa fermeture convexe est incluse dans
la fermeture topologique de la région la représentant. Dans [LCO5], nous montrons a travers différents
exemples les avantages certains que peut apporter une telle représentation géométrique des relations de
base dans I’étude des formalismes qualitatifs pour le temps et 1’espace.

Dans[BCLO03b], nous étudions le probleme de la cohérence des RCQ définis dans le calcul ter-
naire des points cycliques. Nous paramétrons ce probléme avec deux ensembles B et 1. L’ensemble
B correspond aux relations permises pour les contraintes de la forme Cj;; et 'ensemble 1" aux rela-
tions permises pour les contraintes de la forme Cjj; avec v;,v; et vy, trois variables distinctes. 1" est
un ensemble fermé pour les opérations de permutation et de rotation. Pour différents couples (B,T),
nous étudions la complexité du probleme de la cohérence et caractérisons des cas polynomiaux ainsi
que des cas ou le probleme reste NP-complet. Nous montrons également que pour certains cas poly-
nomiaux, la méthode de fermeture par faible composition est compléte pour le probléme de la cohé-
rence. Pour le calcul des points cycliques et de maniere générale pour les calculs basés sur des rela-
tions d’arité a, cette méthode est basée sur I’opération suivante : C'(v;,,...,v;,) < C(vi,...,v;,) N
O(C(’L)il, e ,via_l,vj), C(Uil, vy Vig o Uj,ia), ey C(vj,vh, e ,Uia)) avec Uh\u .., € V. Cette
opération généralise 1’opération de triangulation utilisée dans le cadre binaire. A titre d’exemple, en
considérant les ensembles B = {0, { Buab }, { Bava }» { Boaa }> { Baabs Bava }> { Baabs Bbaa } { Babas Bbaa } }
etT = {0,{Bapc},{Bacb}}, nous avons montré que le probléeme de la cohérence sur (B, T') se résout en
temps polynomial a I’aide de la méthode de fermeture par faible composition.

2.3 Contraintes éligibles et heuristiques de sélection de contraintes

L’algorithme Cohérence décrit en sous-section 2.1.2 nécessite de réaliser un choix concernant la
future contrainte a traiter a chaque étape de la recherche (ligne 5). Cette sélection se fait parmi I’ensemble
des contraintes non déja traitées aux étapes précédentes. La notion d’éligibilité que nous avons introduite
dans [CLSO7] permet de réduire cet ensemble de choix en écartant des contraintes qui n’ont pas besoin
d’étre traitées par un découpage en sous-relations de la classe C. Les contraintes qui devront étre traitées
sont appelées contraintes éligibles et celles qui ne le seront pas, les contraintes non éligibles. Etant donné
un RCQ NV = (V,C) sur lequel est appliqué 1’algorithme de recherche Cohérence, ces deux types de
contraintes sont définis de la maniere suivante :

Définition 4 Une contrainte C;; entre les variables v;,v; € V d’'un RCQ N est dite éligible si a aucun
moment au cours du traitement de N la relation C;; n’a appartenu a la classe C. Dans le cas contraire,
la contrainte entre C;; est dite non éligible.

Notons qu’une contrainte non éligible en cours de traitement ne pourra jamais devenir éligible par
la suite. Nous avons montré qu’au cours de la recherche, il était suffisant de traiter uniquement les
contraintes éligibles. Ainsi, a chaque étape de la recherche, la sélection de la contrainte a traiter se
fera parmi les contraintes éligibles. L’instruction de la ligne 5 de la fonction Cohérence doit étre sub-
stituée par une instruction de la forme : Sélectionne (v;,v;) € Eligibles, avec Eligibles la structure de
données contenant les couples de variables correspondant aux contraintes éligibles. La prise en compte
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de la notion d’éligibilité nécessite d’autres modifications de I’algorithme de recherche et de la méthode
de fermeture par composition que nous allons décrire. Tout d’abord, avant tout traitement, I’ensemble
Eligibles doit étre initialisé par les couples de variables dont les contraintes sont définies par une relation
de la classe C : Eligibles <— {(v;,v;) : i < jetCj; ¢ C}. Examinons, maintenant, les deux cas ol une
contrainte doit étre retirée de 1’ensemble des contraintes éligibles :

e a chaque étape de la recherche, apres le découpage de la contrainte C;; sélectionnée en sous-
relations de I’ensemble (ligne 9 de Cohérence), la contrainte C;; sera successivement réduite a
une relation de C. Cette contrainte doit donc devenir non éligible et étre retirée de 1’ensemble des
contraintes éligibles.

e Lors du calcul de la fermeture par faible composition du RCQ N, une opération de triangulation
peut mener a ce qu’une contrainte €ligible entre deux variables v; et v; soit définie par une relation
de C. Dans ce cas, la contrainte C;; doit également étre retirée de I’ensemble des contraintes
éligibles.

Dans le cadre de travaux plus récents [Conl1, CC11], nous avons défini des algorithmes de réso-
lution de RCQ utilisant une notion d’éligibilité plus forte et plus facile & mettre en ceuvre. Notons par
Ninit = (V, C'“it) le RCQ initial sur lequel doit se réaliser la résolution et notons par RC la fermeture
d’une relation R € 2B pour la classe C (la plus petite relation de C contenant R). Nous avons montré
que la sélection des contraintes a traiter peut se faire uniquement parmi les contraintes correspondant a
I’ensemble des couples de variables {(v;, v;) : (Cy;)¢ € C’Z!;-”t}. Nous pouvons ainsi définir une nouvelle
notion d’éligibilité de la maniére suivante. Une contrainte entre deux variables v; et v; est €éligible si
et seulement si (C’ij)c o C’Z!?it. La mise en ceuvre de cette nouvelle notion d’éligibilité est plus simple
puisque il suffit d’une part de sauvegarder le RCQ initial et d’autre part de sélectionner a chaque étape de
la recherche une contrainte Cj; telle que (Cij)c z Cl!;‘it. Nous avons réalisé des travaux expérimentaux
montrant I’intérét pratique de la notion d’éligibilité. Pour clore sur la notion d’éligibilité, notons qu’elle
peut &tre mise en ceuvre dans le cadre d’un quelconque prétraitement (pourvu qu’il ne supprime que des
relations de base incohérentes) et avec toute méthode de filtrage des contraintes permettant d’obtenir une
cohérence locale plus forte que la o-cohérence (nous décrirons de telles cohérences locales par la suite).

Nous avons également réalisé une étude expérimentale complete [Saa08] des différentes heuristiques
concernant le choix de la prochaine contrainte a sélectionner (ligne 5 de la fonction Cohérence) et 1’ordre
utilisé lors du traitement des sous-relations issues du découpage de la contrainte sélectionnée (ligne 9 de
la fonction Cohérence). Des heuristiques efficaces peuvent grandement réduire le parcours en profondeur
et en largeur de I’arbre de recherche. De méme, dans le cadre des implémentations de la méthode de
fermeture par faible composition, les heuristiques sélectionnant les contraintes et les sous-relations les
plus restrictives dans un premier temps sont les plus efficaces et permettent un élagage important de
I’arbre de recherche. Parmi les heuristiques de choix de la prochaine contrainte a traiter, nous pouvons
citer deux heuristiques performantes AscDom et DomTriangle. L’heuristique AscDom consiste a
sélectionner une contrainte de plus petite cardinalité de maniere similaire a I’heuristique Dom [HES80]
utilisée dans le cadre des CSP discrets. L’heuristique DomTriangle sélectionne une contrainte de plus
petite cardinalité mais prend également en compte un deuxieme critere correspondant a la minimisation
du nombre de relations de base appartenant a I’ensemble des sous RCQ de trois variables contenant
la contrainte candidate. Nous avons défini des heuristiques plus sophistiquées utilisant une pondération
dynamique des contraintes a la maniere de 1’heuristique W Deg utilisée dans le cadre général des CSP
discrets [BHLS04].
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2.4 Les contraintes gelées

Lorsque nous modélisons un probleme de positionnement spatial ou temporel a 1’aide d’un RCQ pour
certaines applications concretes, nous pouvons parfois discerner deux types de contraintes. Le premier
type correspond a des contraintes définies sur des entités du domaine afin de modéliser un objet temporel
ou spatial complexe ne pouvant pas simplement étre représenté par une seule entité du domaine. Le se-
cond type de contraintes correspond aux contraintes de positionnement proprement dites entre ces objets
complexes. Dans [CLSO7], nous appelons les contraintes du premier type, contraintes structurelles ou
contraintes d’environnement et celles du second type, contraintes de position ou contraintes critiques. La
distinction entre ces deux types de contraintes est tres intuitive et se fait dans le cadre de la modélisation
du probléme concerné. In fine, ces deux types de contraintes sont définis par les contraintes d’un RCQ du
formalisme qualitatif choisi. A des fins d’illustration, nous avons considéré dans [CLS07] le probléme
bien connu des n-reines. Ce probléeme consiste a placer n reines sur un échiquier de n X n sans qu’'une
reine puisse prendre une autre reine. Notre modélisation de ce probleme utilise un formalisme qualitatif
particulier appelé ADC25 (Algebre des Directions Cardinales 25). Ce formalisme inspiré du calcul des
directions cardinales de LIGOZAT est basé sur 25 relations de base dont le domaine est le plan des en-
tiers. Chacune des 25 relations de base correspond & une direction cardinale et a une relation de distance
(distance égale a 0, distance égale a 1, distance supérieure a 1) particuliere entre deux points du plan
(voir Figure 2.4(a)).

Le RCQ de ADC25 permettant de modéliser le probleme des n-reines est défini sur un ensemble de
n X n variables modélisant les cases de 1’échiquier auquel sont ajoutées n variables modélisant les n
reines. Ses contraintes sont définies par trois ensembles : un ensemble de contraintes entre les variables
représentant les cases afin de modéliser 1’échiquier (voir Figure 2.4(b)), un ensemble de contraintes
forcant chaque point représentant un reine a étre égal a un point représentant une case de 1’échiquier et
un ensemble de contraintes forcant deux points a ne pas avoir la méme abscisse ou la méme ordonnée.
Ces deux derniers ensembles de contraintes sont illustrés par la figure 2.4(c). Les contraintes du premier
ensemble sont utilisées pour spécifier I’objet complexe correspondant a 1’échiquier et correspondent aux
contraintes que nous avons nommées contraintes structurelles. Les deux derniers ensembles qui sont
utilisées afin de positionner correctement les différentes reines correspondent aux contraintes critiques.
Pour une autre illustration, le lecteur peut se reporter a [CLS09] ot une modélisation du probleme du job
shop scheduling considéré par SADEH [Sad91] est proposée en utilisant un RCQ du calcul INDU et un
RCQ du calcul des intervalles.

Pour la modélisation du probléme des n-reines proposée et pour d’autres modélisations, les contraintes
structurelles représentent intuitivement un ensemble de contraintes cohérentes auquel 1’ajout des con-
traintes critiques peut introduire une incohérence. Afin de proposer une méthode de résolution efficace
prenant en compte cette distinction entre les contraintes structurelles et les contraintes critiques, nous
avons introduit la notion de contraintes gelées [CLSO7]. Grossierement, une contrainte gelée est simple-
ment une contrainte qui ne pourra jamais étre modifiée lors de la résolution du probléme de la cohérence
du RCQ. Les contraintes gelées du RCQ correspondront aux contraintes structurelles, les non gelées aux
contraintes critiques. En considérant de nouveau la modélisation du probléme des n-reines et en notant
par Gr I’ensemble des couples de variables des contraintes gelées pour ce probleme, G g est défini par
I’ensemble des couples (v;, v;) avec v; et v; deux variables représentant deux cases de 1’échiquier.

Pour prendre en compte la notion de contraintes gelées lors de la résolution d’un RCQ, nous de-
vons introduire deux modifications dans 1’algorithme de recherche présenté dans la section 2.1. La pre-
miere modification concerne la méthode de fermeture par faible composition utilisée pour le filtrage des
contraintes, celle-ci ne devant pas modifier une contrainte gelée. Par conséquent, 1’opération de triangula-
tion Cy; < Cy; N (Cj, © Cy;) ne doit étre réalisée que pour les couples de variables (v;, vj) n’appartenant
pas a I’ensemble (G, avec GG I’ensemble des couples de variables correspondant aux contraintes gelées.
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RI=(EQ.E,S,SE,GE,GS,GSE,GSE1,GSE2}
R2={EQ,E.N,NE,GN,GE,GNE,GNE1,GNE2}
R3={EQ,W,S,SW,GW,GS,GSW,GSW1,GSW2}
R4=(EQ,W,N,NW,GN,GW,GNW,GNW1,GNW2}

GN GNW GNW GNW GN GNEl GNEl GNE1 GNE

I -1

{GNW1,GNW2,GNE1,GNE2,GSW1,GSW2,GSE1,GSE2}

(a) (b) ©

FIGURE 2.4 - Illustration des relations de base de ADC25 (a), contraintes entre les cases (b) et
contraintes concernant les reines (c).

Le RCQ obtenu a travers cette nouvelle méthode n’est pas o-cohérent de maniere générale mais posseéde
une cohérence locale plus faible que nous avons appelée (¢, F')-cohérence. Cette cohérence locale est
formellement définie de la maniere suivante :

Définition 5 Etant donnés un RCQ N = (V, C) et un ensemble G C V x V, le RCQ N est (o, G)-
cohérent si et seulement si pour tout triplet de variables v;,v;, v, € V, si Ci; & G alors Cyj C Ciyp, 0 Cy;.

La seconde modification de I’algorithme de recherche concerne la sélection des contraintes a traiter a
chaque étape de la recherche (ligne 5 de la fonction Cohérence). La sélection ne devra se faire que
parmi les contraintes non gelées puisqu’une contrainte gelée ne doit pas étre modifiée. La sélection de la
prochaine contrainte a traiter se fera donc par I’instruction suivante :

Sélectionne (v;,v;) € V x V avec i < j tel que (v;,v;) non déja sélectionné et (v;,v;) & G.

Une condition suffisante pour que 1’algorithme CohérenceG résolve le probléme de la cohérence est
que tout RCQ N’ = (V, C") satisfaisant les quatre propriétés suivantes soit cohérent :

(D) N'CWN,

(2) pour tout v;,v; € V, C; = Cjj si (vi,v;) € G sinon Cj; € C,

(3) N et N sont équivalents,

(4) N’ est (o, G)-cohérent.

Notons que, dans le cas présent, I’ensemble C utilisé pour découper les contraintes lors de la recherche
n’est pas forcément une classe mais un ensemble contenant les relations singletons. De plus, nous pou-
vons montrer que cette condition est satisfaite pour tout RCQ N = (V, C) issu de la modélisation des
n-reines précédemment donnée en considérant I’ensemble des contraintes gelées G r et comme ensemble
de découpage I’ensemble C formé des 25 relations singletons du calcul ADC25. Ainsi, paramétrée de ces
deux ensembles, la fonction CohérenceG peut étre utilisée pour résoudre le probleme des RCQ issus
du probleme des n-reines. En réalisant des expériences sur les RCQ issus du probleme des n reines,
nous avons pu constater que 1’algorithme CohérenceG permet d’une part d’éviter un nombre conséquent
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d’opérations de triangulation et d’autre part de réduire 1’arbre de recherche, comparativement a 1’algo-
rithme Cohérence. Il est tout de méme clair que I’algorithme CohérenceG ne peut étre utilisé que pour
des problémes structurés et sous des conditions particulieres.

2.5 Un famille de cohérences locales : les ?-cohérences

Force est de constater que la méthode de la fermeture par faible composition est quasiment la seule
méthode d’inférence utilisée comme prétraitement ou méthode de filtrage générique dans le cadre de la
résolution d’un RCQ. D’une part, cette méthode offre un excellent équilibre entre le temps d’exécution
et la force de filtrage des contraintes. D’autre part, de nombreuses classes traitables pour lesquelles
la o-cohérence est compléte ont été caractérisées et utilisées efficacement pour la résolution de RCQ.
Néanmoins, nous pouvons nous poser la question de savoir s’il n’existerait pas de méthodes basées sur
une cohérence locale autre que la o-cohérence qui pourrait étre aussi utiles et efficaces. Afin d’apporter
des éléments de réponses a cette question, nous avons proposé dans [CL10]* une nouvelle famille de
cohérences locales plus fortes que la o-cohérence.

Avant de présenter cette famille de cohérences, au travers d’un exemple nous allons voir comment
peut étre détectée la non cohérence d’une relation de base a 1’aide d’un découpage des contraintes et de
la méthode de fermeture par faible composition alors que seule, i.e. sans découpage, cette méthode ne le
peut pas.

3
{d. di} {d, di}

{d, di} {d, di}

(a) (b) (©)
FIGURE 2.5 — Trois RCQ du calcul des intervalles.

Considérons le RCQ = (V, () du calcul des intervalles représenté par la figure 2.5(a). Ce RCQ
correspond a un exemple de RCQ ¢-cohérent et non cohérent donné par ALLEN dans [Al183]. Découpons
la contrainte C; en deux sous-relations {m} et {s}. Définissons maintenant C; par la premiere de ces
deux relations. Nous obtenons le RCQ décrit par la figure 2.5(b). Nous allons réaliser pas a pas une
séquence d’opérations de triangulation sur ce nouveau RCQ. La figure 2.5(c) indique les relations apres
chacune de ces opérations de triangulation.

1. Co10Ci13={m}o{f, fi} = {p,d,o, s}, ainsi la relation de base m peut étre retirée de Ca3.

2. Cyp0Ca3 ={oi} o {s} = {d,oi, f}, larelation de base di peut donc &tre enlevée de Cjs3.

3. Ca2 0Oy ={0i} o {m} = {di, o, fi}, nous pouvons donc retirer d de Cl;.

4. C140Cy3 = {d} o {d} = {d}, la contrainte Cy3 devient vide.

Apres ces quatre opérations de triangulation, nous avons obtenu la contrainte vide. Nous pouvons donc
retirer la relation de base m du RCQ initial puisque cette relation de base ne pourra jamais étre satisfaite.
En substituant la contrainte C%; par la deuxiéme sous-relation issue de son découpage, i.e. la relation
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{s}, et en réalisant une séquence d’opérations de triangulation, nous pouvons également obtenir une
contrainte vide. La relation de base s peut donc étre supprimée de la contrainte Co;. La contrainte Co;
devient vide et nous concluons que le RCQ initial est incohérent.

De maniere générale, afin d’obtenir une méthode de filtrage plus forte que la méthode de fermeture
par faible composition, nous pouvons imaginer une méthode qui pour chaque contrainte : (1) partage
la contrainte en sous-relations, (2) substitue la contrainte par chacune des sous-relations issues du dé-
coupage et (3) supprime de la contrainte les relations de base détectées non cohérentes par le calcul de
la fermeture par faible composition du RCQ obtenu aprés chaque substitution. Ce traitement doit étre
réalisé jusqu’a ce qu’un point fixe soit obtenu.

Afin d’étudier de telles méthodes de filtrage, nous avons introduit dans [CL10]**” une famille de
cohérences locales ou chacune des cohérences est définie a partir d’une application f associant a chaque
relation R € 2B un ensemble de sous-relations de 2B formant une couverture de R, i.e. |Jf(R) = R
pour tout R € 2B, Dans la suite, F dénotera I’ensemble de toutes ces applications f. La cohérence locale
associée a une application f € F est appelée la ji—cohérence et correspond a la propriété suivante. Un
RCQ est ;i—cohérent si, et seulement si, pour chaque contrainte, en substituant la relation R définissant
la contrainte par chacune des sous-relations de f(R), aucune des relations de base de la sous-relation
n’est supprimée par application de la fermeture par faible composition. Formellement, la jc—cohérence est
définie de la maniere suivante :

p203

Définition 6 Un RCQ N est $-cohérent si, et seulement si, pour chaque couple (v;, vj) de variables de

N et pour tout S € f(NTi, j), o(Njijy/s)li, ] = S.

Dans [CL10]7%, nous étudions les forces relatives des ;i—cohérences correspondant aux applications
f € F. Plus exactement, nous étudions la relation d’ordre > (est plus forte que) définie par : pour
tout f, f' € F, ;i—cohérence > <¢,-cohérence si, et seulement si, tout RCQ ?—cohérent est également
;i,—cohérent.

En considérant I’application f, définie par f,(R) = {R} pour tout R € 2B, nous avons montré
que la fs-cohérence correspond a la o-cohérence et que de plus, la f,-cohérence est plus faible que toute
autre }-cohérence. Ainsi, tout RCQ -cohérent pour une application quelconque f € F est forcément fo-
cohérent et o-cohérent. Nous avons également montré que la cohérence correspondant au cas ou toutes
les relations sont partagées de maniere la plus fine possible, i.e. partagées par des relations singletons,
est plus forte que tout autre cohérence. Formellement, cette cohérence correspond a ’application fg
définie par fg(R) = {{b} : b € R} et fg(0) = {0}. La fg-cohérence peut étre vue comme la cohé-
rence SAC [DB97, BD08] (Singleton Arc Consistency) définie et étudiée dans le cadre des CSP discrets.
Remarquons que le RCQ représenté par la figure 2.5(a) ne satisfait pas la ;iB -cohérence. En effet, nous
avons précédemment constaté qu’en définissant sa contrainte entre v, et v; par {m} et en appliquant la
fermeture par faible composition, la relation de base m est supprimée de cette contrainte.

Ainsi, chaque application f de F définit une cohérence plus forte que la ?—cohérence et plus faible

que la ;iB -cohérence. A titre d’illustration, nous pouvons également considérer I’application [ associant
I’ensemble f(R) = {R\ {b} : b € r} pour tout R avec |R| > 1, fx(R) = {R} sinon. Par exemple,
f+({di,m,s}) correspond a I’ensemble {{m, s}, {di, s}, {di,m}. La figure 2.6 représente trois RCQ
du calcul des intervalles N, N5 et N3. Ces trois RCQ sont équivalents. ] est o-cohérent mais pas ;i#—
cohérent. En effet, en remplagant la relation définissant la contrainte entre vy et vy de N par {di,m} €
f+({di,m, s}) et en appliquant la fermeture par faible composition, la relation de base di est supprimée.
Le RCQ N5 est ;i#-cohérent mais pas § -cohérent puisque o(Na( 3)/¢5)[1,3] = 0. Le RCQ N est
quant & lui §_-cohérent.

Nous pouvons également définir des applications F permettant de partitionner chaque relation R €
2B. Pour cela, nous pouvons par exemple utiliser une partition P = {Ry,..., R} de I’ensemble des

42



2.5. Un famille de cohérences locales : les ?-cohérences

{di,m, s}

FIGURE 2.6 — Trois RCQ A7 (a), N3 (b) et N3 (c) tels que N3 € Ny C N et, N7 o-cohérent, N

;i# -cohérent et N3 $,-cohérent.

relations de base B et définir I’application fp par fp(R) = {RNR; :i € {1,...,k}} \ {0} pour tout
R # (et fp(R) = {0} dans le cas ou R = (). A titre d’illustration, considérons, dans le cadre du calcul
des intervalles, les trois partitions suivantes de 1’ensemble B :

e P ={{p,m,o, fi,s, d},{pi,mi,oi, f,si,di,eq}},
o = {{p’ m, 0}’ {fl, S, d}v {pi, mi, 07;}7 {f7 st, di, €Q}}’
o Py ={{p}, {m,o}, {fi}, {s,d}, {pi}, {mi,0i},{f, eq}, {si,di}}.

En considérant par exemple la relation {m, o, pi, si, di}, son découpage sera différent en fonction de la
partition considérée :

o fo({m,o0,pi,si,di,eq}) = {{m, o, pi, si, di, eq}},

o fr({m,o,pi,si,di,eq}) = {{m, o0}, {pi, si, di}},

o fr,({m,0,pi,si,di,eq}) = {{m, o}, {pi}, {si, di,eq}},

o fp,({m,0,pi,si,di,eq}) = {{m, o}, {pi}, {eq}, {si,di}} et

o fe({m,o,pi,si,di,eq}) = {{m},{o}, {pi}, {eq}, {si}, {di}}.

Nous pouvons constater que les applications f,, fp,, fp,, fp, et fg définissent des découpages de plus
en plus fins. En effet, en considérant par exemple fp, et fp,, pour tout R € 2B, il existe pour tout
R’ € fp,(R) un sous-ensemble S C fp,(R) tel que R’ = | J S. A partir de ce constat et d’une propriété
établie dans [CL10]*, nous pouvons affirmer que ;iB -cohérence > §P3 -cohérence > ;ZPQ -cohérence >

;ip -cohérence > 7”0 -cohérence. Remarquons que la définition d’une ?—cohérenoe partitionnant chacune
1

des relations R € 2B peut étre reliée 4 I’approche de BENNACEUR et AFFANE [BAO1] qui proposent
dans le cadre des CSP discrets une méthode de filtrage basée sur le partitionnement des domaines et sur
la cohérence locale AC.

La relation d’ordre > (est plus forte que) est un ordre partiel ; ainsi la ;i—cohérence etla jc,—cohérence,
avec f, f' € F ne sont pas forcément comparables. Par exemple, nous avons la ?PQ -cohérence et la
f-cohérence qui ne sont pas comparables, aucune des deux n’est plus forte que I’autre. Nous avons
néanmoins prouvé que pour tout f, f’ € F, il existe une application f**? € F (resp. f"*/ € F) telle
que la ?mlp—cohérence resp. la ¢,,, ;-cohérence) est la plus faible (resp. la plus forte) des cohérences plus
fortes (resp. plus faibles) que la jc—cohérence etla ?,—cohérence.

Par ailleurs, nous avons montré que pour certaines ;i—cohérences, il n’existe pas forcément une ferme-
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ture pour tout RCQ N, i.e. il n’existe pas forcément un unique plus grand (pour C) sous-RCQ ;i-cohérent
de N. Afin d’obtenir des cohérences locales ayant un bon comportement, nous avons caractérisé un im-
portant sous ensemble de F, dénoté par F*, pour lequel pour toute application f et pour tout RCQ N,
il existe un unique plus grand sous-RCQ de N jc—cohérent. L’ensemble F™* contient notamment les ap-
plications f,, f, fg et fp (avec P une partition de B) données comme exemples précédemment. Nous
avons également proposé un algorithme générique permettant de calculer la fermeture de tout RCQ selon
la ;i—cohérence pour une application f € F*. Intuitivement, cet algorithme examine dans une boucle
principale chacune des contraintes du RCQ afin de supprimer les relations de base non possibles du fait
de la ji—cohérence. Chaque contrainte Cj; est traitée en la définissant itérativement par chacune des re-
lations R € f(Cj;) et par application de la fermeture par faible composition afin de détecter parmi ces
relations de base, des relations de base non cohérentes. Lorsqu’au moins une contrainte est modifiée,
une nouvelle boucle principale est réalisée. Cet algorithme a une complexité en temps en O(n”) (avec
n le nombre de variables du RCQ). Malgré cette complexité théorique élevée, 1’algorithme n’exécute en
pratique que quelques boucles principales. Nous avons réalisé des études expérimentales sur des RCQ
du calcul des intervalles générés aléatoirement et démontré son intérét. En effet, nous avons constaté que
d’une part pour certaines ?-cohérenoes, la détection de RCQ incohérents par calcul de la fermeture selon
la ;i—cohérence subsume largement celle par le calcul de la fermeture par faible composition. Pour cer-
taines, nous sommes trés proches de la détection de I’ensemble des RCQ incohérents. Sans surprise, nous
avons également remarqué que plus une ;i—cohérence était forte, plus le cofit du calcul de la fermeture
selon cette ?—cohérenoe est élevé. D’autre part, nous avons constaté que I’incohérence de certains RCQ
pouvait étre détectée par calcul de la fermeture par ;i—cohérence dans un temps largement inférieur que
celui mis par le solveur GQR [GWWO08] (qui est actuellement un des solveurs de contraintes qualitatives
les plus rapides). Le calcul de la fermeture par ;i-cohérence a donc clairement tout son intérét dans le
cadre d’une phase de prétraitement des RCQ a résoudre. Son utilisation dans le cadre d’un filtrage des
contraintes lors d’une recherche n’est pas forcément viable du fait de son cofit en temps trop élevé pour
une application f € F* quelconque. Néanmoins, pour certaines applications particulieres JF, il est envi-
sageable de diminuer ce colit en particularisant I’algorithme générique de calcul de fermeture. Pour clore
cette section, notons qu’avec une approche similaire, nous avons caractérisé dans [CL11]**" différentes
familles de cohérences locales dans le cadre des CSP discrets.

2.6 Résolution du probleme de la cohérence des RCQ par résolution de
CSP discrets

Les RCQ sont des CSP binaires [Lec09] particuliers ou les variables prennent leurs valeurs dans
le domaine D qui est généralement infini et ou chaque contrainte est définie de maniére intensionnelle
par I’ensemble des relations de base possibles entre chaque couple de variables. Une maniere générique
d’obtenir un CSP discret représentant un RCQ est de considérer sa représentation duale en prenant pour
variables les contraintes du RCQ et d’associer comme domaine a chaque variable les symboles représen-
tant les relations de base de la contrainte dont elle est issue. Les contraintes du CSP discret sont définies
de maniere extensionnelle en explicitant les triplets de relations de base possibles du fait de la table de
composition. Ces contraintes sont donc ternaires dans le cas ou les relations de base sont binaires. De
maniere formelle, nous pouvons définir ce CSP discret de la maniere suivante [DCLS06] :

Définition 7 Soit un RCQ N = (V,C). CSP(N) dénotera le CSP discret P = (X, D, C) défini de la
maniére suivante :
e pour chaque paire de variables v;,v; € V telles que i < j est introduite une variable x;; dans
U’ensemble X ;
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e le domaine de chaque variable x;; € X est défini par D(x;5) = Cyj ;

e pour chaque triplet de variables v;,v;, v, € V telles que i < k < j, la contrainte c;jj, portant
sur les variables xij, x;, vi; € X et associée a 'ensemble de triplets {(r1,72,73) : 71,72,73 €
Betr) € roors} est ajoutée a l’ensemble C.

Remarquons que la taille d’une relation définissant une contrainte ternaire c;j;, peut étre réduite en la
définissant par I’ensemble de triplets {(r1,7r2,73) : r1 € Cyj,72 € Cy, 13 € Cij € Betry € roors}
ou bien encore par {(7"1, 9, ?”3) ] € Cz'j N (Czk: <& ij), ro € Cik7 r3 € ij eBetry ergo ?”3}.

Dans [DCLS06], nous avons étudié les liens entre un RCQ N et sa traduction en CSP discret
CSP(N). Les principales propriétés sont les suivantes :

e Sile RCQ N est cohérent alors le CSP discret CSP(A) est cohérent.

e Le RCQ N est o-cohérent si et seulement si le CSP discret CSP(N) est GAC (Generalized Arc
Consistent).

e Si RCQ N est o-cohérent alors N est (0,3)-cohérent et le CSP discret CSP(A) est fortement
3-cohérent.

e Sile CSP discret CSP(N) est GAC alors le RCQ A admet un scénario o-cohérent.

e Sile RCQ N est défini dans un formalisme qualitatif pour lequel tout scénario o-cohérent est
cohérent et si le CSP discret CSP(N') est GAC alors AV est cohérent.

Dans le cadre des formalismes qualitatifs pour lesquels tout scénario ¢-cohérent est cohérent, le pro-
bleme de la cohérence d’un RCQ peut étre décidé par la résolution de sa traduction en CSP discret. Un
inconvénient majeur de la traduction en CSP discret d’un RCQ est la taille de I’instance obtenue. En
effet, un CSP discret obtenu par traduction d’un RCQ ayant n variables est défini sur n? variables avec
des domaines d’au plus | B| valeurs et n.(n — 1).(n — 2) /6 contraintes d’arité 3 définies par des relations
contenant au plus |B|? triplets.

Pour palier a la taille importante des instances obtenues, nous avons étudié dans [DCLSO07] une
approche utilisant des relaxations du CSP discret obtenu par traduction du RCQ. Cette approche consiste
simplement a ne pas traduire toutes les contraintes du RCQ a partir d’un ensemble donné de relations
T. Pour un RCQ NV = (V, C), une contrainte entre deux variables v; et v; est traduite si et seulement si
Ci; ¢ T. Le CSP discret P obtenu est une relaxation de CSP(N\). Ainsi, la non cohérence de P permet
d’affirmer la non cohérence du RCQ N. Par contre, dans le cas général, caractériser une solution de P
ne permet pas d’affirmer que N est cohérent. Pour rendre I’approche compléte, de maniére itérative,
chaque solution s de P est traduite en sous-RCQ N’ de A (en utilisant la traduction inverse de CSP).
Puis un test de cohérence est réalisé sur . Dans le cas ou la cohérence de N’ est détectée, N est
cohérent. Dans le cas contraire, nous recherchons et examinons une nouvelle solution de . Remarquons
que le test de cohérence de N/ peut étre réalisé par calcul de sa fermeture par faible composition dans le
cas ou 7" est un sous-ensemble d’une classe traitable contenant les relations singletons et pour laquelle
la o-cohérence est compleéte. Nous avons réalisé des tests expérimentaux sur des RCQ du calcul des
intervalles générés aléatoirement en définissant notamment 1’ensemble 7" par {¥}. Pour certains RCQ
générés aléatoirement, nous avons constaté I’efficacité de cette approche.

2.7 Résolution du probleme de la cohérence des RCQ par résolution de
problemes SAT

Pour de nombreux formalismes qualitatifs, I’étude du probleme de la cohérence des RCQ a conduit a
la définition de passerelles entre ce probléme et le probleme SAT [Sai08]. Des réductions polynomiales
du probleme SAT vers le probleme de la cohérence des RCQ ont été définies afin de caractériser sa NP-
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complétude pour un fragment ou pour I’ensemble des relations du formalisme considéré. Inversement,
une manicre de caractériser une classe traitable d’un formalisme est de définir une réduction polynomiale
du probleme de la cohérence des RCQ de cette classe vers un fragment polynomial du probleme SAT
tel que le probleme HORNSAT [DG84]. Nous pouvons, par exemple, citer les travaux de NEBEL et
BURCKERT [NB94, NB95] dans lesquels est proposée une traduction polynomiale du probleme de la
cohérence des RCQ définis par des relations ORD-Horn du calcul des intervalles vers un probléme de
satisfiabilité de clauses de Horn propositionnelles (voir Section 2.2).

Plus récemment, des traductions du probléme de la cohérence des RCQ en probleme SAT ont été pro-
posées [PTS06, PTS08, WWO09] afin de profiter de I’efficacité des prouveurs SAT actuels. Une traduction
générique en probleme SAT d’un RCQ N = (V, C), appelée traduction support, consiste a définir pour
chacune des relations de base r de chacune des contraintes C;; (avec ¢ < j) une variable propositionnelle
r;; et de définir I’ensemble des clauses suivantes :

e clauses AtLeastOne (ALO) : la clause \/recij r;; est introduite pour chaque contrainte Cj; (avec
1 < j) afin de stipuler qu’au moins une des relations de base de chaque contrainte doit €tre satis-
faite ;

e clauses AtMostOne (AMO) : la clause —r;; V —|r§j est ajoutée pour chaque paire distincte de
relations de base 7 et ' de chaque contrainte Cj; (avec ¢ < j) afin de contraindre qu’au plus une
relation de base par contrainte doit étre satisfaite ;

e clauses Support : la clause =, V =y V Ve ory;)NCy;r EStINtroduite pour chaque relation de
base 73, € Cjy, et chaque relation de base r; € Cy; (avec @ < k < j) pour indiquer les relations
de base r pouvant éventuellement étre satisfaites pour la contrainte C;; compte tenu de la table de
faible composition et des contraintes Cj, et Cy;.

La figure 2.7 illustre cette traduction a partir d’'un RCQ du calcul des intervalles. L’ensemble de clauses
SAT obtenues par la traduction support est satisfiable si, et seulement si, il existe un scénario ¢-cohérent
du RCQ N. Pour tout formalisme qualitatif tel que le calcul des intervalles pour lequel tout scénario
o-cohérent est cohérent, la résolution de cet ensemble de clauses permet de déterminer la cohérence ou
la non cohérence du RCQ N. L’inconvénient majeur d’une telle traduction est le nombre trés important
de clauses obtenues (prés d’un million de clauses et plus de dix mille variables pour un RCQ du calcul
des intervalles avec 50 variables en utilisant la traduction support [PTS08]). Malgré tout, certaines expé-
rimentations montrent que des solveurs SAT efficaces permettent de résoudre plus rapidement certains
RCQ a travers certaines traductions [PTS08, LHR09]. Notons que les expériences concernant ces traduc-
tions ont été réalisées uniquement sur des RCQ du calcul des intervalles qui contient 13 relations de base.
Il serait intéressant de réaliser des travaux expérimentaux sur des RCQ d’autres formalismes qualitatifs,
en particulier des formalismes basés sur un nombre plus important de relations de base.

Dans [CD07, CDO08], nous avons proposé une traduction des RCQ en SAT ayant la particularité de
considérer la classe traitable correspondant a I’ensemble des relations convexes. Pour le calcul des inter-
valles et d’autres formalismes, les relations convexes peuvent étre définies par les intervalles d’un treillis
(B, <) (voir Section 2.2). Comme nous le verrons, notre traduction, que nous appellerons traduction
treillis, utilise cette structure de treillis pour lequel nous supposons vérifiées des propriétés concernant
I’opération de faible composition et 1I’opération d’inverse :

e pour tout ry, g € B,sir; <rgalorsry” <77
e pour tout ry, 79, 73,74 € B [r1 0 1r9] © [r3,r4] = [Inf(r1 o 73), Sup(re o r3)].

Pour de nombreux formalismes qualitatifs, un treillis possédant ces propriétés existe, en particulier pour
le calcul des intervalles. Etant donné un RCQ N = (V, C'), notre traduction en SAT de ce RCQ com-
prendra cinq ensembles de clauses. Dans un premier temps, nous supposons que A est un RCQ défini
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{m,o, fi,s, eq,di,si}

Traduction support

ALO :miz2 Vo122V f’ilg V si12Veqia V
diio V si12, mi3 V diiz V st13 V ol13,
fi23 V diaz V eqa3 V Si23.

AMO : —-mi2 V 012, mi2 V =012,
—mi2V fii2, mi2V - fira, " mi2Vsia,
mi2V-si2, "mizVeqiz, mizV-eqiz,
—mi2Vdiiz, mi2V-diiz, “mi2Vsiia,
miz2 V —St12,7012 V fi12, ..
Support :

—mi2 V —eqaz Vmiz, "mi2 V 1Sia3 V

mi3, —o12 V fiaz V mas, 1012 V

Traduction treillis :

I:m < Ci2, Ci2 < si,m < Ci3 VvV
di < Ci3, m < Ci3V Ciz < oi,
Cis <mvdi < Ci3, Ciz <mV
C1z <01, fi < Caz, Ca3 < si.

II: =(fi < Ci2) V(s < Ci2)V
eq < Ci2 ,(Ci2 < fi) V (Cra <
s)V Ci2 < p, ~(di < Cr2) V —(eq <
Ci2)Vsi < Cia ...

Il : —(fi < Ch2) V=(Ci2 < d),
=(d < Ci2) V=(Ci2 < fi), ...
IV:=(p < C12) VCiz < pi, 7(Cr2 <

p) Vpi < Cia, ...

V:i=(o0< Ci2) V(di < Ca3)Vp <
Cij, ~(Cirk < 0) V =(Ci; < di)V
Ci; < di, ...

—dioz V di13, m012 V —8i23 V diiz V
0i13, ~fii2 V ~diaz V diiz, ~fii2 V

—si23 V di1z, —s12 V i fizz V mas,

=812 V —diog V di1z V mas, ...

FIGURE 2.7 — Un RCQ N du calcul des intervalles et quelques clauses correspondant 2 sa traduction
SAT par la traduction support et la traduction treillis.

par des relations convexes et que donc chaque contrainte C;; est définie par un intervalle [a;;, sb;;] du
treillis (B, <). Les ensembles de clauses sont définis sur les variables propositionnelles correspondant a
I'ensemble {a < C;;,C;; < a: pourtouta € Betv;,v; € V}:
e pour chaque contrainte Cj; = [a;j, b;j] avec i, j € {0,...,n — 1}, deux clauses unitaires bornant
les relations de base possibles sont introduites :

a;j < Cijet Oy < by (D)

e Des clauses modélisant une propriété concernant les infimums et les supremums du treillis sont
introduites pour tout a,b € B :

—|((I < C”) V ﬂ(b < Cl]) V Sup{a, b} < Cl'j et —|(Cij < a) V —|(Cij < b) V Cij < Inf{a, b} Q1))

e Des clauses correspondant a la propriété de transitivité de 1’ordre partiel < sont introduites pour
touta,b € Btelsquea £ b:

—|(CL < Cl]) V —\(Cij < b) (III)
e Deux clauses concernant I’opération inverse et le treillis sont introduites pour tout a € B :
ﬂ(a < CU) V Cji <a et —|(CZ‘J’ < a) Va < Cji Iv)

e Pour chaque triplet de contraintes C;, Cj, Cij, avec i < j, deux clauses concernant I’opération
de faible composition et le treillis sont introduites pour tout a,b € B :

—(a < Ci) V(b < Ckj) Vinf(aob) < Cyj et =(Cyr, < a) V—(Crj <b)VCi; < Sup(aod) (V)

Nous avons supposé que le RCQ N est défini par des relations convexes, i.e. par des relations corres-
pondant aux intervalles du treillis (B, <). Dans le cas ot V n’est pas convexe, lors de la définiton des
clauses (I), chaque contrainte C;; doit étre découpée en sous-relations convexes RZIJ ey RZJ et nous
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devons introduire les clauses correspondant a la disjonction Vr:[a,b} (R ..RY }(a < Cij NGy <0b).
L’intuition derriere la traduction support est de rechercher a travers SAT un scnénario o-cohérent a par-
tir des combinaisons de relations possibles pour chaque triplet de variables. L’ approche concernant la
traduction treillis est différente. En effet, cette traduction permet de modéliser les sous-RCQ de trois va-
riables convexes et cohérents a 1’aide du treillis et de I’opération de faible composition. Ainsi, nous avons
établi la propriété suivante : pour tout RCQ N, I’ensemble des clauses issues de la traduction treillis est
satisfiable si, et seulement si, A/ admet un sous-RCQ convexe o-cohérent et ne contenant pas la relation
vide. Dans le cas ou la ¢-cohérence est compléte pour la classe des relations convexes, nous pouvons en
conclure que I’ensemble des clauses issues de cette traduction est satisfiable si, et seulement si, A est
cohérent. En pratique, sur des RCQ du calcul des intervalles, la traduction treillis est moins efficace que
certaines autres traductions SAT actuelles mais sa définition a 1’originalité d’utiliser une classe traitable.
Récemment, une étude a été réalisée dans le cadre du stage Master Recherche Systémes Intelligents et
Applications  ABDERRAHIM AITWAKRIME (co-encadré par DANIEL LE BERRE et moi méme) afin
de rendre plus efficace cette traduction. Une des améliorations attendues a consisté en la suppression de
clauses inutiles en considérant certaines symétries et dualités concernant les opérations de composition
et d’inverse et les supremums et infimums du treillis. Cette amélioration nous a permis d’économiser
plus de la moitié des clauses de la traduction originale.

2.8 Décompositions arborescentes et triangulations appliquées aux RCQ

Un RCQ est un réseau de contraintes complet dans le sens ou pour chaque couple de variables est
définie une contrainte par une relation de 28. La définition d’une contrainte 4 1’aide de la relation ¥
(la relation composée de tous les éléments de B) permet de spécifier que localement, il n’y a pas de
contrainte concernant la position relative des deux entités représentées par les deux variables concernées.
Ainsi, de maniere naturelle, nous pouvons définir le graphe de contraintes d’'un RCQ N = (V, C), par
le graphe non orienté G(N) = (V, E) avec (v;,vj) € E si, et seulement si, Cj; # W et v; # v;. Nous
pouvons constater que, contrairement aux études menées dans le cadre général des CSP, trés peu d’études
concernant la résolution de RCQ prennent en compte la structure d’'un RCQ au travers de son graphe de
contraintes. A notre connaissance, les seuls travaux de ce genre sont ceux de LI et al. [LHRO9] qui
ont récemment proposé une méthode permettant d’éviter la traduction de toutes les contraintes définies
par la relation ¥ dans le cadre d’une traduction en probleme SAT des RCQ du calcul des intervalles.
A chaque étape, cette méthode récursive partage 1’ensemble des variables V du RCQ N considéré en
deux ensembles de variables V) et V5 de telle maniere que les contraintes sur V; et les contraintes sur
V5 soient équivalentes aux contraintes sur V = V; U V5. Le processus est répété sur les RCQ A'! et N2
correspondant aux projections du RCQ N sur respectivement I’ensemble de variables V; et 1’ensemble
de variables V5. Les contraintes définies par la relation ¥ dans le RCQ A non présentes dans N et A/2
sont caractérisées comme non nécessaires a la recherche d’un scénario cohérent du RCQ global initial et
donc non traduites en clauses SAT. L’avantage d’une telle traduction est que I’instance SAT obtenue est
de plus petite taille qu’une instance issue d’une traduction compléte de I’ensemble des contraintes.

Dans [Con11][CD11]"*, nous avons montré que la méthode utilisée par LI et al. revient & considérer
des regroupements de variables issus d’une décomposition arborescente particuliere du RCQ considéré.
Comme dans le cadre des CSP discrets, une décomposition arborescente d’un RCQ peut se définir for-
mellement de la maniére suivante :

Définition 8 Soir N = (V,C) un RCQ et G(N) = (V, E) son graphe de contraintes. Une décomposi-
tion arborescente de N est un arbre T = (X = {Xo,..., Xy}, F) avec n un entier positif, o X est
une famille de sous-ensembles de variables de V (X; C V'), telle que :

() U{Xie X} =V,
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(2) V(v,v") € E, il existe X; € X tel que v,v' € X;,
(3) pour tout X;, X;, X}, € X, si X; est sur 'unique chemin entre X; et X}, alors X; N X}, C Xj.

{o.mi. fi} €4, 1, S, '”}/) [X = {vo, v1, 3, v3,v4, V5, V5, V7, Usv'l’oﬂ’w})
) v vr
{oi, mi} {0, 0i, mi, fi} [Xl = {vo, v1, va, V3, V4, V5, Vs, UT}] [Xz = {vo, vs, vs, vy, ’Uw}]
{eq; p, o, fi} {m, f}
U1 . @(3 = {’Uu, U1, V2, U3, Vg, U7}} @(4 = {'Uh Uy, 1/‘53

@(5 = {vo, v, vs, va}} [Xe = {vs, vy, 'UIO}}

{eq, p,mi, [fi}

{oi,m, fi} '
{eq,p, fi}
{di,o,m}

i f} {07 i fi

{ri} {ri}
{o,m}

{pi, 0i, mi}

X7 = {vo, v1, v2, 06,07

[Xi;, = {7/‘07 Vg, Us, 1/'9} [70 = {7/'83 Vg, 1‘10}]

Xs = {v,v3}

{eq,d,di,o,0i,s,si, f, fi}

(©) (d)

FIGURE 2.8 — (a) un RCQ N du calcul des intervalles, (b) une décomposition récursive de N, (¢) une
décomposition arborescente de N et (d) un sous-RCQ de N.

A titre d’illustration, la figure 2.8(b) représente une décomposition de 1’ensemble des variables cor-
respondant a la méthode de LI et al. appliquée au RCQ N de la figure 2.8(a). Seules les contraintes
correspondant aux feuilles de cet arbre seront considérées lors d’une traduction en probleme SAT. Dans
la figure 2.8(c) est représentée une décomposition arborescente de N considérant les mémes regroupe-
ments de paires ou triplets de variables que les nceuds terminaux de la décomposition arborescente.

Nous avons généralisé I’approche suivie par LI ef al. en montrant que toute décomposition arbores-
cente peut €tre utilisée afin de minimiser I’ensemble des contraintes a considérer lors d’une traduction
en clauses SAT des RCQ du calcul des intervalles. Nous avons également montré que pour certaines
classes traitables de relations, appliquer la méthode de la fermeture par faible composition uniquement
sur les triplets de variables appartenant aux regroupements issus d’une décomposition arborescente est
suffisant pour décider du probleme de la cohérence du RCQ. Nous avons ainsi introduit une cohérence
locale partielle basée sur la o-cohérence proche de la cohérence locale PPC (Partial Path Consistency)
proposée par BLIEK et SAM-HAROUD dans [BSH99] :

Définition 9 Soit N = (V,C) un RCQ et X = {Xy,..., X} une famille de sous-ensembles de V. N
est }-cohérent si, et seulement si, pour chaque X; € X, le RCQ N x; (la projection de N sur I’ensemble
de variables X;) est un RCQ o-cohérent.

Pour certaines classes C traitables telles que I’ensemble des relations convexes de certains formalismes, la
fermeture par faible composition d’un RCQ défini sur C permet d’obtenir un RCQ globalement cohérent
(toute solution partielle peut étre étendue en une solution). Nous avons montré que pour un RCQ N
défini sur une telle classe C et pour un ensemble X de regroupements d’une décomposition arborescente
de V, si \V est & -cohérent et ne contient pas la relation vide alors AV est cohérent. Nous avons également
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démontré ce résultat pour la classe des relations préconvexes du calcul des intervalles pour laquelle tout
RCQ o-cohérent posseéde des solutions partielles particulieres, dites solutions maximales, pouvant étre
étendues en solutions [Lig94, Lig96]. Une solution partielle maximale est une solution pour laquelle
toutes les relations de base satisfaites sont de dimension maximale par rapport a la dimension de la
relation définissant la contrainte dans laquelle elles se trouvent (voir la section 2.2 pour la notion de
dimension d’une relation).

Function Cohérence2(/N) : Booléen
in : N = (V,C), un RCQ, X un ensemble d’ensembles de variables de V
output : true si N est cohérent, false sinon.

1 begin

2 Nlnit — (V, CfInit) — N;

3 T = (X, F) < treeDecomposition(\);

4 N + preTreatment(N);

5

6

if V' = | then
| return false ;

7 return CohérenceAux(N,X) ;

Function Cohérence2 Aux(N,X) : Booléen

in : N = (V,C),un RCQ et X un ensemble d’ensembles de variables.
output : true si N est cohérent, false sinon.

1 begin

2 N+ $—Cohérence(N, X);

3 if V' = 1 then

4 L return false ;

5 Sélectionne (v;,v;) € |J X tel que (C;;)¢ & clmit,

6 if un tel couple n’existe pas then

7 L return true ;

8 Partager C};; en sous-relations 7q,...,7; € C ;

9 foreachk € 1,...,k do

10 Cij<_7’k;cji<_r]:;

1 if Cohérence2Aux(N,X) then

12 L return true ;

13 return false

Ce résultat est particulierement intéressant dans le cadre pratique de la résolution de RCQ du calcul
des intervalles pour lequel la seule classe maximale traitable contenant les relations singletons est 1’en-
semble des relations des préconvexes. En effet, afin de rendre plus efficace I’algorithme de recherche
utilisant le découpage des contraintes par les relations d’une classe traitable (voir Section 2.1), il suffit
dans un premier temps de calculer une décomposition arborescente du RCQ N pour lequel on cherche
a décider de la cohérence. Puis, il convient d’effectuer une recherche d’un sous-RCQ préconvexe cohé-
rent non pas a partir du calcul de la fermeture par o-cohérence mais a 1’aide du calcul de la fermeture
% -cohérence comme méthode de filtrage, avec X 1’ensemble des regroupements de la décomposition
arborescente. Ce nouvel algorithme (voir la fonction Cohérence2) considére moins de contraintes lors
de la recherche et du filtrage. Notons qu’a la ligne 4 de la fonction Cohérence2, 1’appel d’un prétraite-
ment est réalisé. Ce prétraitement peut étre quelconque pourvu qu’il ne supprime que des relations de
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base incohérentes parmi les contraintes de . Pour certaines décompositions arborescentes, le nouvel
algorithme proposé s’avere €tre expérimentalement plus rapide [CC11]. Notons que le temps du calcul
d’une décomposition arborescente peut se faire en temps largement inférieur au temps de résolution a
partir de certains algorithmes de triangulation [RTL76, BBHP04, KBvHO1, BK10] appliqués aux graphe
de contraintes du RCQ.

Remarquons que dans le cadre de cette étude, seuls les regroupements de variables issus d’une dé-
composition arborescente sont utilisés. Nous n’utilisons pas la structure arborescente de la décompo-
sition. De ce fait, I’ensemble des résultats précédents peut étre reformulé de maniere équivalente en
considérant les triangles de variables issus d’une triangulation du graphe de contraintes du RCQ [CC11].
Rappelons qu’un graphe triangulé est un graphe tel que chaque cycle de longueur strictement supérieure
a 3 possede une corde (une aréte joignant deux sommets non adjacents). Trianguler un graphe consiste a
rajouter des arétes au graphe afin d’obtenir un graphe triangulé. A partir de la triangulation d’un graphe de
contraintes, nous pouvons définir une décomposition arborescente. Dans le cadre d’une étude expérimen-
tale, nous avons constaté qu’un algorithme de triangulation basé sur I’algorithme LexBFS (Lexicographic
Breadth First Search) de ROSE et al. [RTL76] ou basé sur I’heuristique GreedyFillln [BK10] permet de
réduire un nombre trés important de couples ou de triangles de variables [CD11, CC11].

2.9 Implémentations

Durant les années 80 et 90, différentes implémentations ont été proposées afin de résoudre le pro-
bleme de la cohérence des réseaux de contraintes qualitatives. Il s’agissait trés souvent de programmes
dédiés a des formalismes qualitatifs particuliers tels que le programme proposé par NEBEL et BURCKERT
[NB94, NB95] afin de résoudre les RCQ définis sur le calcul des intervalles. Actuellement, il existe trois
principaux programmes ouverts et génériques permettant de résoudre des RCQ de maniere efficace dans
lesquels sont implantées certaines des dernieres avancées du domaine : SparQ (SPAtial Reasoning done
Qualitatively) [WFWT06], GQR (Generic Qualitative Solver) [GWWO08] et QAT (Qualitative Algebra
Tools) [CLS06a]. SparQ est une boite a outils permettant de résoudre des RCQ de formalismes qualitatifs
dont les relations de base sont d’arité 2 ou 3. Il fournit, également, des outils permettant de transformer
des descriptions quantitatives en descriptions qualitatives. SparQ est implémenté en langage LISP mais
utilise également des librairies en langage C. GQR est un programme écrit en langage C++ ne traitant
que des RCQ définis sur des relations de base d’arité 2. La version actuelle de GQR est certainement
I’outil générique le plus efficace pour résoudre des RCQ binaires.

QAT [CLS06a] est une boite a outils écrite en Java développée en collaboration avec MAHMOUD
SAADE dans le cadre de sa these. Boite a outils générique permettant de résoudre des RCQ définis sur
des calculs dont les relations de base peuvent étre d’une arité quelconque, elle contient trois principaux
paquetages : le paquetage Algebra, le paquetage QCN et le paquetage Solver.

Le paquetage Algebra permet de traiter les aspects algébriques d’un formalisme qualitatif. Il est
notamment possible de charger a partir d’un fichier XML suivant une DTD particuliere la structure algé-
brique définissant le formalisme qualitatif : la définition des relations de base, les relations diagonales,
la table de faible composition, la table de rotation et la table de permutation. Des fonctionnalités sont
également présentes afin de construire une structure algébrique d’un formalisme qualitatif a partir de
structures d’autres formalismes qualitatifs. 11 est, par exemple, possible de créer une algebre qualitative
a partir d’une autre en regroupant des relations de base ou bien encore en réalisant le produit de deux
autres algebres qualitatives. Le paquetageAlgebra permet également la gestion des classes traitables.

Le paquetage QCN offre différentes fonctionnalités permettant de manipuler des RCQ : création
d’un RCQ), ajout/suppression de variables, ajout/suppression/modification de contraintes, etc. Il permet
également la génération de RCQ aléatoires selon les modeles proposés dans la littérature (voir [Neb96]).
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Le paquetage RCQ contient aussi des classes correspondant a différentes heuristiques utilisables pour le
parcours des variables ou des contraintes d’un RCQ et des sous-relations d’une relation définissant une
contrainte.

Le paquetage Solver contient un ensemble de méthodes permettant la propagation de contraintes
sur un RCQ ou la résolution d’un RCQ. Les différentes versions de la fermeture par faible composition
ont été définies ainsi que différentes méthodes de résolution. Ces méthodes de résolution sont basées sur
I’algorithme de recherche présenté en début de chapitre et sont paramétrables par différentes heuristiques
et par I'utilisation de différentes classes traitables. Elles integrent également des notions particulieres
telles que la notion de contraintes éligibles ou la notion de contraintes gelées. Ces différentes méthodes
ont été implémentées pour le cas générique ol I’arité des relations de base manipulées est quelconque.
Pour des raisons d’efficacité, nous avons également réalisé des implémentations spécifiques pour le cas
ou I’arité des relations de base est 2.

Autour de ces trois paquetages de base ont été greffés, au cours du temps, de nouveaux paquetages
consacrés a des applications particulieres telles que la fusion des RCQ), la traduction des RCQ en pro-
bleme SAT. QAT n’est pas I’outil le plus efficace en terme de temps pour la résolution de RCQ mais
reste certainement I’outil le plus ouvert du domaine en terme d’utilisation.

Au cours de ces dernieres années, nous avons également développé des programmes ad-hoc au cal-
cul des intervalles permettant de valider expérimentalement certaines approches, en particulier celles
présentées tout au long de ce chapitre. La plupart de ces programmes ont été développés en langage C
afin d’obtenir des outils rapides.

2.10 Conclusion

Nous avons présenté dans ce chapitre un ensemble de travaux concernant directement la résolution
du probleme de la cohérence des réseaux de contraintes qualitatives. Comme nous avons pu le constater,
ces travaux ont permis aussi bien d’apporter des résultats sur des formalismes qualitatifs particuliers
(dans le cadre de recherche de classes traitables notamment) que des résultats généraux pouvant €tre mis
en ceuvre dans le cadre de nombreux formalismes qualitatifs. Comme exemples de contributions pouvant
étre employés dans le cadre de nombreux formalismes qualitatifs, nous pouvons citer les résultats obtenus
concernant la notion de contraintes éligibles, ceux établis lors de 1’étude de la famille des ;i-cohérences,
ainsi que ceux concernant 1’utilisation de décompositions arborescentes des structures des RCQ dans le
cadre de leur résolution.

Nos études ne se bornent pas exclusivement a des travaux sur la résolution du probléme de la cohé-
rence des RCQ par des méthodes de résolution de contraintes qualitatives. Nous avons également étudié
ce probleme au travers des CSP discrets et du probleme SAT. La maturité des recherches concernant
ces deux formalismes ont permis de définir des méthodes tres efficaces de résolution et offrent des al-
ternatives tres intéressantes a la résolution du probléme de la cohérence des RCQ par des méthodes de
résolution considérant uniquement des contraintes qualitatives. Dans [WW09], WESTPHAL et WOLFL
ont mené une étude expérimentale complete dans laquelle sont comparées 1’utilisation d’un solveur de
contraintes qualitatives (GQR [GWWO0S]) avec celle d’un solveur de CSP discret (Mistral) et celle d’un
solveur SAT (MiniSat [ES03]) afin de résoudre des RCQ définis dans différents formalismes qualitatifs.
Dans I’ensemble, le solveur de contraintes qualitatives s’est avéré &tre plus efficace que les deux autres
solveurs dans le cadre de formalismes qualitatifs basés sur peu de relations base (le calcul des intervalles
et le calcul RCC8). Par contre, pour les RCQ définis sur des formalismes qualitatifs basés sur un nombre
important de relations de base (le calcul OPRA, avec 72 relations de base et le calcul OPRA, avec 272
relations de base [Mor06]), les deux autres solveurs prennent I’avantage sur le solveur de contraintes
qualitatives. Ces résultats démontrent clairement qu’aucune des trois approches, résolution directe des
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RCQ), résolution par CSP discrets, résolution par probleme SAT, ne doit étre négligée.

Comme nous le verrons dans la conclusion de ce rapport, les différents travaux exposés dans ce cha-
pitre ouvrent des perspectives de recherche tres intéressantes dans le cadre de la définition de méthodes
efficaces pour la résolution du probléeme de cohérence de RCQ.
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Chapitre 3

Au dela du probleme de la cohérence des
RCQ : logiques spatio-temporelles et fusion

de RCQ

Es logiques combinant des logiques temporelles et les contraintes qualitatives ont été proposées
[WZ00] afin de pouvoir représenter et raisonner sur des informations spatio-temporelles. Avec
ces langages, nous pouvons par exemple représenter le fait qu’une région a été a un moment donné
au cours du temps contenue par une autre région ou bien encore qu’une entité ponctuelle se déplace
toujours vers sa droite au cours du temps. En premiére partie de ce chapitre, nous présentons nos tra-
vaux [BC02a]™® concernant un langage logique basé sur celui de la logique propositionnelle temporelle
linéaire dans lequel les propositions sont définies par des contraintes qualitatives. Nous décrirons égale-
ment une étude concernant des réseaux de contraintes qualitatives permettant d’exprimer des contraintes
cycliques au cours du temps. Ces réseaux de contraintes appelés UPQCN (Ultimately Periodic Qua-
litative Constraint Networks) [CLT05] peuvent étre vus comme des formules particulieres du langage
logique spatio-temporel introduit précédemment.

La deuxieme partie de ce chapitre est dévolue a des travaux récents concernant la problématique
de la fusion d’informations temporelles ou spatiales représentées par des RCQ [CKS08, CKMS09b,
CKMS09c][CKMS10b]P** [CKMS09a]'®®. Cette problématique est notamment importante dans le cadre
d’applications concernant le domaines des SIG ou bien encore dans le cadre d’applications devant gé-
rer des préférences de différents utilisateurs sur des informations temporelles. Dans le cadre de la these
de NICOLAS SCHWIND co-encadré par SOUHILA KACI, PIERRE MARQUIS et moi-méme, nous avons
défini différentes familles d’opérateurs de fusion de RCQ que nous décrivons en fin de chapitre.

3.1 Raisonnement spatio-temporel a partir de contraintes qualitatives

3.1.1 Combinaisons de formalismes qualitatifs a base de contraintes.

Afin de pouvoir raisonner sur des entités spatiales évoluant au cours du temps, plusieurs approches
ont été proposées. L'une d’entre elles consiste a combiner deux formalismes qualitatifs a base de con-
traintes, I’un permettant de raisonner sur le temps, 1’autre sur I’espace. Cette approche a, par exemple,
été suivie par GERIVINI et NEBEL [GNO2] qui combinent les contraintes du calcul RCC8 avec celles
du calcul des intervalles. Les problemes de contraintes considérées dans ces travaux, appelés problémes
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de contraintes STCC (Spatio-Temporal Constraint Calculus), sont définis par des contraintes du calcul
RCCB8 annotées par des variables représentant des intervalles et par des contraintes du calcul d’ ALLEN sur
ces variables. A titre d’illustration, considérons le probléme STCC défini par les contraintes suivantes :

z: (X{DC,EC, TPP}Y); x: (Y{TPP,EC}Z); y: (X{EC,EQ,PO}Y); y: (Y{DC,EC}Z);

x {m,o,eq}y.

Dans cet exemple, nous avons deux variables temporelles x et y, ainsi que trois variables spatiales X, Y
et Z. La premiere des contraintes données spécifie que les régions X et Y doivent satisfaire une des rela-
tions de base de RCC8 de I’ensemble { DC, EC, T PP} sur I'intervalle x. La derniére de ces contraintes
indique que les intervalles x et y doivent satisfaire une des relations du calcul des intervalles appartenant
a I’ensemble {m, o, eq}.

Une interprétation d’un probleme de contraintes STCC est définie, par une application « qui associe
a chaque variable temporelle un intervalle de la droite des rationnels et une application associant a chaque
nombre rationnel et a chaque variable spatiale un sous-ensemble fermé régulier et non vide d’un espace
topologique. Une interprétation sera cohérente si toutes les contraintes temporelles sont satisfaites par les
intervalles et si toutes les contraintes spatiales sont satisfaites en chacun des points strictement compris
entre les bornes de I’intervalle affecté a la variable temporelle I’annotant. GERIVINI et NEBEL montrent
que le probleme de la cohérence des problemes de contraintes STCC est un probleme NP-complet méme
dans le cas ou chacune des relations temporelles et spatiales est définie par une seule relation de base
ou la relation universelle (toutes les relations sont permises). Ils étudient également des interprétations
dans lesquelles les rapports entre les tailles doivent persister au cours du temps et des interprétations
dans lesquelles le changement des positions relatives spatiales doit se réaliser de maniere continue dans
le temps. Ils montrent que le probléme de la cohérence reste NP-complet dans les deux cas.

3.1.2 Encapsulation de contraintes spatiales dans une logique temporelle.

Une autre approche permettant de raisonner sur I’évolution d’entités spatiales au cours du temps est
d’encapsuler les contraintes spatiales dans une logique temporelle.

Dans [WZ00], WOLTER and ZAKHARYASCHEV proposent plusieurs langages logiques basés sur
celui de la logique propositionnelle temporelle linéaire [SC85] dans lequel intuitivement les propositions
sont remplacées par des contraintes du calcul de RCC8. Dans [BC02a]*®, nous étudions un langage
logique similaire, a la différence que nous considérons de maniere générique un ensemble de relations de
base B d’un formalisme qualitatif. Ces études ont permis de caractériser la complexité du probleme de
la satisfiabilité pour ces logiques. Avant de présenter ces résultats, nous décrirons le langage étudié dans
[BCO02a]**, que nous appellerons dans la suite EELTL. Pour RCC8, ce langage correspond au langage
ST étudié dans [WZ00].

Etant donné un ensemble de symboles représentant des relations de base B et un ensemble de va-
riables V' x,y, z, . . . représentant des élements du domaine D, les formules du langage ‘CELTL sont défi-
nies inductivement de la maniere suivante :

fu=Tr(OQ"z,O"y) | ~f | (f V)| (fUg);

ou r appartient a B, n,m sont deux entiers positifs et x,y deux variables de V. Le modele de temps
considéré est linéaire, discret, borné dans le passé, non borné dans le futur et peut donc étre représenté
par (N, <), avec < la relation d’ordre usuelle sur les entiers. Un modele associé au langage EELTL est
défini par une application e qui associe a chaque variable z € V et a chaque instant ¢ € N, une valeur
de D notée €(z, 7). La satisfiabilité d’une formule f de EELTL a un instant ¢ € N par un modele ¢, notée
€,1 = f, est définie inductivement de la maniére suivante :
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€ifE=T;

€1 = r(QMx,Q"y) ssie(z,i+m)re(y,i+n);

€,i = —fssinone,if= f;

€,iE=fVgssieil= foue il f;

€,i = fUgssiilexiste k > itelquee,i |=getpourtoutj € {i,...,.k—1}e,j = f.

Une formule f est satisfiable si et seulement s’il existe un modele € tel que ¢,0 = f. Intuitivement,
r(OQO™z, O™y) exprime que la valeur de x a I’instant ¢ + m satisfait la relation de base r avec la valeur
de y a I'instant ¢ + n. f U g exprime a I'instant ¢ que dans le futur f sera satisfaite jusqu’a ce que g
le soit. Les opérateurs temporels F' (pour un instant dans le futur) et G (pour tous les instants futurs)
peuvent s’exprimer a partir de I’opérateur temporel U par F f = T U fet G f = (T U —f).
L’ opérateur temporel () sur une formule f (a ’instant suivant la formule f est vraie) peut s’exprimer a
I’aide de I’opérateur () sur les variables puisque x et y satisfont la relation de base r a I’instant suivant
si et seulement si (2, Oly) est satisfaite a I’instant courant.

Dans les exemples suivants, pour une variable x, = et ()z correspondent respectivement a )z
et O'z. Supposons que I’ensemble B correspond & 1’ensemble des relations de base du calcul des
directions cardinales de LIGOZAT et considérons trois variables x, y, z représentant trois entités spa-
tiales ponctuelles du plan. Soit la formule f = NW (y,z) A NE(z,z2) A G(E(Qy,y) AW(Qy,y) A
EQ(Ox,x)) NF(N(y,z) AN N(z,)). Cette formule exprime les informations suivantes, y est au nord-
ouest de = et se déplacera vers 1’est au cours du temps, z est au nord-est de = et se déplacera vers
I’ouest au cours du temps, = ne bouge pas, a un moment donné y et z seront au nord de x. La figure 3.1
illustre un modele € de cette formule f de EE‘LTL. En utilisant les relations de base de RCC8, la formule
G(NTPP(Qx,z) ANDC(z,y)), stipule que la région 2 décroitra tout au long du temps et les régions x
et y seront toujours déconnectées.

oY oY oY oY oY
OZ OZ OZ OZ OZ
to 13} t3 t3 21

FIGURE 3.1 — Un modele € de /JELTL avec B I’ensemble des relations de base du calcul des directions
cardinales.

Dans [BC02a]**, nous avons établi un résultat de complexité concernant les relations de base B pour
lesquelles tout scénario cohérent est globalement cohérent (toute instanciation partielle peut-étre étendue
en une solution). Cette propriété est possédée par I’ensemble de relations de base de nombreux forma-
lismes qualitatifs parmi lesquels le calcul des intervalles, le calcul des points, le calcul des rectangles, le
calcul des directions cardinales sur les points, ... Pour ces formalismes, nous avons démontré que le pro-
bleme de déterminer si une formule de LELTL est satisfiable ou non est un probleme PSPACE-complet.
Intuitivement, ce résultat est basé sur le fait qu’un modele satisfaisant une formule f a un scénario (en
considérant les relations de base satisfaites entre les variables au cours du temps) périodique a partir d’un
instant ¢ borné polynomialement par rapport 2 la taille de f. A partir de ce résultat, nous avons proposé
un algorithme non déterministe consistant a deviner un scénario cohérent d’un modele fini. Ce modele
fini pouvant étre étendu a I’infini du fait de la propriété de globale cohérence imposée sur les scénarios
cohérents définis sur B.
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Notre résultat ne peut pas s’appliquer dans le cas ou le langage £EL-|—|_ est basé sur les relations
du calcul de RCC8 puisque les scénarios cohérents de ce calcul ne sont pas globalement cohérents.
Néanmoins, WOLTER and ZAKHARYASCHEV [WZ00] établissent que le probleme de la satisfiabilité du
langage ‘CELTL est EXPSPACE lorsque les relations de base de RCC8 sont considérées. Pour établir ce
résultat, ils étudient des modeles particuliers de la logique modale définie par le produit de PLTL et de
la logique modale propositionnelle S4,,. Les contraintes du calcul RCC8 peuvent étre en effet encodées
en formules de la logique modale propositionnelle S4,, [Eme90b, BARVO1] (systeme modale S4 avec la
modalité universelle). Pour cette logique, peut étre utilisé comme interprétation un espace topologique
ou chaque variable est interprétée par un sous-ensemble de cette topologie, les opérateurs booléens —, V
et A par respectivement le complémentaire, I'union et I’intersection, les opérateurs modaux de nécessité
et de possibilité [] et ) par respectivement 1’intérieur et la fermeture topologique. Ainsi, de maniére
naturelle, chaque relation de base de RCC8 peut étre encodée en formule de cette logique bimodale. Nous
avons, par exemple, DC(v1,v2) qui se traduira par =, (v1 A v2) (il n’existe pas de point appartenant
a vy et vy) et EC(v1,va) par Oy(v1 A v2) A =0, (0vy A Oug) (IVintersection entre vy et vo est non
vide et I’intersection de leurs intérieurs est vide). Le fait que les variables v; et vy soient interprétées
par des réguliers fermés non vides s’exprimera également par {,v1 A Qyuv2 (v1 €t vo non vides) et
Oy ((O-v1 VOO ) A (O=wg vV OOws)) (v1 et vy fermés réguliers, vy et ve coincide avec la fermeture de
leur intérieur). Les modeles considérés pour ces formules correspondront a une assignation de chacune
des variables par un sous-ensemble non vide régulier et fermé d’un espace topologique ou un modele
fini de KRIPKE satisfaisant S4. La transformation des relations de base de RCC8 en logique modale
a également été utilisée par RENZ [Ren98] afin de caractériser des modeles particuliers de RCC8 lors
de son étude du probleme de la cohérence des RCQ de RCC8. Remarquons également que 1’utilisation
de logiques modales a plusieurs dimensions afin de temporiser les relations de base de RCC8 a été
initialement proposée par BENNETT et al. dans [BBC99].

3.1.3 Réseaux de contraintes qualitatives périodiques

Dans [CLTO05], nous avons proposé des réseaux de contraintes qualitatives particuliers permettant de
décrire des contraintes évoluant au cours du temps. Au bout d’un temps fini, ces contraintes évoluent
de maniere périodique (les mémes contraintes sont reproduites a I’infini). Ces réseaux de contraintes
qualitatives particuliers sont appelés UPQCN (Ultimately Periodic Qualitative Constraint Networks).
Comme pour le langage précédent, la structure temporelle retenue est représentée par (N, <). Ainsi, un
instant sera représenté par un entier £. Un UPQCN se définit formellement de la maniere suivante :

Définition 10 Un UPQCN R est un quadruplet (V, C, tuin, tmaz), avec :
o V ={wy,...,vn_1} est un ensemble fini de n variables ;
® Liin, tmax Sont deux entiers tels que 0 < tpin < tmaz s

o C est une application de V- x V' x {0,...  tmaz} X {0,... tias} vers 2B telle que pour tout
Vi, Uj eV etti,tj S {0, - ,tmam}, C(’UZ', ’Ui,tl',ti) - {ld} et C(vi,vj,ti,tj) = C(Uj,w,tj,ti)v

Dans un contexte de représentation d’informations spatio-temporelles, I’ensemble des variables V' d’un
UPQCN représente un ensemble d’entités spatiales évoluant au cours du temps. I’ ensemble de relations
de base C'(v;, v, t;, t;) contraint la position relative de I’entité spatiale a I’instant ¢; représentée par v;
et celle a 'instant ¢; représentée par v;. Les contraintes de positionnement relatif concernant les entités
spatiales représentées par V' sont données explicitement par 1’application C' pour la période de temps
comprise entre 1’instant tg et 'instant £,,,4,.. De plus, les contraintes correspondant a la période de temps
comprise entre les instants ¢,,,;,, et t,,4, doivent étre également &tre satisfaites pour toutes les périodes de
temps débutant aprés I’instant ¢,,;,,. Plus formellement, 1’ensemble de relations de base C(v;, vy, t;, t;),
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FIGURE 3.2 — Un UPQCN R (a) et une solution de ses solutions (b).

avec tmin < i, tjtmae correspondent aux relations de base possibles entre v; a I'instant ¢; + k et v; a
I’instant ¢; + k pour tout entier £ > 0.

La figure 3.2(a) représente un UPQCN R défini a partir des relations de base du calcul des instants
interprétées spatialement. Les trois variables vg, v1, vo représentent trois points de la droite se déplagant
au cours du temps. La relation C'(vy,v1,t;1,t2) indique que le point représenté par v; se trouvera a
I’instant 1 sur la droite strictement avant sa position a I’instant 2. De plus, comme ¢,,,;,, correspond a 1,
la relation {<} devra étre également satisfaite par la position de ce point a Iinstant 1 + & avec celle a
I’instant 2 + k pour tout k£ > 0. Intuitivement, nous avons le point représenté par v; qui se déplacera sur
sa droite a partir de I’instant 1. La figure 3.2(b) représente une solution du UPQCN R.

Dans un contexte temporel, chaque variable v; € V représente une activité ou un événement récur-
rent. La couple (v;,t;) € V x Nreprésentera sa (¢; 4+ 1) occurrence. C(v;, v, t;, t;) est un ensemble de
relations de base qui contraint la relation temporelle entre la (¢; + 1)*™ occurrence de v; et la (¢; + 1)*™
occurrence de v;.

Les UPQCN peuvent étre considérés comme sous-langage de la logique EELTL présentée dans la
section précédente. En effet, chaque contrainte d’'un UPQCN R (V, C, tmin, tmaz) peut étre représentée
par une formule utilisant les opérateurs G (pour tous les instants futurs) et () (a I’instant suivant). Nous
ne donnerons pas de traduction formelle mais juste deux exemples concernant le UPQCN R illustré par
la figure 3.2(a). La contrainte stipulant que v a I’instant O doit satisfaire avec v a ’instant 1 la relation
{<, =} sera représentée par la formule (< (v2, OQv2)) V (= (v2, Ovz)) de LE| 1, . Le fait que la relation
{<} devra étre satisfaite par la position du point v; a I'instant 1 4 k avec celle a I’instant 2 + & pour tout
k > 0 peut étre exprimée par la formule G(< (Quvy, O O v1)).

Dans [CLTO05], nous décrivons un algorithme polynomial permettant de résoudre le probleme de la
cohérence des UPQCN définis par des relations appartenant a une classe traitable pour laquelle tout RCQ
o-cohérent est globalement cohérent. Notons que la classe des relations convexes de certains formalismes
qualitatifs posseéde une telle propriété.

3.2 Fusion de réseaux de contraintes qualitatives

Dans certaines applications, notamment dans le cadre de systemes multi-agents ou de systemes d’in-
formations géographiques distribués, plusieurs sources peuvent chacune fournir des informations tempo-
relles ou spatiales. Ces informations pouvant étre contradictoires, il est nécessaire de définir et de mettre
en ceuvre des méthodes de fusion pour résoudre les conflits éventuels.

Dans le cadre des stages de Master Recherche de ALI ZITOUNI et NICOLAS SCHWIND et de la
thése de NICOLAS SCHWIND, nous avons étudié la problématique de la fusion de réseaux de contraintes
qualitatives.
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De maniere générale, un opérateur de fusion consideére un multi-ensemble de RCQ et retourne éga-
lement un multi-ensemble de RCQ. Nous parlerons d’opérateur homogene lorsque 1’opérateur de fusion
ne traite que des RCQ définis sur le méme ensemble de relations de base B. Dans le cas contraire,
nous parlerons d’opérateurs hétérogenes. Les opérateurs hétérogenes que nous avons définis et étudiés
prennent en entrée des RCQ dont les relations sont définies sur un méme domaine D. Nous réalisons éga-
lement la distinction entre les opérateurs de fusion sémantiques et les opérateurs de fusion syntaxiques.
Intuitivement, les premiers considérent pour chacun des RCQ en entrée les scénarios cohérents qu’ils re-
présentent. Ainsi, substituer un RCQ donné en entrée par un RCQ équivalent ne modifiera par le résultat
produit par un opérateur sémantique. Les opérateurs de fusion syntaxiques sont quant a eux sensibles a
une telle substitution. Pour ces derniers, une contrainte d’un RCQ est considérée comme une information
a part entiere, par conséquent la modification d’une contrainte peut entrainer des résultats différents. Pour
I’ensemble des opérateurs proposés, nous avons réalisé une étude algorithmique et également une étude
concernant leurs propriétés logiques.

Fortement inspirés par les études réalisées dans le cadre de la fusion de bases de croyances en lo-
gique propositionnelle [Rev93, Lin96, LM98, KP99, KP02], nous avons, ces dernieres années, proposé
différentes familles d’opérateurs de fusion de RCQ : des opérateurs sémantiques homogenes [CKS08,
CKMSO09c], des opérateurs sémantiques hétérogénes [CKMS09a]*'®, des opérateurs syntaxiques homo-
geénes [CKMS10b]"'*.

3.2.1 Opérateurs de fusion de RCQ sémantiques et homogenes

Dans [CKS08, CKMS09c], nous avons défini une famille d’opérateurs de fusion prenant en entrée
un multi-ensemble fini £ = {N7,...,N;} de RCQ défini sur le méme ensemble de relations de base
B et sur le méme ensemble de variables V. Dans la suite, un scénario S sur I’ensemble V' (sans aucune
précision concernant le RCQ pour lequel S est sous-RCQ) est implicitement un scénario du RCQ (V, C)
défini par C'(v,v") = W pour tout v,v" € V tels que v # v'. Le processus de fusion proposé se dé-
cline en différentes étapes dans lesquelles des distances sont calculées et agrégées a I’aide de fonctions
d’agrégations [Lin96, LM98, KLMO04] :

Etape 1. La premiere étape consiste a calculer pour chaque scénario cohérent S défini sur V' et chaque
RCQ N appartenant a X une distance locale d(S, ). Le calcul de cette distance locale s’effectue par
agrégation des distances entre S et chacun des scénarios cohérents S’ de N de la maniére suivante :

d(S,N') = min{d(S, S’) tel que S’ scénario cohérent de N'} si A est cohérent, 0 sinon.

Des distances utilisées dans le cadre de la fusion en logique propositionnelle peuvent étre facilement
adaptées aux scénarios. La distance drastique et la distance de Hamming entre scénarios peuvent par
exemple €tre définies de la maniere suivante :

dp(S,S8") =0si S =9’ 1sinon (distance drastique),

du(S,8") = [{(vi,vj) € V x Vtelque i < j et Sv;,v;] # S'[vi,v]}| (distance de Hamming).

Des distances spécifiques au cadre des formalismes qualitatifs ont également été proposées. Ces distances
utilisent des graphes de voisinage conceptuel [Fre92, EM95, CG96, GN02, DMO04] dans lesquels sont
arrangées les différentes relations de base en fonction de leur voisinage. Deux relations de base r et r/
sont voisines lorsqu’en considérant une configuration de deux entités x et y satisfaisant et une certaine
transformation continue des entités, nous pouvons obtenir une configuration de z et y satisfaisant 7’ sans
passer par une configuration satisfaisant une relation 7" distincte de 7 et r’. En considérant par exemple,
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les relations de base du calcul des intervalles et une transformation consistant a déplacer de maniere
continue une des bornes d’un intervalle, nous obtenons le graphe de voisinage conceptuel (G représenté
par la figure 3.3(a). En considérant maintenant la transformation qui consiste a déplacer un intervalle
sans que sa durée puisse étre modifiée, nous obtenons le graphe de voisinage conceptuel Gz illustré par
la figure 3.3(b).

Etant donné un graphe de voisinage conceptuel G, en notant dg (r,7’) la distance dans G entre deux
relations de base r, 7’ € B, nous pouvons définir une distance entre deux scénarios S et .S’ de la maniére
suivante :

dg(S,S") = Z{dg(r, ') tel que i < j et S[v;,vj] = {r} et S'[v;,v;] = {r'}} (distance de voisinage).

Notons que d’autres fonctions d’agrégation que la somme () ) peuvent étre utilisées (la fonction Max
par exemple). A titre d’illustration, considérons les deux scénarios S et S’ représentés par les figures
3.3(c) et 3.3(d). En considérant les différentes distances entre scénarios présentés précédemment nous
avons : dp(S,S") = 1,dy(S,S") =5,dg,(S,S") = dag,(s,eq) +dg, (p,m)+dg, (m,m)+dg, (o, d)+
da, (0,d)+dg, (0i,d) = 14+14042424+2 = 8,dg,(S,5") = dg,(s,eq)+dg, (p,m) +da,(m,m)+
dg,(0,d) + dg,(0,d) + dg,(0i,d) =24+1+04+2+2+2=09.

(b) (© ()

FIGURE 3.3 — Les graphes de voisinage conceptuel G (a) et G (b), deux scénarios S (c) et S’ (d) du
calcul des intervalles.

Etape 2. La deuxiéme étape consiste a agréger pour chaque scénario cohérent S défini sur V' les dis-
tances locales obtenues pour chacune des RCQ de /C, afin d’obtenir une distance globale entre .S et /C,
que nous noterons par d(S, ). Une fonction d’agrégation telle que Max ou Y | est utilisée pour calculer
cette distance globale. Supposons que K contienne trois RCQ N7, NVs et N3 et que les distances locales
obtenues a I’étape précédente entre le scénario S et ces trois RCQ soient les suivantes : d(S,N7) = 4,
d(S,N2) = 2 et d(S,N3) = 8. En utilisant la fonction Max, nous obtenons comme distance globale
d(S,K) = 8, tandis qu’avec la fonction >, nous avons d(S, K) = 14.

Etape 3. La troisieme étape réalise la sélection des scénarios cohérents sur V' les plus proches de K,
i.e. ceux ayant la distance globale minimale, afin de définir le résultat de la fusion.
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Dans ce processus de fusion, en plus des différentes distances et fonction d’agrégation paramétrant
I’opérateur de fusion considéré, un RCQ Nj¢ appelé RCQ coercitif peut étre pris en compte. Ny repré-
sente des contraintes d’intégrité du systeme considéré et délimite les scénarios a retenir lors du processus
de fusion. Seuls les scénarios cohérents de N peuvent appartenir au résultat de fusion.

3.2.2 Opérateurs de fusion de RCQ sémantiques et hétérogenes

Dans [CKMS09a]*'*, nous avons défini un opérateur de fusion permettant de traiter un multi-
ensemble K = {Ni,...,N;} de RCQ non forcément définis sur le méme ensemble de relations de
base. Néanmoins, nous avons effectué I’hypothése que tous les ensembles de relations de base sont dé-
finis sur le méme domaine D. Les notions de raffinements et d’abstractions d’ensembles de relations
de base sont au centre de notre approche. Formellement, ces deux notions se définissent de la maniere
suivante :

Définition 11 Soient B et B’ deux ensembles de relations de base définies sur le méme domaine D. B est
un raffinement de B’ si et seulement si, pour toute relation de base ' € B’ il existe un sous-ensemble
R C B el que | J{r € R} = 1'. B est une abstraction de B’ si et seulement si B est un raffinement de B

Par exemple, 1’ensemble des relations de base du calcul d’INDU est un raffinement de I’ensemble des
relations de base du calcul des intervalles. Et inversement, I’ensemble des relations de base du cal-
cul des intervalles est une abstraction de 1’ensemble des relations de base du calcul d’INDU. Dans
la suite, nous considérerons a titre d’illustration deux ensembles de relations de base construits par
I'union de relations de base du calcul des intervalles : By = {eq, ppi, mod, mioidi, s, si, f fi} et
Bs = {eq,p,pi,mosi,miois,d,di, f fi}. Le nom de chaque nouvelle relation de base contient les
noms des relations de base du calcul des intervalles a partir desquelles elles ont été définies. La relation
de base mzioi correspond par exemple a I’'union de la relation de base mi et la relations de base o:. B et
B sont deux abstractions des relations de base du calcul des intervalles. Etant donné un ensemble d’en-
sembles de relations de base B = {Bjy, ..., By} définies sur un méme domaine D, nous dirons que B est
un raffinement (resp. une abstraction) de B si et seulement si B est un raffinement (resp. une abstraction)
de tout B; € B.

Dans [CKMS09a]"'®*, nous avons montré que pour tout ensemble d’ensembles de relations de base
B = {By,...,By} définies sur un méme domaine D, il existe un raffinement de 53, noté Raf(53), qui est
une abstraction de tout raffinement de 5. De maniére duale, il existe une abstraction de B, notée Abs(B),
qui est un raffinement de toute abstraction de 3. En considérant les deux ensembles de relations de base
B4 et Bp définis précédemment, nous avons : Raf({B4,Bg}) = {eq, p, pi, mo, mioi,d, di, s, si, f fi}
et Abs({B4,Bg}) = {eq, ppi, modsi, mioidis, f fi}.

Soit un multi-ensemble K = {7, ..., N} } ot chacun des RCQ N; est défini sur un ensemble de re-
lations de base B; (définies sur le domaine D). L’approche que nous avons proposée dans [CKMS09a]"'®
afin de fusionner les informations représentées par X consiste a définir dans un premier temps un multi-
ensemble X' contenant la traduction de chacun des RCQ N; de K dans le formalisme défini par 1’en-
semble des relations de base Raf({By,...,Bx}). Dans un deuxi¢éme temps, un opérateur de fusion ho-
mogene présenté dans la section précédente est appliqué avec en entrée le multi-ensemble K'. La traduc-
tion de chaque RCQ N; est réalisée en raffinant chacune des relations de base définissant ses contraintes
par des relations de base de Raf({By, ..., Bx}). A titre d’illustration, supposons que K comprenne deux
RCQ; le premier défini sur ’ensemble de relations de base B4 et le second défini sur I’ensemble de
relations de base Bp. En suivant 1’approche de fusion présentée, ces deux RCQ doivent étre traduits dans
le formalisme défini par Raf({B4,Bpg}). Supposons que le premier de ces deux RCQ soit le RCQ N
représenté par la figure 3.4(a). La traduction de N sur Raf({B4, Bp}) est le RCQ représenté par la figure
3.4(b). Notons que le RCQ obtenu et N ont exactement le méme ensemble de solutions.
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{mioidis}

. {mod, ppi}

{mod, f i, ppi} {mioidi, s, si, f fi}

odsz ppi}

{modsi, f fi, ppi {mioidis, modsi, f fi}

(a) (b) (©)

FIGURE 3.4 — (a) Un RCQ N défini sur B4, (b) la traduction de N sur Raf({B 4, Bg}) et (c) I’approxi-
mation de AV sur Abs({B4,Bg}).

Etant donné un multi-ensemble & = {\1, ..., N} } ot chacun des RCQ A est défini sur un ensemble
de relations de base B; (définies sur le domaine D), une autre approche de fusion consiste a traduire les
différents RCQ de K dans le formalisme correspondant aux relations de base Abs({B1,...,Bx}) puis
a réaliser une fusion sur le multi-ensemble X’ obtenu 2 1’aide d’un opérateur de fusion homogene. La
traduction de chaque RCQ N est réalisée en substituant chacune des relations de base définissant ses
contraintes par la relation de base de Abs({B1, ..., Bj}) I’incluant. Le RCQ obtenu n’est plus équivalent.
Néanmoins il a pour solution toute solution du RCQ traduit. La figure 3.4(c) représente la traduction sur
Abs({B4,Bp}) du RCQ N de la figure 3.4(a).

3.2.3 Opérateurs de fusion de RCQ syntaxiques et homogenes

Dans [CKMS10b]*'®, nous proposons et étudions deux classes d’opérateurs syntaxiques et homo-
génes, la premiére notée A et la seconde notée As.

Le processus de fusion correspondant a la classe d’opérateurs de fusion A; differe de la famille des
opérateurs homogenes sémantiques décrite en sous-section 3.2.1 par le calcul des distances locales entre
chaque scénario cohérent S défini sur V et chaque RCQ A appartenant a K. En effet, pour les opérateurs
de fusions Ay, cette distance locale prend en compte tous les scénarios de A et non pas uniquement les
scénarios cohérents de A. Formellement, la distance locale entre un scénario cohérent .S défini sur V et
un RCQ NV € K est définie pour la famille A; de la maniére suivante :

d(S,N') = min{d(S, S’) tel que S’ scénario de N'}.

Comme pour les opérateurs homogenes sémantiques décrits en sous-section 3.2.1, ces distances locales
sont agrégées afin d’obtenir une distance globale d(.S, K) entre chaque scénario cohérent S défini sur V'
et le multi-ensemble K. Les scénarios cohérents pour lesquels la distance globale est la plus petite sont
retenus afin de définir le résultat de fusion.

L’approche concernant la famille d’opérateurs de fusion As est relativement différente dans le sens
ou elle est basée sur des calculs de distances locales entre relations. Ces distances locales sont agrégées
afin de définir une distance globale entre chaque scénario cohérent S défini sur V' et le multi-ensemble
K = {M,...,Ni} de RCQ a fusionner. Le calcul de ces distances globales se réalise grice aux deux
étapes suivantes :

Etape 1. Nous supposons donnée une fonction de distance permettant de calculer une distance d(r, R)
entre une relation de base 7 € B et une relation R € 2B. Notons qu’une telle fonction peut étre définie
a I’aide d’une fonction d’agrégation et une fonction de distance sur les relations de base B (une distance
issue d’un graphe de voisinage conceptuel par exemple). A partir des distances entre relations de base de
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B et les relations de 27, est calculée, pour chaque paire de variables v;, v; € V, une distance locale entre
chaque relation de base r € 2B et le multi-ensemble composé des relations définissant les contraintes
entre v; et v; des différents RCQ de /C, noté K[4, j] dans la suite. Le calcul de cette distance locale, notée
d(r, K3, j]), nécessite également une fonction d’agrégation ; en utilisation la fonction d’agrégation ),
il est défini de la manicre suivante :

d(r,K[i, ) = > _{d(r, Ni, j]) tel que N € K}.

Etape 2. Les distances locales calculées précédemment sont agrégées afin de définir une distance glo-
bale entre chaque scénario cohérent .S défini sur V' et le multi-ensemble XC. En utilisant par exemple la
fonction d’agrégation Max, cette distance globale est définie de la maniere suivante :

d(S,K) = Max{d(S[i, j], K[i, j]) tel que v;,v; € Veti < j}.

De maniere similaire aux opérateurs précédents, les scénarios cohérents définis sur V' de plus petite
distance globale sont retenus afin de définir le résultat de fusion.

3.3 Conclusion

Nous avons présenté en premicre partie de ce chapitre, un ensemble de travaux concernant 1’étude
d’une logique spatio-temporelle (EELTL) définie a partir de PLT L pour laquelle les propositions ont été
substituées par des contraintes qualitatives définies par I’ensemble de relations de base B. Pour certains
ensemble de relations de base, déterminer si une formule de EELTL est satisfiable ou non est un probleme
PSPACE-complet. Nous avons également décrit nos travaux concernant les réseaux de contraintes pério-
diques nommées UPQCN. Ces réseaux de contraintes peuvent étre considérés comme un sous langage de
‘CELTL' Pour certaines classes de relations, nous avons vu que le probleme de la cohérence d’un UPQCN
est polynomial. Dans [CLST06], nous avons étudié des réseaux de contraintes périodiques définies a
partir d’intervalles numériques. Nous avons montré que le probleme de la cohérence de ces réseaux de
contraintes est polynomial.

Dans la deuxiéme partie de ce chapitre, nous avons décrit nos travaux concernant le probleme de
la fusion des RCQ. Cette étude a été largement inspirée des travaux concernant la fusion de bases pro-
positionnelles. Néanmoins, nous avons caractérisé différentes familles d’opérateurs utilisant des notions
propres au cadre des formalismes qualitatifs pour le temps et I’espace. Nous avons par exemple utilisé
des distances entre relations de base calculées a partir de graphes de voisinage conceptuel. Comme autre
exemple propre au cadre qualitatif, nous pouvons citer les concepts de raffinements et d’abstractions
d’ensembles de relations de base qui nous ont permis de définir des opérateurs hétérogenes. Ces travaux
offrent des perspectives de recherche qui seront décrites dans la chapitre suivant.
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0s travaux de recherche s’articulent autour d’études théoriques et pratiques de formalismes qualita-
N tifs pour la représentation et le raisonnement sur le temps et I’espace. Ces études nous ont conduit a
traiter ces formalismes sous différents aspects : résolution de contraintes, logiques, fusion d’information.
Nos travaux concernant 1’axiomatisation des relations de base de certains formalismes qualitatifs sont
décrits dans le premier chapitre. Nos contributions concernant la résolution des réseaux de contraintes
qualitatives sont présentées dans le deuxieéme chapitre. Enfin, dans le dernier chapitre, nous avons décrit
d’une part nos travaux sur une logique spatio-temporelle et d’autre part ceux concernant la probléma-
tique de fusion des réseaux de contraintes qualitatives.
Ces travaux ouvrent de nombreuses perspectives de recherche autour du probléme de la cohérence des
RCQ et plus largement autour de problématiques liées a la représentation des connaissances par des
contraintes qualitatives. Ils nous permettent également d’envisager des applications, notamment dans les
domaines de I’apprentissage a distance et de la santé.

Autour du probleme de la cohérence des RCQ

Six thématiques principales se dégagent de nos perspectives concernant la résolution du probleme de
la cohérence des RCQ.

Recherche de classes traitables. Etant donné un formalisme qualitatif, une étude primordiale consiste
a déterminer précisément la frontiere entre les ensembles de relations pour lesquels le probleme de la co-
hérence est polynomial et ceux pour lesquels il ne I’est pas. Aujourd’hui, la totalité des classes traitables
est connue pour certains formalismes qualitatifs. Néanmoins, des classes traitables restent a détermi-
ner pour de nombreux autres formalismes, en particulier des classes pour lesquelles la o-cohérence est
complete.

Cohérences locales. Une premiére étude concernant notre nouvelle famille de cohérences locales,
nommément la famille des ;i—cohérences, a montré I'intérét de considérer dans le cadre qualitatif des
cohérences plus fortes que la o-cohérence. Ces cohérences peuvent €tre utilisées pour caractériser des
classes traitables. Nous pouvons en effet imaginer qu’une ;i—cohérence soit complete pour le probleme
de la cohérence d’un ensemble de relations alors que la o-cohérence ne I’est pas. Obtenir une cohérence
locale plus forte que la o-cohérence au travers d’une ;i-cohérence peut également avoir un intérét pra-
tique, en particulier lors d’une phase de prétraitement du RCQ a résoudre. Une étude actuelle consiste a
la mise en ceuvre d’algorithmes efficaces de calcul de la fermeture par ;i-cohérence d’un RCQ. Les al-
gorithmes proposés pourront s’inspirer des études sur les cohérences locales SAC [BCDL11] et DisSAC
[SV04] menées dans le cadre des CSP discrets. Associer une application de découpage f propre a cha-
cune des contraintes d’un RCQ permet d’obtenir une nouvelle cohérence locale. Le cas particulier ou la
méme application f est associée a toutes les contraintes nous ramenerait au cas d’une jc—cohérence. Cette
nouvelle cohérence et d’autres pourront étre étudiées dans le futur.
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Propriétés structurelles des RCQ. Nos travaux concernant 1’utilisation des décompositions arbores-
centes permettent d’obtenir des méthodes de résolution efficaces pour certains formalismes qualitatifs.
Nous avons en effet montré que pour certaines classes traitables, I’algorithme de recherche habituelle-
ment utilisé dans le cadre de la résolution de RCQ reste complet lorsque sont uniquement considérés les
triplets de variables appartenant a des regroupements d’une décomposition arborescente. Une économie
de traitement est notamment réalisée pendant le filtrage des contraintes. Lors de ces études, nous n’avons
pas pris en compte la structure des décompositions arborescentes mais seulement les regroupements de
variables induits. Définir des algorithmes de recherche considérant cette structure est une de nos pers-
pectives de travail. Comme pour 1’algorithme BTD [JTO03] utilisé dans le cadre des CSP discrets, nous
pouvons utiliser d’une part les notions de good et de nogood afin de caractériser des instanciations de
contraintes conduisant & une cohérence partielle ou une incohérence du RCQ lors de la recherche d’un
scénario cohérent. D’autre part, I’ordre des groupements issu de la structure de la décomposition arbores-
cente peut étre employé afin de définir I’ordre dans lequel seront instanciées les différentes contraintes.

Résolution par SAT et CSP discrets. Malgré la tres grande efficacité des méthodes actuelles de réso-
lution du probleme SAT et des CSP discrets, leur utilisation pour décider de la cohérence des RCQ se
trouve affectée par la taille importante des instances obtenues par traduction. Une réponse récente a ce
probleme est I’utilisation des décompositions arborescentes afin d’éviter de traduire toutes les contraintes
explicites d’un RCQ et toutes celles implicitement spécifiées par 1’opération de faible composition. Les
instances engendrées sont alors de moindre taille et plus rapidement résolues. Des techniques permettant
de réduire les instances traduites restent a découvrir.

Différentes traductions des RCQ en probleme SAT ont été définies dans la littérature. Dans ce cadre,
nous avons proposé une traduction originale utilisant le découpage des contraintes en sous-relations
convexes. La complétude de cette traduction nécessite que les relations de base soient arrangées dans
un treillis possédant des propriétés particulieres concernant I’opération de faible composition. Cette
traduction est une premiere approche de traduction en probleme SAT utilisant une classe traitable et
mérite d’étre étudiée plus en profondeur. Notamment, il serait intéressant de voir les liens entre une
telle traduction et des encodages SAT des CSP discrets basés sur des domaines ordonnés linéairement
[TTKBO6, TTB11]. Des investigations doivent également étre menées afin de définir des traductions
a partir d’autres classes traitables telle que la classe des relations préconvexes. Définir une traduction
générique basée sur toute classe traitable pour laquelle la ¢-cohérence est complete est un objectif a
atteindre.

Combinaisons de formalismes qualitatifs. Il n’est pas inhabituel de définir un formalisme qualitatif
en combinant deux autres formalismes afin d’obtenir un langage plus riche. Le calcul INDU combine
par exemple les relations de base du calcul des intervalles et celles du calcul des instants afin de pou-
voir raisonner sur les rapports entre les durées des intervalles de la droite et leurs positions relatives.
Les formalismes issus de telles combinaisons sont en régle générale basés sur un nombre relativement
important de relations de base (25 relations de base pour INDU, 13" pour 1’algebre des n-pavés, ...).
Les techniques de résolution habituellement utilisées se trouvent affectées par ce nombre important de
relations de base. Quelques méthodes spécifiques ont été proposées afin de résoudre des RCQ définis
sur des combinaisons de formalismes qualitatifs. Dans [LLR09] par exemple, une méthode de calcul de
fermeture par o-cohérence est réalisée par un traitement itératif. Chaque étape de ce dernier consiste a
calculer la fermeture par faible composition dans chacun des formalismes qualitatifs dont est issue la
combinaison et a éliminer dans chacune des fermetures les relations de base non permises par les autres
fermetures. Notons que cette méthode est similaire a celle que nous avions proposée dans le cadre de
I’étude du calcul des intervalles enrichi de contraintes numériques [Con00]. Dans [LR10], une traduc-
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tion en probleme SAT des RCQ du calcul des rectangles est proposée et tire profit du fait que 1’algebre
des rectangles est un double produit du calcul des intervalles. De maniere générale, la résolution de RCQ
issus de formalismes basés sur un nombre important de relations de base est un challenge important mé-
ritant une étude spécifique.

La tres grande partie de nos travaux concerne des formalismes tenant uniquement compte de 1’aspect
qualitatif des informations temporelles ou spatiales. Néanmoins, certains concernent des formalismes
considérant partiellement ou totalement des aspects numériques (I’algebre des rectangles augmentés
de contraintes quantitatives [Con00], les réseaux de contraintes temporelles périodiques et numériques
[CLSTO6]). Dans certains cadres applicatifs, la prise en compte d’informations numériques est indispen-
sable. Afin de répondre a cette exigence, nous souhaitons étudier des formalismes qualitatifs enrichis par
des contraintes quantitatives (sur la taille des entités, les distances entre les entités, ... ).

Implémentation. De nombreuses notions et techniques proposées lors de nos études ont été implé-
mentées dans la librairie java QAT et dans des programmes ad hoc écrits en langage C/C++. La librairie
QAT est une librairie compléte et offre des fonctionnalités utilisables pour tout formalisme, quelque soit
I’arité de ses relations de base. Afin de proposer des outils plus performants en terme de temps de trai-
tement, une librairie en langage C++ est en cours de réalisation. Elle intégre 1I’ensemble des techniques
et notions étudiées lors de nos recherches. Pour des raisons d’efficacité, elle sera principalement dédiée
aux formalismes dont les relations de base sont d’arité 2.

Au dela du probleme de la cohérence des RCQ

Nos perspectives liées a la représentation des connaissances par des contraintes qualitatives et ne
concernant pas directement la résolution du probleme de la cohérences des RCQ se déclinent au sein de
quatre thématiques principales.

Probléme de la minimalité des RCQ. Outre le probléme de la cohérence, un autre probléme important
concernant les RCQ est celui de la minimalité. Etant donné un RCQ A/ = (V,C), ce dernier consiste
a déterminer le sous-RCQ N’ de N, équivalent a A et tel que chacune de ses relations de base de ses
contraintes appartienne a au moins un scénario cohérent de . Ce sous-RCQ N’ peut également étre
vu comme 1’union des scénarios cohérents de N et est appelé le RCQ minimal de V. Le probleme de
la cohérence a donné lieu a bien plus de travaux que celui de la minimalité. Ceci s’explique par le fait
que le probleme de la minimalité peut se résoudre a I’aide d’un nombre d’appels polynomialement borné
d’un algorithme résolvant celui de la cohérence. En effet, étant donné un RCQ N = (V,C), pour savoir
si une relation de base r d’une contrainte Cj; appartient au RCQ minimal de N/, il suffit de substituer
la relation définissant la contrainte Cj; par la relation singleton {7} et de tester la cohérence du RCQ
obtenu. Ce RCQ est cohérent si et seulement si r appartient au RCQ minimal. Une de nos perspectives
de recherche est d’étudier des méthodes plus efficaces afin de résoudre le probleme de la minimalité des
RCQ. Des cohérences locales telles que les }i—cohérences, ainsi que les décompositions arborescentes,
peuvent certainement étre utilisées dans ce cadre.

Fusion de RCQ. La problématique de la fusion d’informations, en particulier d’informations tempo-
relles et spatiales, est une problématique importante dans certaines applications. Pour résoudre le pro-
bleme de la fusion de RCQ, nous avons défini différents opérateurs de fusion basés sur des calculs et des
agrégations de distances entre scénarios et RCQ. Ces opérateurs sémantiques ou syntaxiques, homogenes
ou hétérogenes peuvent étre employés en fonction du type d’informations a gérer ou des propriétés atten-
dues concernant le processus de fusion a réaliser. De nombreuses perspectives de recherche concernant
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nos études sur la problématique de la fusion de RCQ sont a mener. L’une d’entre elles concerne la gestion
d’informations hétérogeénes. Nous avons déja proposé des opérateurs de fusion permettant de traiter de
telles informations. Ils operent sur des RCQ définis dans des formalismes qualitatifs dont les relations de
base ont le méme domaine D. Une perspective de recherche consiste a définir et a étudier des opérateurs
considérant des RCQ dont les contraintes sont définies par des relations de base non forcément définies
sur le méme domaine. Cette étude peut s’inspirer des travaux sur la résolution des RCQ définis dans des
formalismes qualitatifs issus de combinaisons de plusieurs formalismes qualitatifs. Les méthodes mises
en ceuvre dans ce cadre utilisent des passerelles permettant le transfert d’informations entre les différents
formalismes.

Une autre perspective de recherche concerne 1’étude de RCQ pondérés. Un RCQ pondéré est dans le
cadre qualitatif I’équivalent d’un CSP pondéré [LS04]. Il est un RCQ particulier auquel est associé a
chaque relation de base de chacune de ses contraintes un poids exprimé par un réel positif. Intuitivement,
pour une contrainte donnée, plus le poids d’une relation de base est faible, moins la relation de base est
préférée. En outre, un RCQ pondéré considére un opérateur permettant d’agréger les différents poids des
relations de base constituant ses scénarios cohérents. La résolution d’un RCQ pondéré consiste a carac-
tériser un ou plusieurs de ses scénarios cohérents de plus faible poids. Dans [CKMS10c], nous avons
montré que le résultat de certains opérateurs syntaxiques de fusion de RCQ peut se calculer au travers
de la résolution de RCQ pondérés. La résolution de RCQ pondérés est donc une alternative a certaines
de nos approches de fusion de RCQ. Définir et étudier des méthodes efficaces de résolution de RCQ
pondérés font partie de nos perspectives de recherche. Cette étude pourra €tre menée en s’inspirant des
approches suivies en Intelligence Artificielle dans le cadre des CSP pondérés et des approches utilisées
dans le cadre de la résolution de problemes d’optimisation en Recherche Opérationnelle.

Axiomatisations en logique du premier ordre. Des axiomatisations en logique du premier ordre des
relations de base permettent d’obtenir des langages plus expressifs que les RCQ. Des méthodes de rai-
sonnement telles que des méthodes d’élimination des quantificateurs peuvent €tre associées a ces axio-
matisations. Des investigations concernant ce domaine font partie de nos perspectives de recherche. En
premier lieu, nous souhaitons implémenter les différentes méthodes d’élimination de quantificateurs que
nous avons proposées dans le cadre du calcul des points cycliques et du calcul des intervalles cycliques. 11
serait également intéressant de caractériser des axiomatisations de relations de base de formalismes qua-
litatifs non encore considérés dans ce cadre, comme le calcul INDU. Une axiomatisation concernant ce
calcul permettrait de caractériser des propriétés utiles afin de définir des méthodes de résolution efficaces
pour le probléme de la cohérence (rappelons que pour ce formalismes la méthode de la o-cohérence n’est
pas complete pour le probleme de la cohérence des scénarios).

Logiques spatio-temporelles. La logique EELTL correspondant a la logique PLTL dont les proposi-
tions sont définies par des contraintes qualitatives offre un langage extrémement riche. De nombreuses
études la concernant sont a envisager. La premiere concerne la caractérisation de sous-langages polyno-
miaux ou NP-complets de L‘ELTL. La définition des UPQCN était une premiere contribution concernant
cette perspective. Des algorithmes permettant de caractériser un modele ou de décider de la satisfiabilité
d’une formule pour ces fragments ou pour tout le langage doivent étre également définis et étudiés. Ils
pourront par exemple étre basés sur des méthodes des tableaux combinées avec des techniques de réso-
lution de contraintes qualitatives.

Différentes problématiques méritant une étude a part entiere peuvent facilement s’exprimer a 1’aide de
la logique £ELTL. Comme exemple, nous pouvons citer une problématique de planification qui consiste,
étant donné un ensemble d’entités spatiales et une configuration sur ces entités, a déterminer un ensemble
de configurations spatiales permettant d’y mener. Des contraintes régissant les déplacements ou expri-
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mant des propriétés de ces entités peuvent &tre définies a I’aide de formules de EELTL afin de délimiter les
configurations possibles a un instant donné a partir d’une configuration satisfaite a I’instant précédent.
Une autre perspective de recherche consiste en 1’étude de logiques spatio-temporelles basées sur d’autres
logiques temporelles que PLTL comme CTL [CES86] et CTL* [EH86].

Applications

Actuellement, nous nous intéressons a deux domaines applicatifs : I’apprentissage a distance et le
domaine de la santé.

Apprentissage a distance. Un systeme d’apprentissage a distance concerne différents acteurs (appren-
tis, tuteurs, auteurs, administrateurs,. .. ) accédant a différentes ressources pédagogiques ou matérielles
selon certaines contraintes parmi lesquelles, des contraintes de ressources et des contraintes temporelles
définissant 1’enchainement des différentes activités a réaliser. Par exemple, 1’activation d’une activité
particuliere peut dépendre des résultats de 1’étudiant obtenus a une activité précédemment réalisée. Des
activités peuvent également étre conduites de maniere concurrente, d’autres peuvent exiger d’étre réa-
lisées simultanément par plusieurs étudiants. Certaines de ces contraintes peuvent €tre dans un premier
temps définies avant I’apprentissage a I’aide d’un modele formel. Elles sont dans un deuxiéme temps
implémentées dans la plateforme d’apprentissage en ligne pour étre prises en compte lors de 1’apprentis-
sage. En considérant des modeles tres utilisés tels que le standard IMS Simple Sequencing ou bien encore
le standard plus récent IMS Learning Design, nous pouvons constater que les aspects temporels ne sont
pas pris en compte explicitement ou que leur spécification s’effectue de maniere trop contraignante. Par
exemple, dans le cas du standard IMS Simple Sequencing, les scénarios pouvant étre spécifiés corres-
pondent a des enchainements séquentiels d’activités. Notre objectif est de proposer un modele général
permettant de définir explicitement des contraintes temporelles devant étre vérifiées lors d’un apprentis-
sage a distance. Nous souhaitons développer des outils logiciels permettant de valider des spécifications
temporelles concernant un apprentissage a distance, ainsi que des outils permettant a 1’environnement
d’exécution de contraindre les utilisateurs du systéme d’apprentissage a satisfaire ces différentes spécifi-
cations. Dans ce cadre, une étude préliminaire [NC10] nous a conduit & étudier des réseaux de contraintes
qualitatives dynamiques permettant de gérer des contraintes temporelles activables ou non en fonction
de certains états du systeéme.

Domaine de la santé. Le deuxieme cadre applicatif pour lequel nous souhaitons mettre en ceuvre nos
résultats théoriques concerne le domaine de la santé et plus particulierement celui de la prise en charge de
personnes Agées, 2 domicile ou au sein de structures spécialisées de type EHPAD (Etablissement d’Hé-
bergement pour Personnes Agées Dépendantes). Pour cette application, 1’environnement est équipé de
capteurs capables de détecter certaines actions ou activités effectuées par les personnes gées. L’un de nos
objectifs principaux est de fournir des outils permettant de détecter, a partir des différentes observations
réalisées, des comportements anormaux ou déviants afin de prendre des décisions appropriées. L’ étude
consisterait d’une part a définir un modele permettant de spécifier les différents scénarios normaux ou
anormaux. D’autre part, des méthodes d’analyse combinant ces spécifications et les observations doivent
étre mises en ceuvre afin de détecter les comportements atypiques des personnes dgées. Des méthodes de
raisonnement associées a la logique EELTL peuvent certainement avoir toute leur utilité dans ce contexte.

La syntheése de nos activités s’achéve donc par nos perspectives de recherche. Certaines s’inscrivent

dans le continuité de nos travaux, d’autres orientations sont plus originales et laissent envisager a long
terme I’enrichissement du raisonnement sur le temps et 1’espace.
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Abstract. We consider the language obtained by mixing the model of
the regions and the propositional linear temporal logic. In particular,
we propose alternative languages where the model of the regions is re-
placed by different forms of qualitative spatial or temporal reasoning.
In these languages, qualitative formulas describe the movement and the
relative positions of spatial or temporal entities in some spatial or tem-
poral universe. This paper addresses the issue of the formal proof that
for all forms of qualitative spatial and temporal reasoning such that con-
sistent atomic constraint satisfaction problems are globally consistent,
determining of any given qualitative formula whether it is satisfiable or
not is PSPACE-complete.

1 Introduction

Many real-world problems involve qualitative reasoning about space or time.
Accordingly, the development of intelligent systems that relate to spatial or
temporal information is gaining in importance. In the majority of cases, these
intelligent systems provide specialized tools for knowledge representation and
reasoning about qualitative relations between spatial or temporal entities. To
illustrate the truth of this, one has only to mention the model of the regions de-
signed by Randell, Cui and Cohn [15] and the model of the intervals elaborated
by Allen [1]. In actual fact, there are many more models based on alternative
qualitative relations between other spatial or temporal entities, see Balbiani and
Condotta [2], Balbiani, Condotta and Farinas del Cerro [3], Balbiani and Os-
mani [4], Cristani [7], Gerevini and Renz [9], Isli and Cohn [10], Ligozat [11],
Ligozat [12], Moratz, Renz and Wolter [13] and Vilain and Kautz [19]. For in-
stance, Ligozat [12] shows how to formulate our knowledge of the relative posi-
tions of objects represented by pairs of real numbers. For this purpose, he con-
siders the 9 jointly exhaustive and pairwise distinct atomic relations obtained by
comparing the relative positions of points in the real plane: south-west, south,
south-east, west, east, north-west, north, north-east and equality. Take another
example: Vilain and Kautz [19] demonstrate how to express our knowledge of
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© Springer-Verlag Berlin Heidelberg 2002

87



Computational complexity of propositional linear temporal logics based on qualitative spatial or temporal reasoning

Computational Complexity of Propositional Linear Temporal Logics 163

the relative moments of events represented by real numbers. In this respect, they
consider the 3 jointly exhaustive and pairwise distinct atomic relations obtained
by comparing the relative moments of points on the real line: before, after and
equality. In these models, knowledge representation and reasoning is performed
through networks of constraints between spatial or temporal entities and the
main issue consists in deciding consistency of such networks. This brings several
researchers to the following question: what is the computational complexity of
determining of any given spatial or temporal network of constraints between
spatial or temporal entities whether it is consistent or not ?

Numerous applications require support for knowledge representation and rea-
soning about spatial and temporal relationships between moving objects. We
should consider the following example: breaking up the map into its compo-
nent parts, a geographer sees 2-dimensional objects and has to reason about the
issue of the links between portions of space that continuously evolve as time
goes by. That is the reason why several researchers made a resolution to de-
vote themselves to the integration of spatial and temporal concepts into a single
hybrid formalism. Among the hybrid formalisms for reasoning about space and
time considered in computer science, there is nothing to compare with the lan-
guage introduced by Wolter and Zakharyaschev [20] and obtained by mixing the
model of the regions and the propositional linear temporal logic. The proposi-
tional linear temporal logic is asserting itself as one of the better known model
for reasoning about program properties within the framework of the research
carried out into the subject of specification and verification of reactive systems.
Its combination with the model of the regions gives rise to a language of very
great expressivity. Since determining of any given spatial network of constraints
between regions whether it is consistent or not is in NP, see Nebel [14] and Renz
and Nebel [16], whereas determining of any given formula of propositional lin-
ear temporal logic whether it is satisfiable or not is in PSPACE, see Sistla and
Clarke [18], there is reason to believe that determining of any given formula of
this language whether it is satisfiable or not is in PSPACE.

The one drawback is that the EXPSPACE upper bound for the complex-
ity of the satisfiability problem for the formulas of the language introduced by
Wolter and Zakharyaschev [20] does not coincide with the PSPACE-hardness
lower bound. This induces us to extend the results obtained by Wolter and
Zakharyaschev [20] to different forms of qualitative spatial or temporal reason-
ing. We aim to propose alternative languages where the model of the regions
is replaced by different forms of qualitative spatial or temporal reasoning such
that consistent atomic constraint satisfaction problems are globally consistent.
In these languages, qualitative formulas describe the movement and the relative
positions of spatial or temporal entities in some spatial or temporal universe. The
requirement that consistent atomic constraint satisfaction problems are globally
consistent is a sufficient condition for the fulfilment of our objective: the formal
proof that determining of any given qualitative formula whether it is satisfiable
or not is PSPACE-complete. Numerous forms of qualitative spatial or temporal
reasoning fit this requirement, one has only to mention the models introduced
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by Allen [1], Balbiani and Condotta [2], Balbiani, Condotta and Farifias del
Cerro [3], Cristani [7], Ligozat [11], Ligozat [12] and Vilain and Kautz [19],
and so it is reasonable to assume it. The paper is organized as follows. Before
we extend the results obtained by Wolter and Zakharyaschev [20] to different
forms of qualitative spatial or temporal reasoning, basic concepts relating to con-
straint satisfaction problems are introduced in section 2. These are the notions
of networks of qualitative spatial or temporal constraints as well as solutions,
consistency, partial solutions and global consistency. Section 3 deals with the
basic concepts regarding the syntax and the semantics of our hybrid formalisms
for reasoning about space and time. These are the notions of qualitative formu-
las, qualitative models as well as satisfiability. The main topic of section 4 is the
proof that the question of determining of any given qualitative formula whether
it is satisfiable or not requires polynomial space. Section 5 presents the con-
cept of state to prove in section 6 that the question of determining of any given
qualitative formula whether it is satisfiable or not is decidable in polynomial
space.

2 Constraint Satisfaction Problems

Networks of constraints between spatial or temporal entities have been shown
to be useful in formulating our knowledge of the relative positions of the objects
that occupy space or in formulating our knowledge of the relative moments of
the events that fill time. Within the framework of the research carried out in
the domain of spatial or temporal reasoning, the main issue consists in deciding
consistency of such networks. For our purposes we may only consider atomic
constraint satisfaction problems, i.e., structures of the form (X', R) where X is
a finite set of variables and R is a function with domain & x X and range a
finite set AT'O of atomic relations. The finite set AT'O constitutes a list of jointly
exhaustive and pairwise distinct atomic relations between positions or moments
in some spatial or temporal universe VAL.

FEzample 1. Within the context of qualitative spatial reasoning in terms of points,
see Ligozat [12], ATO consists of 9 atomic relations, sw, s, se, w, e, nw, n, ne
and =. In this model of reasoning, VAL is the set of all pairs of real numbers.

Ezxample 2. Within the context of qualitative temporal reasoning in terms of
points, see Vilain and Kautz [19], AT'O consists of 3 atomic relations, <, > and
=. In this model of reasoning, VAL is the set of all real numbers.

A solution of the atomic constraint satisfaction problem (X', R) is a function 2
with domain X and range VAL such that for all X, Y € X, +(X) and «(Y) satisfy
the atomic relation R(X,Y) in VAL. We shall say that the network (X,R) is
consistent iff it possesses a solution. Deciding consistency of networks of atomic
constraints between spatial or temporal entities constitutes the source of several
problems in computer science. The thing is that those who tackled these problems
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proposed numerous algorithms for reasoning about space and time. For the most
part, the proof that these algorithms are sound and complete is based on the
notion of global consistency. A partial solution of the network (X', R) with respect
to a subset X’ of X is a function + with domain X’ and range V AL such that for
all X,Y € X7, o(X) and «(Y") satisfy the atomic relation R(X,Y) in VAL. The
atomic constraint satisfaction problem (X, R) is globally consistent if any partial
solution can be extended to a solution. In the majority of cases, including the
models introduced by Allen [1], Balbiani and Condotta [2], Balbiani, Condotta
and Fariflas del Cerro [3], Cristani [7], Ligozat [11], Ligozat [12] and Vilain and
Kautz [19]:

- Consistent networks of atomic constraints are globally consistent.

However this rule allows for a few exceptions, like the models introduced by Bal-
biani and Osmani [4], Gerevini and Renz [9], Isli and Cohn [10], Moratz, Renz
and Wolter [13] and Randell, Cui and Cohn [15]. Our aim is to propose alter-
native languages to the language developed by Wolter and Zakharyaschev [20]
where the model of the regions is replaced by different forms of qualitative rea-
soning about space and time which satisfy the rule.

3 Syntax and Semantics

Adapted from Wolter and Zakharyaschev [20], we define the set of all qualitative
formulas as follows:

fa=PQO"z,O") | =f [ (f V)| (fUg);

where P ranges over the set AT'O, m, n range over the set IN of all integers
and z, y range over the set VAR. Our intended interpretation of (fUg) is that
“f holds at all following time points up to a time at which g holds”. The other
standard connectives are defined by the usual abbreviations. In particular, F f
is (TUf) and Gf is =(TU—f). The informal meaning of Ff is that “there is
a time point after the reference point at which f holds” whereas the informal
meaning of G f is “f holds at all time points after the reference point”. We follow
the standard rules for omission of the parentheses. Our intended interpretation
of atomic formula P(Q™z,(O"y) is that “atomic relation P holds between the
value of entity x in m units of time and the value of entity y in n units of time”.

FEzample 3. Within the context of qualitative spatial reasoning in terms of points,
see Ligozat [12], describing the movement and the relative positions of points z,
y which move in a plane, qualitative formulas G(s(z, Oz) V w(z, Oz)), G(e(y,
Oy) vV n(y,Oy)) and F(s(z,y) V w(z,y)) mean that z will always move to the
north or to the east, y will always move to the west or to the south and a moment
of time will come when z is to the south of y or x is to the west of y.
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FEzample 4. Within the context of qualitative temporal reasoning in terms of
points, see Vilain and Kautz [19], describing the movement and the relative
positions of points x, y which move in a straight line, qualitative formulas G(z <
Ox), G(y > Qy) and F(z = y) mean that = will always move to its right, y will
always move to its left and a moment of time will come when = and y are in the
same place.

Let f be a qualitative formula. The set of all individual variables in f will be
denoted var(f). The set of all subformulas of f will be denoted SF(f). Let us
be clear that there is strictly less than Card(SF(f)) U-formulas in SF(f). We
define the size | f | of f as follows:

- | P(O™2,O"y) |= max{m,n};
- =f 1=l

-l fvgl=max{| f| g}

- | fUg [=max{| f |,| g}

The number of occurrences of symbols in f will be denoted length(f). It is
well worth noting that Card(var(f)) < length(f), Card(SF(f)) < length(f)
and | f |< length(f). The set of all atomic formulas which individual variables
are in var(f) and which sizes are less than or equal to | f | will be denoted
AF(f). The proof of the following lemma is simple and we do not provide it
here.

Lemma 1. Let f be a qualitative formula. Then Card(AF(f)) = Card(ATO) x
Card(var(f))? x (| f]+1)2.

A function € with domain VAR x IN and range the set VAL will be defined
to be a qualitative model. The set VAL is the spatial or temporal universe
in which the spatial or temporal entities of our language move. We define the
relation “qualitative formula f is true at integer 7 in qualitative model €”, denoted
€,i = f, as follows:

- i = POz, O"y) if Ple(z,i+m),e(y,i+n));

- eiEfiff el S

- e,i#f\/giff@i':for@i':g;

- ¢,i | fUg iff there is an integer k such that ¢ < k, ¢,k = ¢ and for all
integers j, if i« < j and j < k then €,j |= f.

An alternative formulation is “qualitative model ¢ satisfies qualitative for-
mula f at integer i”.

FEzample 5. Within the context of qualitative spatial reasoning in terms of points,
see Ligozat [12], qualitative model € of figure 1 satisfies qualitative formula ((s(z,

Oz) Vw(z, Ox)) A(e(y, Oy) V nly, Oy))U(s(x, y) V w(z,y)) at integer 0.

Ezxample 6. Within the context of qualitative temporal reasoning in terms of
points, see Vilain and Kautz [19], qualitative model € of figure 2 satisfies quali-
tative formula ((x < OQz) A (yQy))U(x = y) at integer 0.
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Fig. 1. A qualitative model based on qualitative spatial reasoning in terms of points.

Yy X

L5 Yo
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Fig. 2. A qualitative model based on qualitative temporal reasoning in terms of points.

Qualitative U-formula fUg will be defined to be fulfilled between integers 4
and j in qualitative model € if i < 7, €,4 |= fUg and there is an integer k such that
i <k, k <jande k| g. Qualitative formula f will be defined to be satisfiable if
there is a qualitative model e such that €,0 |= f. The following equations specify
which qualitative formulas are to count as formulas of, respectively, Lo(U) and
L1(0):

fa=Py) [-f1(fVg)|(fUg);
fa=PQO"z,O"y) | =f [ (f V)| (fUg).
For the time being, let us mention outcomes of the results obtained by Wolter
and Zakharyaschev [20] as regards the problem of determining of any given qual-
itative formula whether it is satisfiable or not: determining of any given formula
of Lo(U) whether it is satisfiable or not is in PSPACE whereas determining of
any given formula of £;(U) whether it is satisfiable or not is in EXPSPACE.
Incidentally, we must not forget that the results obtained by Wolter and Za-
kharyaschev [20] regard the complexity of propositional linear temporal logics
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based on qualitative spatial reasoning in terms of regions. This brings us to
the question of whether the results obtained by Wolter and Zakharyaschev [20]
can be extended to different forms of qualitative spatial or temporal reason-
ing. What we have in mind is to prove the following important theorem for all
forms of qualitative spatial and temporal reasoning in which consistent atomic
constraint satisfaction problems are globally consistent.

Theorem 1. Determining of any given qualitative formula whether it is satis-
fiable or not is PSPACE-complete.

We outline how theorem 1 will be proved, but leave the details to the following
sections. Firstly, we show how the question of determining of any given formula of
propositional linear temporal logic whether it is satisfiable or not can be linearly
reduced to the question of determining of any given formula of £o(U) whether
it is satisfiable or not. Secondly, we show how the question of determining of any
given formula of £1(U) whether it is satisfiable or not can be solved by means
of a polynomial-space bounded nondeterministic algorithm.

4 Lower Bound

We first prove a simple theorem.

Theorem 2. Determining of any given formula of Lo(U) whether it is satisfi-
able or not is PSPACE-hard.

Proof. We define the set of all formulas of propositional linear temporal logic as
follows:
fo=p|=f 1 (FVvg) | (fUg);

where p ranges over a countable set of atomic formulas. Assuming that the
set of all atomic formulas in propositional linear temporal logic is arranged in
some determinate order py, ..., pn, ..., assuming that the set of all individual
variables in Lo(U) is arranged in some determinate order x1, y1, ..., TN, YN,
..., we define a linear function ¢ that assigns to each formula f of propositional
linear temporal logic the formula ¢(f) of L£o(U) as follows:

- tpn) = (2§ =yn);

- H(=f) = —t(f);

- t(f Vv g) =t(f) Vi(g);

- t(fUg) = t(f)Ut(g).
The reader may easily verify that a formula f of propositional linear temporal
logic is satisfiable iff the formula ¢(f) of £o(U) is satisfiable. Seeing that deter-
mining of any given formula of propositional linear temporal logic whether it
is satisfiable or not is PSPACE-hard, see Sistla and Clarke [18], we therefore
conclude that determining of any given formula of Ly(U) whether it is satisfiable
or not is PSPACE-hard.

We still have to prove that determining of any given formula of £;(U)
whether it is satisfiable or not is in PSPACE. In this respect, the concept
of state will be of use to us.
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5 f-States

Let € be a qualitative model and i be an integer. Let €; be the function that
assigns to each formula f of £1(U) the set €(f) of all atomic formulas true at
i in € which individual variables are in var(f) and which sizes are less than or
equal to | f |. Let € be the function that assigns to each formula f of £;(U)
the set €(f) of all subformulas of f true at ¢ in €. Let € be the function that
assigns to each formula f of £1(U) the structure (&_7(f),...,&(f), &(f)). In
the case that ¢ <| f |, we put:

Ez(f) = ( ®7"'7® 7€0(f)77a(f)7gl(f))
——
|f|—i times
We first observe a simple lemma.

Lemma 2. Let € be a qualitative model, i be an integer and f be a formula
of L1(U). Assuming that the set of all variables in var(f) is arranged in some
determinate order x1, ..., Ty, let n1, no be integers and ly, ly be integers such
thatng € {1,...,N}, ngo € {1,..., N}, h e {i— | f|,...,i} and ls € {i— | |
,...,i}. Then there is exactly one atomic relation P such that for some integer
k,keli—| f|,..yit, h—ke{0,....;| f 1}, lo—ke{0,....] f |} and
P(O" "z, , Ok F2,,) € &.

Proof. Tt is certain that there is an atomic relation P such that P(e(zy,,!1),
€(Zn,,12)). Let k be min{ly,lo}. The reader may easily verify that k € {i— | f |
vooih =k e {0, | f |}, la—ke{0,...,| f|} and P(O" *2z,,, O *x,,)
€ €. If there is an atomic relation @ such that for some integer I, I € {i— | f |
it =1 {0, | f 1 la—1€{0,...,| f1}and QO" 'z, 0”2 a,,) €
€, then Q(e(zn,,l1),e(zp,,1l2)) and P = Q.

Let w be the function that assigns to each formula f of £1(U) the integer:
Card(ATo)Card(var(f))zX(\le)S « 9Card(SF(f))

It is well worth noting that for all formulas f of £1(U) and for all qualitative
models ¢, the range of the function that assigns to each integer i the structure
€;(f) contains strictly less than w(f) elements. These elements are special cases
of the concept of state. Let f be a formula of £;(U). A structure:

(s’\*\fh o ‘7§07§0);

where :Sim, ..., S, are subsets of AF(f) and Sy is a subset of SF(f) will be
defined to be a f-state. Assuming that the set of all variables in var(f) is ar-
ranged in some determinate order zy, ..., xx, we will always suppose that for
all integers ny1, ny and for all integers Iy, I3, ifny € {1,...,N}, no € {1,..., N},
Lhe{=|fl,.-..,0tandla € {—| f|,...,0} then, according to lemma 2, there is
exactly one atomic relation P such that for some integer k, k € {— | f |,...,0},
L—ke{0,....,|f|}lo—ke{0,....| f|} and P(O"*z,,,, O *x,,) € Sp.
The interesting result is that the structure (5,‘ Flee s §0) can be linked with the
atomic constraint satisfaction problem (X, R) defined as follows:
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- Let X be {X17_|f|,...,Xl‘o,,,.,XNy_‘f‘,...,XNp};

- For all integers nj, ne and for all integers Iy, la, if ny € {1,...,N}, ny €
{,...,.N},, he{—| fI| ....,0p and lo € {— | f |,...,0} then let
R(Xny 11y Xna,i) be the only atomic relation P such that for some inte-
gerk,ke{—|fl,....,0, i—ke{0,...;,| fI},lo—ke{0,...,] f|} and
P(O"*z,,, 0" *z,,) € .

f-state (§_|f|, ceey §0, §0) will be defined to be consistent if the atomic constraint

satisfaction problem (X, R) linked with the structure (§,| floee o §0) as above is
consistent and:

- I P(O™z,O"y) € SF(f) then P(O™x,O"y) € So iff P(O™z, O™y) € So;
- If ng € SF(f) then —g € Sy iff g & So; N
-IfgvheSF(f) then gV he Syiff g€ Syor h e Sp.

f-state (:S'\,|f|7 .. .,§0,§0) will be defined to be U-consistent with respect to
f—state (T_‘f‘, FI To,To) if T_‘f‘ = S_‘fH'l’ ey T_1 = So and:

- If gUh € SF(f) then gUh € Sy iff h € Sy or g € Sy and gUh € Tp.

6 Upper Bound

In accordance with the chain of reasoning put forward by Sistla and Clarke [18],
one can establish the following remarkable lemmas for all forms of qualitative
spatial and temporal reasoning such that consistent atomic constraint satisfac-
tion problems are globally consistent.

Lemma 3. Let € be a qualitative model, i, j be integers and [ be a formula
of £1(U) such that i < j and €(f) = €;(f). Then there is a qualitative model
€' such that for all integers k, if k < i then ?k(f) =ex(f) and if k > i then
r(f) = €ktj—i(f). Added to that, for all integers k, if k < i then i(f) =e(f)
and if k > i then €y (f) = &rii(f).

0 i—1,di+1 j—1,jj+1

0 i—1,di+1 j—1,jj+1

Fig. 3. The relationship between qualitative models ¢ and ¢ in lemma 3.
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Proof. If | f |= 0 then let ¢ be a function with domain VAR x IN and range
the set VAL defined as follows. For all integers k, if k < ¢ then for all individual
variables = in var(f), let ¢'(z, k) be €(x, k). For all integers k, if k& > ¢ then for
all individual variables z in var(f), let € (z,k) be e(x,k + j — 7). It is beyond
all doubt that €' satisfies the required conditions. If | f |> 1 then the previous
function € might not satisfy the required conditions. In that case we let € be a
function with domain VAR x IN and range the set VAL defined as follows, see
figure 3. For all integers k, if k£ < ¢ then for all individual variables z in var(f),
let €'(x, k) be e(x, k). For all integers k, if k > ¢ then assuming that the set of
all individual variables in var(f) is arranged in some determinate order 1, ...,
N, let €(x1,k), ..., €(xn, k) be the values defined as follows. Let us consider
the atomic constraint satisfaction problem (X), Ry ) defined as follows:

- Let Xk be {X17k7|f|,...,Xl_’k,...,XN,k,|f|,.H,XN’k};

- For all integers nj, ny and for all integers Iy, lo, if ny € {1,...,N}, ny €
{1,...,N}, hu e {k— | f|,....,k}and I € {k— | f |,...,k} then let
Ri(Xniths Xna,ts) be the only atomic relation P such that P(e(zp,,l1 +
J—1),€(xn,, lo + 75 —1)).

Obviously, the constraint satisfaction problem (X}, Ry) is consistent. Hence, it

is globally consistent. All this goes to show that given the values €' (z1,k— | f |),
€, k—=1), .. (N, k= | ), ..., €(xn, k — 1) such that:

- For all integers nj, ny and for all integers Iy, lo, if ny € {1,...,N}, ny €
{1,..., N}, he{k—1|f|,...,k—1}and ly € {k— | f|,...,k — 1} then
€' (Tny, 1) and € (xn,,l2) satisfy the constraint Ry (Xn, iy, Xnoin);

there are values €'(z1,k), ..., € (xn, k) such that:

- For all integers nj, ny and for all integers Iy, lo, if ny € {1,...,N}, ny €

{1,...,N}, lue{k— | f|,...,k}and lx € {k— | f |,...,k} then ¢ (x,,,l1)

and € (zp,,l2) satisty the constraint Ry (X, 155 Xny s )-

Tt is beyond all doubt that € satisfies the required conditions.

Lemma 4. Let € be a qualitative model, i, j be integers and f be a formula of
L1(U) such that i < j, €&(f) = €;(f) and every U-formula in €(f) is fulfilled
between i and j in €. Then there is a qualitative modeLe’ such that for all integers
k, if k < j then € (f) = &(f) and if k > j then €'k(f) = €' rri—j(f). Added
to that, for all integers k, if k < j then ¢i(f) = ex(f) and if k > j then
gk(f) = g’kﬂ,j(f). € is said to be a periodic qualitative model with starting
index © and starting period j.

Proof. If | f |= 0 then let ¢ be a function with domain VAR x IN and range
the set VAL defined as follows. For all integers k, if & < j then for all individual
variables z in var(f), let € (z, k) be e(z, k). For all integers k, if k& > j then for
all individual variables = in var(f), let €’(z, k) be ¢'(x,k + i — j). It is beyond
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0 i—1i+1 j—1,5,j+1

H /71 H ‘

0 i—1,4,i+1 j—1,5,j+1

Fig. 4. The relationship between qualitative models € and € in lemma 4.

all doubt that ¢ satisfies the required conditions. If | f |> 1 then the previous
function € might not satisfy the required conditions. In that case we let € be a
function with domain VAR X IN and range the set VAL defined as follows, see
figure 4. For all integers k, if k < j then for all individual variables z in var(f),
let €'(z, k) be e(z, k). For all integers k, if k£ > j then assuming that the set of
all individual variables in var(f) is arranged in some determinate order zq, ...,
N, let €(x1,k), ..., €(xn, k) be the values defined as follows. Let us consider
the atomic constraint satisfaction problem (Xj, Ry) defined as follows:

- Let Xk be {Xl,]c—|f|7»"7X1,k7---7XN,k—|f|7~»7XN,k-};

- For all integers nj, ne and for all integers Iy, la, if ny € {1,...,N}, ny €
{1,...,N}, h e {k— | f|,...,k} and lo € {k— | f |,...,k} then let
Ri(Xni.11, Xna,io) be the only atomic relation P such that P(¢'(zp,,l1 +
i — 7)€ (Tny,la +1—7)).

Obviously, the constraint satisfaction problem (X}, Ry) is consistent. Hence, it

is globally consistent. All this goes to show that given the values €' (z1,k— | f |),
€, k—=1), .., (an, k= | ), ..., €(xn, k — 1) such that:

- For all integers nj, ny and for all integers Iy, lo, if ny € {1,...,N}, ny €
(1,...,NY, lhe {k— | fl,....k—1}and Iy € {k— | f|,...,k — 1} then
€' (Tny, 1) and € (xn,,l2) satisfy the constraint Ry (Xn, iy, Xnoin);

there are values € (z1,k), ..., €(zy, k) such that:

- For all integers ny, no and for all integers Iy, la, if ny € {1,...,N}, ng €

{1,...,N}, lse{k— | f|,...,k}and lx € {k— | f |,...,k} then ¢ (x,,11)

and €' (zp,, l2) satisfy the constraint Ry (X, 11 Xnsls)-
It is beyond all doubt that € satisfies the required conditions.

The reasoning behind the proof of lemma 3 and the proof of lemma 4 de-
serves especial consideration, for the simple reason that it makes use of the fact
that within the form of qualitative temporal reasoning in terms of intervals we
have considered, consistent atomic constraint satisfaction problems are globally
consistent. Combining lemma 3 with lemma 4, we obtain the following theorem.
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Theorem 3. Let [ be a formula of £1(U) such that f is satisfiable. Then there
is a qualitative model € and there are integers i, j such thati < j, € is a periodic
qualitative model with starting index i and starting period j, i < w(f), j —i <
Card(SF(f)) xw(f) and €,0 = f.

Proof. Let €© be a qualitative model such that €® 0 = f. The reader may
easily verify that there are integers i(9), 5(© such that:

- i < 5O ), (f) = E(T)j(o)(f) and every U-formula in €@, (f) is ful-
filled between (9 and j(© in €©).

If i) > w(f) then there are integers k, [ such that k < I, 1 <i(®) and €©)(f) =

€@,(f). By applying lemma 3, we infer from this that there is a qualitative
model ¢ such that ), 0 |= f and there are integers i(V), (1) such that:

- iW < M), e(Tv;m(f) = 6(T)j<1)(f), every U-formula in eﬂdjim (f) is fulfilled
between i) and P in e and i) < (0,

Applying this reduction as far as possible, we gather from this that there is a
qualitative model €(® such that €®,0 }= f and there are integers i®), j such
that:

i < @@ 0 (f) = €@ i (f), every U-formula in €) ;0 (f) is fulfilled
between i(® and j® in € and i® < w(f).

If j® —i®) > Card(SF(f))xw(f) then there are integers k, I such that i(?) < k,
E<l,1<ji® @ (f) = e?®,(f) and for all U-formulas gUh in €2, (f) and
for all integers m, if £ < m and m < [ then @ m £ h. By applying lemma 3,
we infer from this that there is a qualitative model €®) such that €®) 0 }= f and
there are integers i3, j® such that:

=i < O @) (f) = dT)j<3) (f), every U-formula in 6/(\52-(3) (f) is fulfilled
between i) and j®) in €®), i) < w(f) and j®) —i®) < ;) —3),
Applying this reduction as much as possible, we gather from this that there is a

qualitative model € such that ¢, 0 = f and there are integers i, j® such
that:

=i < D@ (f) = 6(74)3-(4) (f), every U-formula in ;(74/)1‘(4) (f) is fulfilled
between i) and j*) in ¢ i® < w(f) and j—i® < Card(SF(f))xw(f).

By applying lemma 4, we therefore conclude that there is a qualitative model €
and there are integers ¢, j such that ¢ < j, € is a periodic qualitative model with

starting index ¢ and starting period j, i < w(f), j — ¢ < Card(SF(f)) x w(f)
and €,0 = f.

By theorem 3, we infer the following theorem.

Theorem 4. Determining of any given formula of L£1(U) whether it is satisfi-
able or not is in PSPACE.
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Proof. To test a formula f of £1(U) for satisfiability, we present the following
nondeterministic algorithm: Guess integers 4, j such that i < j, i < w(f) and
j—1 < Card(SF(f)) x w(f):

Guess a consistent f-state (S_|f‘,...,§0,§0) such that §_|f‘ =0,..,8,=0

and f € §0;

k:=0;

While k < i do ~ o ~ s
Guess a consistent f-state (T_|,...,To,Tp) such that (S_f,...,S50,50) is
U-consistent with respect to (jilflv Ty, fo);

(S,|f|, .++580,50) 1= (T7|f|7 e ,ToyTo):

ki=k+1, R o
(U—\f\v LR U07 UO) = (S—|f\7 IR SUa SO);
While k£ < j do

For all U-formulas gU#h in SF(f), if gUh € Uy and h € Sy then mark gUh in
Uo;
Guess a consistent f-state (f,m, .. 77A“07f0) such that (§,m7...7§0,§0) is
U-consistent with respect to (f“,m, e ,fo, fo);
(S_|f|, ey So, So) = (T_|f|, e 7T0,T0);
k:=k+1; _
Check whether for all U-formulas gUh in SF(f), if gUh € Uy then gUh is marked
in ﬁo; N o N o
Check whether (U_y|,...,Uo,Uo) := (S—j#},---,50,50). Remark that the pre-
vious nondeterministic algorithm works correctly and that it is polynomial-space
bounded in length(f). It follows that determining of any given formula of £;(U)
whether it is satisfiable or not is in NPSPACE. Seeing that NPSPACE =
PSPACE, see Savitch [17], we therefore conclude that determining of any given
formula of £;(U) whether it is satisfiable or not is in PSPACE.

Referring to theorem 2 and theorem 4, we easily obtain a proof of theorem 1.

7 Conclusion

We have considered the language introduced by Wolter and Zakharyaschev [20]
and obtained by mixing the model of the regions and the propositional linear
temporal logic. In particular, we have proposed alternative languages where the
model of the regions is replaced by different forms of qualitative spatial or tem-
poral reasoning. In these languages, qualitative formulas describe the movement
and the relative positions of spatial or temporal entities in some spatial or tem-
poral universe. On the basis of the argument displayed by Sistla and Clarke [18],
we have demonstrated that for all forms of qualitative spatial and temporal rea-
soning in which consistent atomic constraint satisfaction problems are globally
consistent, determining of any given qualitative formula whether it is satisfiable
or not is PSPAC E-complete. Much remains to be done, given that there are
many ways we could extend our results. An important development in the theory
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of propositional linear temporal logic is the introduction of the S operator, the
informal meaning of (fSg) being that “f holds at all previous time points since
a time at which g holds”. Therefore, we plan to investigate the question whether
our line of reasoning is still valid for a propositional linear temporal logic with
both U and S operators. The reasoning behind the proof of lemma 3 and the
proof of lemma 4 makes use of the fact that within the form of qualitative spatial
or temporal reasoning we have considered, consistent atomic constraint satisfac-
tion problems are globally consistent. Consequently, another promising direction
of research is the issue whether our line of reasoning can be adapted to the forms
of qualitative spatial or temporal reasoning which does not fit this requirement.
In other respects, an important development in the applications of propositional
linear temporal logic is the model-checking algorithm used to determine whether
a given finite-state program meets a particular correctness specification. Thus,
we intend to illustrate how the model-checking algorithm works within the con-
text of our propositional linear temporal logic based on qualitative spatial or
temporal reasoning.
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Abstract

A model for qualitative reasoning about intervals on a cyclic
time has been recently proposed by Balbiani and Osmani
(Balbiani & Osmani 2000). In this formalism, the basic en-
tities are intervals on a circle, and using considerations sim-
ilar to Allen’s calculus, sixteen basic relations are obtained,
which form a jointly disjunctive and pairwise distinct (JEPD)
set of relations. The purpose of this paper is to give an ax-
iomatic description of the calculus, based on the properties of
the meets relation, from which all other fifteen relations can
be deduced. We show how the corresponding theory is re-
lated to cyclic orderings, and use the results to prove that any
countable model of this theory is isomorphic to the cyclic in-
terval structure based on the rational numbers. Our approach
is similar to Ladkin’s axiomatization of Allen’s calculus, al-
though the cyclic structures introduce specific difficulties.

Keywords: qualitative temporal reasoning, cyclic inter-
val calculus, cyclic orderings, completeness, No—categorical
theories

Introduction

In the domain of qualitative temporal reasoning, a great deal
of attention has been devoted to the study of temporal for-
malisms based on a dense and unbounded linear model of
time. Most prominently, this is the case of Allen’s calculus,
where the basic entities are intervals of the real time line,
and the 13 basic relations (Allen’s relations) correspond to
the possible configurations of the endpoints of two intervals
(Allen 1981). Other calculi such as the cardinal direction
calculus (Ligozat 1998a; 1998b), the n-point calculus (Bal-
biani & Condotta 2002), the rectangle calculus (Balbiani,
Condotta, & Farifias del Cerro 1999), the n-block calcu-
lus (Balbiani, Condotta, & Farinas del Cerro 2002) are also
based on products of the real line equipped with its usual or-
dering relation, hence on products of dense and unbounded
linear orderings.

However, many situations call for considering orderings
which are cyclic rather than linear. In particular, the set
of directions around a given point of reference has such a
cyclic structure. This fact has motivated several formalisms
in this direction: Isli and Cohn (Isli & Cohn 2000) and
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Balbiani et al. (Balbiani, Condotta, & Ligozat 2002) con-
sider a calculus about points on a circle, based on qualitative
ternary relations between the points. Schlieder’s work on
the concepts of orientation and panorama (Schlieder 1993;
1995) is also concerned with cyclic situations. Our work
is more closely related to Balbiani and Osmani’s proposal
(Balbiani & Osmani 2000) which we will refer to as the
cyclic interval calculus. This calculus is similar in spirit to
Allen’s calculus: in the same way as the latter, which views
intervals on the line as ordered pairs of points (the starting
and ending point of the interval), the cyclic interval calculus
considers intervals on a circle as pairs of distinct points: two
points on a circle define the interval obtained when starting
at the first, going (say counterclockwise) around the circle
until the second point is reached. The consideration of all
possible configurations between the endpoints of two inter-
vals defined in that way leads to sixteen basic relations, each
one of which is characterized by a particular qualitative con-
figuration. For instance, the relation meets corresponds to
the case where the last point of the first interval coincides
with the first point of the other, and the two intervals have no
other point in common. Another interesting relation, which
has no analog in the linear case, is the mmi relation!, where
the last point of each interval is the first point of the other (as
is the case with two serpents, head to tail, each one of them
devouring the other).

This paper is concerned with giving suitable axioms for
the meets relation in the cyclic case. This single relation
can be used to define all other 15 relations of the formalism
(there is a similar fact about the meets relation in Allen’s cal-
culus). We give a detailed description of the way in which
the axiomatization of cyclic orderings — using a ternary re-
lation described in (Balbiani, Condotta, & Ligozat 2002)—
relates to the axiomatization of cyclic intervals based on
the binary relation meets. Our approach is very similar to
the approach followed by Ladkin in his PhD thesis (Lad-
kin 1987) where he shows how the axiomatization of linear
dense and unbounded linear orderings relates to the axioma-
tization proposed by Allen and Hayes for the interval calcu-
lus, in terms of the relation meets.

The core of the paper, apart from the choice of an appro-
priate set of axioms, rests on two constructions:

!"The notation is mnemonic for meets and meets inverse.
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e Starting from a cyclic ordering, that is a set of points
equipped with a ternary order structure satisfying suitable
axioms , the first construction defines a set of cyclic in-
tervals equipped with a binary meets relation; and con-
versely.

e Starting from a set of cyclic intervals equipped with a
meets relation, the second construction yields a set of
points (the intuition is that two intervals which meet de-
fine a point, their meeting point) together with a ternary
relation which has precisely the properties necessary to
define a cyclic ordering.

The next step involves studying how the two construc-
tions interact. In the linear case, a result of Ladkin’s can be
expressed in the language of category theory by saying that
the two constructions define an equivalence of categories.
Using Cantor’s theorem, this implies that the corresponding
theories are N, categorical. In the cyclic case, we prove an
analogous result: here again, the two constructions define
an equivalence of categories. On the other hand, as shown
in (Balbiani, Condotta, & Ligozat 2002), all countable cyclic
orderings are isomorphic. As a consequence, the same fact
is true of the cyclic interval structures which satisfy the ax-
ioms we give for the relation meets. This is the main result
of the paper. We further examine the connections of these
results to the domain of constraint-based reasoning in the
context of the cyclic interval calculus, and we conclude by
pointing to possible extensions of this work.

Building cyclic interval structures from cyclic
orderings

This section is devoted to a construction of the cyclic inter-
val structures we will consider in this paper, starting from
cyclic orderings. In the next section, we will propose a set
of axioms for these structures. Intuitively, each model can
be visualized in terms of a set of oriented arcs (intervals)
on a circle (an interval is identified by a starting point and
an ending point on the circle), together with a binary meets
relation on the set of intervals. Specifically, two cyclic inter-
vals (m,n) and (m’, n’) are such that (m, n) meets (m',n’)
if n = m’ and n’ is not between m and n, see Figure 1 (as a
consequence, n = m’ is the only point that the two intervals

have in common).
Co
n
7,LI

Figure 1: Two cyclic intervals (m, n) and (m’, n’) satisfying
the meets relation.

In order to build interval structures, we start from cyclic or-
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deringsz(Balbiani, Condotta, & Ligozat 2002). Intuitively,
the cyclic ordering on a circle is similar to the usual order-
ing on the real line. In formal terms, a cyclic ordering is a
pair (P, <) where P is a nonempty set of points, and < is a
ternary relation on P such that the following conditions are
met, for all z,y, z,t € P:

Pl. = < (z,y,y);

P2. < (z,y,2)\ < (z,2,t) =< (z,y,1);
Plarx#yhex#z—-y=2V=<(z,y,2)V<(z,27Y);
P4. < (z,y,2) << (y,2z,z) << (2,2,9);
P5.2#y— (32 < (z,2,9) ATz < (z,y,2));

P6. 3z, y x # y.

Definition 1 ( The cyclic interval structure associated
to a cyclic ordering) Let (P, <) be a cyclic ordering.
The cyclic interval structure Cyclnt((P, <)) associated to
(P, =< ) is the pair (Z, meets) where:

o 7 ={(xz,y) € PxP:3z € Pwith < (z,y,2)}. The
elements of I are called (cyclic) intervals.

e meets is the binary relation defined by meets =
{(zy), (@) ry=2"and < (z,y,y")}

As an example, consider the set C of all rational numbers
contained in the interval [0,27[. Each rational number in
that range represents a point in the unit circle centered at the
origin in the Euclidean plane: n € [0, 27| corresponds to
the point with polar coordinates (1,n). Let <¢ the binary
relation [0, 2| as follows: <¢ (z,y, 2) if and only if either
r<y<zory<z<zorz<ax <y, wherez,y,z €
[0,27[. We can easily check that the structure (C,<¢) we
get is a cyclic ordering. Hence CycInt((C, <¢)) is a cyclic
interval structure (Z, meets). Each element u = (z,y) of Z
can be viewed as the oriented arc containing all points be-
tween the points represented by x and y (we will refer to
these two points as to the endpoints of the cyclic interval u
and denote by ™~ and u*, respectively, the points associ-
ated to = and y). For instance, the cyclic intervals (0, 7/2),
(m/2,0) and (37/2,w/2) are shown in Figure 2. Notice that
no cyclic interval contains only one point (there are no punc-
tual intervals), and that no interval covers the whole circle.
Intuitively, two cyclic intervals are in the relation meets if

F /2 /2 /2

3r/2
Figure 2: Three cyclic intervals.

2 Actually, we use what are called “standard cyclic orderings”
in (Balbiani, Condotta, & Ligozat 2002). We use the shorter term
“cyclic ordering” in this paper.



and only if the ending point of the first coincides with the
starting point of the other, and the intervals have no other
point in common. For instance, ((37/2,7/2), (7/2,7)) €
meets, while ((37/2,7/2), (7/2,57/3)) & meets.

S5
<
<

U ppi v,V ppi u

m
uwdv,vdiu
U
v
U 001 U,V 00% U
v
U

U SV, St u

A

u fo,vfiu

U m v, v miu

. v .
U Mot U,V Mio U

5

UO0V,V 0L U

Q

U mmi v, v mmi u

>>@

U equ,vequ

Figure 3: The 16 basic relations of the cyclic interval calcu-
lus.

Let (Z,meets) be a cyclic interval structure.  We
now show how the other fifteen basic relations of
the cyclic interval calculus defined by Balbiani and
Osmani (Balbiani & Osmani 2000) can be defined us-
ing the meets relation. The 16 relations are denoted
by the set of symbols {m,mi,ppi, mmi,d,di, f, fi,
0, 0i, 8, 81, 001, Moi, Mio,eq} (where m is the meets rela-
tion). Figure 3 shows examples of these relations. More
formally, the relations other than meets are defined as

follows?:
€
eyuppiv = Jw,z umwmovmzm u,

. def
eymmiv = Jw,z,y,z2 wmzrmym:zmuwA
zmumyArmoumuw,

def .
eudv = Jw,z,y wmzrmumymwAvmmiw,

def .
eyufv = Jw,z2 wmarmumwAvmmiw,

def
eyov = Jw,z,y,z2 vmovmzrmuAvmzrmymouA

ymzmuw,
de
eusv éfﬂw,x,y wmrmomwATmumymuw,

. def

ouomv%ﬂw,x wfuAhwsvAzrsunzfo,

d
e 1, Moi v éfﬂw,w,y wmzrmymuwAyppiuA
T ppiv,

. def .
eymiov = Jw,xz,y wmazrmymwAxppiuA
Y ppiv,

def
eyequ = Jw,r wmumzAwmovmz.

The relations mi, di, i, 01, si are the converse relations of
m,d, f, o0, s, respectively.

Axioms for cyclic interval structures: The
Cyclnt theory

In this section, we give a set of axioms allowing to char-
acterise the relation meets of cyclic intervals. Several ax-
ioms are motivated by intuitive properties owned by mod-
els of cyclic intervals. Other axioms are axioms of the
relation meets of the intervals of the line (Ladkin 1987,
Allen & Hayes 1985) adapted to the cyclic case.

In the sequel u, v, w, ... will denote variables representing
cyclic intervals. The symbol | corresponds to the relation
meets. The expression vy |vg|...|v, with vy, ve,...,v, 1
variables (n > 2) is an abbreviation for the conjunction
/\?:_11 v;|v;4+1. Note that the expression vy |vs|. .. |v,|v1 is
equivalent to va| . . . [vn |v1 V2.

Another abbreviation used in the sequel is X(u, v, w,z). It
is defined by the expression ulv A w|z A (ulz V w|v). In-
tuitively, the satisfaction of X(u, v, w, x) expresses the fact
that the cyclic interval u meets (is in relation meets with) the
cyclic interval v, the cyclic interval w meets (is in relation
meets with) the cyclic interval z and the two meeting points
are the same points. In Figure 4 are represented the three
possible cases for which X(u, v, w, x) is satisfied by cyclic
intervals onto an oriented circle :

(@) u
(®) u
() u

Now, it is possible for us to give the CycZnt axioms defined
to axiomatize the relation meets of the cyclic interval
models. After each axiom is given an intuitive idea of what

v, w|z, u|x, wlv are satisfied,

v, w|z, w|v are satisfied and u|z is not satisfied,

x, u|z are satisfied and w|v is not satisfied.

v, W

3Here we use the notation v m vy m ... m v, where
v1,v2,..., U, are n variables (n > 2) as a shorthand for the con-
. . —1
junction A2 vs m viga.
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(c)

Figure 4: Satisfaction of X(u, v, w, ).

it expresses.

Definition 2 (The CycZnt axioms)

Al. Vu,v,w,x,y,z X(u,v,w,x) A Xy, z,w, ) —
X(u7 U’ y7 Z)

Given three pairs of meeting cyclic intervals, if the
meeting point defined by the first pair is the same as the one
defined by the second pair and the meeting point defined
by the second pair is the same as the one defined by the
third pair then, the first pair and the second pair of meeting
cyclic intervals define the same meeting point.

A2, VYu,v,w,x,y,z Xu,v,w,z) A Xy,u,x,z) —
—ulx A —xlu

Two cyclic intervals with the same endpoints do not
satisfy the relation meets.

A3, Vu,v,w,x,y,z ulv Awl|z Aylz A —ulz A —w|oA
—ulz A oylv A owlz A syle = 3rstorlsltr A
X(u, v,7,5) N X(w, 2, 5,8) A X(y, z,,7)) V (X(w, 2, £,7) A
X(y, z,5,1))

Three distinct meeting points can be defined by three
cyclic intervals satisfying the relation meets so that these
three meeting cyclic intervals cover the circle in its entirety.

Ad. Yu,v,w,x, ulv Awlz A -ulz A —wlv —
(Fy, 2.ty ylzltly A Xy, z,w,2) A X(Ey,u,0))A
(Fy, z,t, ylzltly A X(y, 2z, u,0) A Xt y,w, @)

Two meeting points are the endpoints of two cyclic in-
tervals. Each one can be defined by two other cyclic
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intervals.
A5, Yu,v (Fw,z uw|zlv|u) = 3y uly|v|u)

Two meeting cyclic intervals define another cyclic in-
terval corresponding to the union of these cyclic intervals.

A6. Ju u=wandVuIv,w ulvjwlu

There exists a cyclic interval and for every cyclic in-
tervals there exist two other cyclic intervals such that they
satisfy the relation meets in a cyclic manner (they satisfy
the relation meets so that they cover the circle in its entirety).

A7. VYu,vo (Fw,z wlu|z Awlv|z) < u=wv

There does not exist two distinct cyclic intervals with
the same endpoints.

A8. Yu,v,w  u|v|w — —ujw

Two cyclic intervals separated by a third one cannot
satisfy the relation meets.

From these axioms we can deduce several theorems which
will be used in the sequel.

Proposition 1 Every structure (Z,|) satisfying the CycInt
axioms satisfies the following formulas:

B1. Vu,v u|v — —wlu

B2. Vu,v,w,z,y,z Xu,v,w,z) A Xy, u,z,z) —
wlv Aylz

B3.Vu,v (Fw ulw|v|u) = 3z,y ulz|y|v|u)
Proof

e (B1) Letu,v be two cyclic intervals satisfying u|v. Sup-
pose that v|u is satisfied. It follows that X(u, v, u,v) and
X(v, u,v,u) are satisfied. From Axiom A2 follows that
u|v and v|u cannot be satisfied. There is a contradiction.

e (B2) Let uv,wx)yz be cyclic intervals satisfying
X(u, v, w, z) and X(y, u, z, z). From Axiom A2 we can
deduce that u|z and x|u are not satisfied. As X(u, v, w, z)
and X(y,u,z, z) are satisfied, we can assert that y|z and
w]v are satisfied.

e (B3) Let u,v,w be cyclic intervals satisfying u|w|v|u.
We have u|w, w|v and v|u which are satisfied. Moreover,
since v|u is satisfied, from B1 we can deduce that u|v
and w|w cannot be satisfied. From Axiom A4 follows
that there exists cyclic intervals z, y, z satisfying z|y|z|z,
X(z,y,u,w) and X(z,x,w,v). From Axiom A2 we can
assert that z|w and w|x are not satisfied. From it and
the satisfaction of X(z,y,u,w) A X(z,x,w,v), we can
assert that u|y and z|v are satisfied. We can conclude that
u, v, y, z satisfy uly|z|v|u.
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From cyclic interval structures back to cyclic
orderings

In this section, we show how to define a cyclic ordering
< onto a set of points from a set of cyclic intervals and
a relation meets onto these cyclic intervals satisfying the
CycInt axioms. The line of reasoning used is similar to
the one used by Ladkin (Ladkin 1987) in the linear case.
Indeed, intuitively, a set of pairs of meeting cyclic intervals
satisfying the relation meets at a same place will represent
a cyclic point. Hence, a cyclic point will correspond to a
meeting place. Three cyclic points [, m,n defined in this
way will be in relation < if, and only if, there exist three
cyclic intervals satisfying the relation meets in a cyclic
manner (so that they cover the circle in its entirety) so that
their meeting points are successively [, m and n. Now, let
us give more formally the definition of this cyclic ordering.

Let (Z,|) be a pair defined by a set Z and a binary re-
lation | onto Z satisfying the CycZnt axioms. Let J be the
subset of Z x 7 defined by J = {(u,v) € T X T : ulv}.

Definition 3 Let = be the binary relation onto J defined by
(u,v) = (w,x) iff ulz or w|v.

o

Note that since u|v and w|z are satisfied, we have (u,v)
(w, z) iff X(u, v, w,x) for all u,v,w,x € I.

Proposition 2 = is a relation of equivalence.

Proof From the definition of the relation = we can easily
establish the properties of reflexivity and symmetry. Axiom
A1 allows us to assert that the relation = is a transitive
relation. O

Given an element (u,v) € J, uv will denote the
equivalence class corresponding to (u,v) with respect to
the relation =. Let P be the set of all equivalence classes of
=. We define the ternary relation < onto P in the following
way.

Definition 4 Let wv, wz, yz € P. < (wv,w7,yz) iff
3r, s, t € T with r|s|t|r, 7s = uv, st = Wz and tr = Yz.

See Figure 5 for an illustration of this definition. The

Figure 5: Satisfaction of < (uv, Wz, ¥z).

structure (P, <) obtained from (Z,|) will be denoted by
CycPoint((Z, |)) in the sequel.

Theorem 1 The structure (P, <) is a cyclic ordering.

Proof We give the proof for Axioms P1 and P2 only. The
proof for the other axioms is in the annex.

o Vuv,wz € P, - < (uv,wz,wz) (P1)

Let wo,wz € P. Suppose that < (uv, WT, wWx) is satisfied.
From the definition of <, there exist y, 2, € T satisfying
ylz|tly and such that (y,z) = (u,v), (2,t) = (w,z),
(t,y) = (w,z). = owns the properties of transitivity and
symmetry, in consequence, we can assert that (z,t) = (¢,y).
From it and from the definition of =, we have z|y or t|t
which are satisfied. As | is an irreflexive relation, we can
assert that z|y is satisfied. Moreover, y|z is also satisfied.
There is a contradiction since the relation | is an asymmetric
relation.

o Vuu, Wz, Yz, st € P, < (wv,wz,yz) A < (uw, 7z, st) —
< (uv,wz, st) (P2)

Let uv,wz,yz,st € P which satisfy < (uv,wz, yz)
and < (uv, yz, st). From the definition of < we can deduce
that there exist m,n, o € Z satisfying m|n|o|m, mn = uw,
no = wx, om = yz. On the other hand, we can assert
that there exist p,q,r € Z satisfying p|q|r|p, Pg uv,
qr = yz and 7p = st. From the property of transitivity
of the relation = and the equalities M = uw, pqg = uwv,
om = Yz, qr = Yz, we obtain the equalities mn = pq and
om = qr. Hence, from the definition of =, we can assert
that X(m,n,p,q) and X(o,m,q,r) are satisfied. From
Theorem B2, it follows that p|n and o|r are also satisfied.
From all this, we can deduce that n|o|r|p|n is satisfied.
From Axiom AS, we can assert that there exists [ satisfying
n|l|p|n. By rotation, we deduce that p|n|l|p is satisfied. n|!
and n|o are satisfied, in consequence, we have nl = mo.
From this equality, the transitivity of the relation = and the
equality mo = Wz, we can assert that nl = wz. As I|p and
r|p are satisfied, we have the equality Ip = 7p. From this
equality, the transitivity of the relation = and the equality
7p = st, we can deduce that [p = st. Consequently, p|n|l|p,
pn = uv, nz = wx and zp = st are satisfied. Hence, from
the definition of <, we can conclude that < (uv, wz, st) is
satisfied.

Cyclic orderings yield models of CycInt

In this section, we prove that every structure of cyclic inter-
vals defined from a cyclic ordering is a model of CycZnt.

Theorem 2 Let (P, <) be a cyclic ordering. (I,]) =

Cyclnt((P, <)) is a model of the CycInt axioms.

Proof In the sequel, given an element v = (m,n) € Z, u~
(resp. u) will correspond to m (resp. to n). Let us prove
that the axioms of CycZnt are satisfied by (Z, |).

e (A1) Let u,v,w,z,y,z € T satisfying X(u, v, w,x) and
X(y, z, w, z). From the definition of X we can assert that
u|v and y|z are satisfied. Hence the equalities u™ = v,
wt =2~ and y* = 2~. Moreover, from the definition of
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X, it follows that u|x or w|v and y|x or w|z are satisfied.
Let us consider all the possible situations exhaustively:

— ul|r and y|z are satisfied. It follows that v = x~ and
y+t = x~ are satisfied. Hence, we have ut = v~ =
w+ = = y+ =z

- ulz and w|z are satisfied. It follows that u™ = = and

wh = 2z~ are satisfied. Consequently, vt = v~ =

wT =x~ =yt = 2z is satisfied.

- w|v and y|z are satisfied. It follows that w™ = v~ and
y* =z~ are satisfied. Therefore, u™ = v~ = w' =
27 =yt = 27 is satisfied.

- w|v and w|z are satisfied. It follows that w* = v~ and
wt = 27 are satisfied. Hence, ut = v~ = wt =
x~ =y = 2z~ is satisfied.

Let wus denote by [ the identical points
ut o, wh Ty, 2T Suppose that X(u,v,y, 2)
is falsified. By using the fact that u|v and y|z are satis-
fied, we deduce that u|z and y|v are not satisfied. Since
ut =z andy™ =v~, < (v™,l,z ) and < (y~,l,vT)
are not satisfied. From P5, we get the satisfaction of
< (u7,27%,1) and the one of < (y~,v",l). As ulv
and y|z are satisfied, < (u™,l,v") and < (y—,I,27)
are also satisfied. Hence, by using P4, we can assert
that < (I,y~,v") and < (I,v*,u™) are satisfied. From
P2, it follows that < (I,y~,u™) is also satisfied. From
the satisfaction of < (u™,27,l) and the one of P4, it
follows that < (I,u™,27) is satisfied. By using P2,
it results that < (I,y~,2") is satisfied. Recall that
=< (y~,1,27) is satisfied. From P4 and P2, it results that
=< (y~,zT,z%") is satisfied. From P1, a contradiction
follows. Consequently, we can conclude that X(u, v, y, z)
is satisfied.

e (A2) Let u,v,w,z,y,z € Z satisfy X(u,v,w,z) and
X(y,u,x,z). The following equalities are satisfied:
u+ = z— and z+ = u~. By using P4 and P1, we can
assert that < (u™,u™,z%) and < (z7, 2", u") cannot
be satisfied. Hence, u|z and x|u are not satisfied.

e (A3) Let us prove the satisfaction of Axiom A3. Let
u, v, w, T, Yy, 2 € L satisfying u|v, w|z, y|z, ~u|z, ~w|v,
—ulz, —ylv, ~w|z, —y|z. From the satisfaction of u|v
(resp. w|x and y|z), it follows that ut = v~ (resp.
wt = 27 and yT = z7). Let!l (resp. m and n) the
point defined by | = vt = v~ (resp. m = wt = 2~
and n = y* = z7). Suppose that | = m. the equal-
ity ut = v~ = wt = 27 is satisfied. Since w|z is
true, we can deduce that < (w™,z~,z7") is also satis-
fied. Consequently, w™~ and 2™ are distinct points. Let us
consider the three points u ™, w™, . From P3, we can
assert that only four cases are possible: ©~ = w™ is satis-
fied, v~ = x1 is satisfied, < (w™, xt, u™~) is satisfied, or
=< (w™,u”,zT) is satisfied. By using, P2, P3 and P4,
we obtain for every case a contradiction:

- u~ = w~ is satisfied. As w|z is satisified, <
(u=,z~,x") is also satisfied. Recall that u™ = z~.
It follows that u|x is satisfied. There is a contradiction.
- u~ = z7 is satisfied. As u|v and w|x are satisfied, we
canassertthat < (u™,v™,v")and < (w™,z~,z") are
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satisfied. Hence, < (z*,v7,v") and < (w™,v~,z™)
are also satisfied. By using P4, we can deduce that <
(v7,vT,zt) and < (v, 21, w™) are satisfied. From
P2 it follows that < (v™,vT,w™) is also satisfied.
From P4 follows the satisfaction of < (w™,v™,v™).
Moreover, we have the equality wt = v~. Conse-
quently, w|v is satisfied. There is a contradiction.

- < (w™,z%,u”) is satisfied. From P4, we obtain the
satisfaction of < (z%,u™,w™). As w|z is satisfied,
we deduce that < (w™, 2, 2™) is satisfied. Hence, <
(xzt,w™,z7) is also satisfied (P4). From P2, we can
assert that < (z7,u~,x7) is satisfied. From P4, <
(u™,z~,x") is satisfied. As z~ = u™ is satisfied, we
can assert that u|x is satisfied. There is a contradiction.

- < (w™,u",z") is satisfied. Hence, v~ and z™" are
distinct points. Moreover, we know that u™ and 2™ are
distinct points from the fact that = and u™ are equal.
From P3, < (u™,z%,z7) or < (u™,z~,z") is satis-
fied. Suppose that < (u™,x~,z™") is satisfied. Since
we have the equality u™ = x~, u|z is satisfied. There
is a contradiction. It results that < (u™, ", z~) must
be satisfied. From the satisfaction of < (w™,u™,z™)
and P4, we deduce that < (uv~, 2", w™) is satisfied.
From the satisfaction of w|z and from P4, we can as-
sert that < (27,2, w™) is satisfied. < (u™, 2T, 27)
is satisfied, hence, from P4 we can deduce that <
(u™,zT,x7) is satisfied. From P4, we obtain the sat-
isfaction of < (z~,u~,z™). From P2, it results that
=< (z7,u”,w™) is satisfied. Hence, < (v, u™,w™)
is satisfied. From the satisfaction of u|v and from P4
it follows that < (u™,v™,u™) is satisfied. From P2
we can assert that < (u™, v, w™) is satisfied. In con-
sequence, < (w™,v",w™) is satisfied. Hence, from
P4, < (w™,wt,v") is satisfied. It results that w]|v is
satisfied. There is a contradiction.

Consequently, we can assert that [ # m. In a similar way,
we can prove that [ # n and m # n. Now, we know that
[, m,n are distinct points. From P3, we can just examine
two cases:

- =< (I, m,n) is satisfied. Letr = (n,1), s = (I,m) and
t = (m,n). We have r|s|t|r which is satisfied. Sup-
pose that u|s is falsified. It follows that < (u ™, 1, m) is
also falsified. As [ is different from «~ and m, we have
u~ =mor < (u~,m,l) which is satisfied.

* Suppose that 4~ = m is satisfied. Since u|v is satis-
fied, it follows that < (u™,u™, v") is satisfied. Con-
sequently, < (m,[,v™) is true. From P4, it follows
that < (I,v™,m) is satisfied. From all this, the sat-
isfaction of < (I,m,n) and P2, we can assert that
=< (I,v%,n) is satisfied. From P4, we deduce that
=< (n,l,vT) is satisfied. Asl = v~, r|v is satisfied.

% Suppose that < (u~,m, 1) is satisfied. From P4, it
follows that < (I,u~,m) is satisfied. From all this,
the satisfaction of < (I, m,n) and P2, we can assert
that < (I,u™,n) is satisfied. As ulv is satisfied, we
can deduce that < (u~,u™,v™") is satisfied. Conse-
quently, < (u~,l,v") is also satisfied. From P4, it
results that < ({,v",u™) is satisfied. From all this



and the satisfaction of < (I,u~,n), we can deduce
that < (I,v™,n) is satisfied. By using P4, we obtain
the satisfaction of < (n,l,v"). Asl = v™, we deduce
that r|v is satisfied.
It results that u|s or r|v is satisfied. Hence, X(u, v, , s)
is satisfied. With a similar line of reasoning, we can
prove that X(w, z, s,t) and X(y, 2, t, r) are satisfied.

- < (I,n,m) is satisfied. Letr = (m,l), s = (I,n)
and ¢ = (n, m). We have r|s|t|r which is satisfied. In a
similar way, we can prove that X(u, v, r, s), X(y, 2, 8, t)
and X(w, z, t,r) are satisfied.

e For Axioms A4-A5-A6-A7-A8, the proofs can be found
in the annex.

O

Categoricity of CycZnt

In this section, we establish the fact that the countable mod-
els satisfying the CycZnt axioms are isomorphic. In order to
prove this property, let us show that for every cyclic interval
there exist two unique “endpoints”.

Proposition 3 Ler M = (Z,|) a model of CycInt. Let
(P, <) be the structure CycPoint(M). For every u € T
there exist L, U, € P such that :

1. Jv € T such that (v,u) € L,
2. Jw € T such that (u,w) € U,

3. L, (resp. U,) is the unique element of P satisfying (1.)
(resp. (2.)),
4. L, # U,.

Proof From Axiom A6, we can assert that there exist
v, w € T such that u|w|v|u is satisfied. Consequently, u|w
and v|u are satisfied. By defining L, by L, = wu and
U, by U, = uw, the properties (1) and (2) are satisfied.
Now, let us prove that the property (3) is satisfied. Suppose
that there exists L], such that there exists z € Z with
(z,u) € L. We have (v,u) = (x,u). It follows that
L, = L!,. Now, suppose that there exists U}, such that there
exists y € Z with (u,y) € U),. We have (u,w) = (u,y). It
follows that U,, = U,. Hence, we can assert that property
(3) is true. Now, suppose that L,, = U,. It follows that
(v,u) = (u,w). As aresult, v|w or u|u is satisfied. We
know that | is an irreflexive relation. Moreover, from Axiom
A8 we can assert that v|w cannot be satisfied. It results
that there is a contradiction. Hence, L., and U, are distinct
elements. O

From an initial model of CycZnt, we have seen that
we can define a cyclic ordering. Moreover, from this cyclic
ordering we can generate a cyclic interval model. We are
going to show that this generated cyclic interval model is
isomorphic to the initial cyclic interval model.

Proposition 4 Let M = (Z,|) a model of the CycInt ax-
ioms. M is isomorphic to (Z',|") = Cyclnt(CycPoint(M)).

Proof Let f be the mapping from Z onto Z’ defined by
fu) = (Ly,Uy), ie. f(u) = (vu,uw) for any v,w € T

satisfying v|u and u|w. Let us show that f is a one-to-one
mapping. Let (uv,wz) € Z'. We have u|v and w|x which
are satisfied and u|x and w|v which are falsified (in the con-
trary case we would have uv = wz). From A4, it fol-
lows that there exist y, z,t satisfying y|z|t|y, X(y, z, w, x)
and X(t,y,u,v). Note that L, = ty = wo and U, =
yz = wx. Consequently, there exists y € Z such that
f(y) = (uv,wz). Now, suppose that there exist u,v € T
such that f(u) = f(v). Suppose that f(u) = (wu, uz) and
f(v) = (yv,vz). We have wu = yv and uz = vz. It
follows that (w,u) = (y,v) and (u,z) = (v, z). From all
this, we have w|u, y|v, u|z and v|z which are satisfied. Four
possible situations must be considered:

e w|v and u|z are satisfied. It follows that w|v|z and w|u|z
are satisfied.

e w|v and v|z are satisfied. It follows that w|v|z and w|u|z
are satisfied.

e yl|u and u|z are satisfied. It follows that y|v|z and y|u|z
are satisfied.

e ylu and v|x are satisfied. It follows that y|v|z and y|u|z
are satisfied.

For each case, by using A7, we can deduce the equality u =
v. Consequently, f is a one-to-one mapping.

Now, let us show that u|v if, and only if, f(u)|’ f(v). We will
denote f(u) by (wu, uz) and f(v) by (yv,vz). Suppose that
u|v is satisfied. It follows that (u,z) = (y,v), hence, ux =
yo. For this reason, f(u)|’ f(v) is satisfied. Now, suppose
that f(u)|'f(v) is satisfied. It follows that < (wu, uZ, vz)
and ux = Yo are satisfied. Hence, there existr, s, € Z such
that r|s|t|r, Ts = wu, st = uz and tr = vz are satisfied.
From the equalities 7s = wu and st = uT, we can assert
that u|z, s|t, r|s and w|u are satisfied. Moreover, one of the
following cases is satisfied:

e r|u and u|t are satisfied. It follows that r|u|t and r|s|t are
satisfied.

e r|u and s|z are satisfied. It follows that r|s|x and r|u|z
are satisfied.

e w|s and u|t are satisfied. It follows that w|u|t and w|s|t
are satisfied.

e wls and s|x are satisfied. It follows that w|s|z and w|u|z
are satisfied.

For each case, from A7, we can deduce the equality u = s.
From the equalities st = 7o and tr = vz, we can deduce
that s|t, y|v, t|r and v|z are satisfied. Moreover, one of the
following cases is satisfied:

e s|v and t|z are satisfied. It follows that s|t|z and s|v|z are
satisfied.

e s|v and v|r are satisfied. It follows that s|v|r and s|t|r are
satisfied.

e y|t and t|z are satisfied. It follows that y|t|z and y|v|z are
satisfied.

e y|t and v|r are satisfied. It follows that y|¢|r and y|v|r are
satisfied.
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For each case, from Axiom A7, we can deduce that v = ¢.
Hence, we have the equalities u = s and v = t. We can
conclude that u|v is satisfied. O

Now, let us show that two cyclic interval models gen-
erated by two countable cyclic orderings are isomorphic.

Proposition 5 Let (P, <) and (P’,<’) be two cyclic or-
derings with P and P’ two countable sets of points.
Cyclnt((P, <)) and CycInt((P’, <")) are isomorphic.

Proof Let (Z,|) and (Z',|") be defined by CycInt((P, <))
and CycInt((P’, <’)). We know that (P, <) and (P’,<’)
are isomorphic (Balbiani, Condotta, & Ligozat 2002).
Let g be an isomorphism from (P,<) to (P/,<’).
Let h be the mapping from Z onto Z’ defined by
h((l,m)) = (g(l),g(m)). First, let us show that
(9(1),g(m)) € Z'. As (I,m) € Z, there exists n € P
satisfying < (I, m, n). It follows that <" (g(1), g(m), g(n))
is satisfied. It results that (g(I),g(m)) € ZI'. Now,
let us show that for every (I,m) € Z', there exists
(n,0) € Z such that h((n,0)) = (I,m). We can define
nand o by n = ¢ 1(l) and 0 = g~ !'(m). Indeed,
hg~'(1),97 (m)) = (9(g7'(1)),9(g"(m))) = (I,m).
Now, let (I, m), (n,0) € Z such that h((I,m)) = h((n,0)).
It follows that g(I) = g(n) and g(m) = g(o0). There-
fore, we have | = n and m = o. Hence, we obtain
the equality (I,m) = (n,o0). Finally, let us show that
for all (I,m),(n,0) € Z, (I,m)|(n,o0) is satisfied iff
h((l,m))|"h((n,0)) is satisfied. (I,m)|(n,o0) is satisfied iff
=< (I,m,0) and m = n are satisfied. Hence, (I,m)|(n,0)
is satisfied iff <" (g(I), g(m), g(0)) and g(m) = g(n) are
satisfied. For these reasons, we can assert that (I, m)|(n, o)
is satisfied iff h((l,m))|’h((n,0)) is satisfied. We can
conclude that A is an isomorphism. (|

In the sequel, (Q,~<) will correspond to the cyclic or-
dering on the set of rational numbers Q, defined by
< (r,y,2)iffr<y<zory<z<zorz<zx<y,with
z,y,2 € Q and < the usual linear order on Q. It is time to

M=(Z,|)

Cyclnt((Q, <)) -~ CyclInt(CycPoint((Z, |)))
A \
\ |

(Q,<) - CycPoint((Z, |))

Figure 6: Every countable model of CycZnt (Z,|) is isomor-
phic to Cyclnt((Q, <)).

establish the main result of this section.

Theorem 3 The theory axiomatized by CycInt is No—
categorical. Moreover, its countable models are isomorphic

112

to Cyclnt((Q, <)).

Proof Let M a model of CycZInt. M is isomorphic to
CyclInt(CycPoint(M)). Cyclnt(CycPoint(M)) is isomor-
phic to Cyclnt((Q, <)). By composing the isomorphisms,
we have Cyclnt((Q, <)) which is isomorphic to M. O

As a direct consequence of this theorem we have that
the set of the theorems of CycZnt is syntactically complete
and decidable.

Application to constraint networks

Balbiani and Osmani (Balbiani & Osmani 2000) use con-
straint networks to represent the qualitative information
about cyclic intervals. A network is defined as a pair (V, C),
where V' is a set of variables representing cyclic intervals
and C is a map which, to each pair of variables (V;, Vj) as-
sociates a subset C;; of the set of all sixteen basic relations.
The main problem in this context is the consistency prob-
lem, which consists in determining whether the network has
a so-called solution: a solution is a map m from the set of
variables V; to the set of cyclic intervals in C such that all
constraints are satisfied. The constraint C;; is satisfied if
and only if, denoting by m; and m; the images of V; and V;
respectively, the cyclic interval m; is in one of the relations
in the set C;; with respect to m; (the set C;; is consequently
given a disjunctive interpretation in terms of constraints).

{ppi, mi} @
{m, mz‘}\ o}
(o)

Figure 7: A constraint network on cyclic intervals.

A first interesting point is the fact that the axiomatization
we have obtained allows us to check the consistency of a
constraint network on cyclic intervals by using a theorem
prover. Indeed, the procedure goes as follows: First, trans-
late the network (V,C') into an equivalent logical formula
®. Then, test the validity of the formula (or its validity in a
specific model) by using the CycInt axiomatization.

As an example, consider the constraint network in
Figure 7. The corresponding formula is ® =
(Fu1,v2,v3)  ((v1 ppi va V v1 mi va) A (v1 m vz V
vy mivs) A (v 0v3)).

In order to show that this network is consistent, we would
have to prove that this formula is valid with respect to
CyclInt, or satisfiable for a model such as C. In order to
show inconsistency, we have to consider the negation of .

Usually a local constraint propagation method, called the
path-consistency method, is used to solve this kind of con-
straint network. The method # consists in removing from

“In the case of cyclic interval networks, the path-consistency



each constraint Cj; all relations which are not compatible
with the constraints in Cj;, and Cy;, for all 3-tuples i, j, k.
This is accomplished by using the composition table of the
cyclic interval calculus which, for each pair (a, b) of basic
relations, gives the composition of a with b, that is the set
of all basic relations ¢ such that there exists a configura-
tion of three cyclic intervals u, v, w with v a v, v b w and
u ¢ w. For instance, the composition of m with d consists
in the relation pp:.The composition table of the cyclic in-
terval calculus can be automatically computed by using our
axiomatization. Indeed, in order to decide whether ¢ be-
longs to the composition of a with b, it suffices to prove
that the formula (Ju,v,w) (uavAvbwAucuw)is
valid. In order to prove that, conversely, ¢ does not belong
to this composition, one has to consider the negated formula
=(Fu,v,w) (wavAvbwAucuw).

Conclusions and further work

We have shown in in paper how the theory of cyclic order-
ings, on the one hand, and the theory of cyclic intervals, on
the other hand, can be related. We proposed a set of axioms
for cyclic intervals and showed that each countable model
is isomorphic to the model based on cyclic intervals on the
rational circle. Determining whether the first order theory of
the meets relation between cyclic orderings admits the elim-
ination of quantifiers is to our knowledge an open problem
we are currently examining. Another question is whether the
axioms of the CycInt theory are independent. Still another
interesting direction of research is the study of finite mod-
els of cyclic intervals. To this end, we will have to consider
discrete cyclic orderings (which consequently do not satisfy
axiom PS5). This could lead to efficient methods for solving
the consistency problem for cyclic interval networks: Since
these involve only a finite number of variables, they should
prove accessible to the use of finite models.

Annex

Proof (End of proof of Theorem 1)

o Vuu,WT,yz € P, U0 # WT N WT # YZ A\NU0 # §Z —
< (w,wz,yz)V < (w,yz, wzr) (P3)

Let wo,wz,yz € P satisfying uv # WT, Wx # Yz
and wv # yz. From the definitions of P and = we can

—wy|z are satisfied. From Axiom A3 we can deduce
that there exist r,s,t satisfying r|s|t|r and such that
X(U,U,T,S), X(w,x,&t), X(y,Z,t,’l’) or X(U,U,’I’, 5)’
X(w, z,t,7), X(y, 2, s,t) are satisfied. From all this, we
can conclude that < (uv,wz,yz)V < (uv,yz,wT) is
satisfied.

o VYuu,wz,yz € P, < (uv,wz,Yz) <> < (W, yz,uv) <
< (yz,uv,wz) (P4)

method is not complete even for atomic networks: path-consistency
does not insure consistency.

Let wo,wz,yz € P satisfying < (uv,wz,yz). From
the definition of <, we have u|v, w|z and y|z which are

, TS = uv,
st = wz and tr = yz. By rotation, we can assert
that s|t|r|s is also satisfied. From this, we can deduce
that < (wz,yz,uv) is satisfied. In a similar way, we
can prove that < (wz,yz,uv) —< (yz,uv,wz) and
< (yz,uv,wx) =< (uv, wz,yz) are satisfied.

o Vuv,wz € P,uv # wr — ((Iyz € P, = (0,07, yz))
A (3rs € P, < (uv, 75, wz))) (P5)

Let wo,wxz € P such that o # wz. From the
definition of P and the one of the relation = we can
—ulx and —w|v are satisfied.
From Axiom A4 we deduce that there exist y,z,t
such that ylz|tly A X(y,z,w,xz) A X(t,y,u,v))
is satisfied and that there exist ¢,7,s such that
qlrlslg A X(g,r,u,v) A X(s,q,w,x)) is satisfied.
Consequently, there exists y, z, ¢ such that < (7z, 2t, ty),
Yz = wz, ty = uv are satisfied and there exist
q,r,s such that < (qr,75,3q), gr = uv, 3¢ = WT
are satisfied. Hence, there exists 2 € P such that
< (wz, 2t,uv) is satisfied , and there exists 75 € P such
that < (uv,7s,wz) is satisfied. From C3 we can con-
clude that there exists zt € P satisfying < (uv, wz, 2t),
and that there exists 75 € P satisfying < (uv, 7's, Wx).

e Juv,wz € P, uv # wz. (P6)

From Axiom A6 we can assert that there exist u,v,w
satisfying u|v|w|u. Hence, there exist uwv, vw,wu € P
such that < (uv,vw,wu) is satisfied. From P1 we
deduce that wv and vw are distinct classes.

O
Proof (End of proof of Theorem 2)

e (A4) Let u,v,w,x € T satisfying u|v, w|z, —ulz, and
—wlv. < (u,ut,vt), < (w™,wt,zt) withu™ = v~
and wt = z~ are satisified. Let [ and m defined by | =
ut = v~ and m = wt = x~. Suppose that | = m.
As < (u™,uT,v") and < (w™,wt,z") are satisfied,
we have < (u™,l,v%) and < (w™,l,2T) which are also
satisfied. Hence, we have u~ # [ and T # [. From P3,
we can just consider three cases: u~ = x7 is satisfied, <
(u™,l,27T) is satisfied, or < (u™, ™", 1) is satisfied. From
P2 and P4, we can deduce a contradiction for every case.
We can assert that [ # m. From P5, we can deduce
there exist n, o € P satisfying < (I, m,n) and < (I, 0,n).
Let us define three cyclic intervals y, z,t by y = (I,m),

= (m,n) and t = (n,l). From the satisfaction of <
(l m,n) and P4, we can deduce that y|z|t|y i 1s satisfied.
Let us suppose that y\z is not satisfied. As y™ x,
it follows that < (y~,y™,z™") is not satisfied. We have
y~ #yT and yt # 2+, From P3, it follows that y~ =
xt or < (y~,zT,yT) is satisfied. Let us examine these
two possible cases.
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~ = 27 is satisfied. It follows that x+ = | =

+ = »~. From the satisfaction of w|x, we have <
(w™,w*, zT) which is satisfied, with w™ = z~. Since
< (I,m,n) is satisfied, < (x*,w™,n) is also satis-
fied. From P4, we can deduce that < (w™, 2z, w™)
and < (w™t, n,z™) are satisfied. From P2 follows that
=< (w¥,n,w™) is satisfied. Hence, from P4, we obtain
the satisfaction of < (w™,w*,n). Aswt = m, w|z is
satisfied.

- < (y~,zT,y") is satisfied. Hence, < (I,z7,w™) is
satisfied. As < (I,m,n) is satisfied, < (I,w™,n) is
also satisfied. From P4, it follows that < (w™,n,!)
and < (w',l,zT) are satisfied. From P2, we can de-
duce that < (w™,n,z™) is satisfied. As w|z is sat-
isfied, < (w™,w™,zT) is satisfied, with w™ = z~.
From P4, we have < (w™, 2%, w™) which is satisfied.
From P2, we deduce that < (w™*,n,w™) is satisfied.
From P4, it follows that < (w™,w™,n) is satisfied.
We have w™ = m. It results that w|z is satisfied.

-y
U

Hence, X(y, z, w, x) is satisfied. In a similar way, we can
prove that X(¢,y, u, v) is satisfied. By defining y, z,t by
y = (m,l), z= (l,0) and t = (0, m), we can also prove
that X(y, z, u, v) and X(¢,y, w, ) are satisfied.

e (A5) Let u,v,w,z € T satisfying u|w|z|v|u. We have

the following equalities: v+ = w™, w =27, 2t = v~
and vT = wu~. Let us define I; (resp. lo, I3 and I4) by
li=ut=w" (rtesp. o =wt =27,l3 =27 =v~ and
l4 = vT = u™). Consider the pair y = (I1,13). As w|z is
satisfied, we can deduce the satisfaction of < (I1,12,13).
Hence, we can assert that [; # 3. From PS5, it follows
that there exists [ satisfying < (l1,13,1). It results that
y = (I1,13) belongs to Z.
Suppose that uly is not satisfied. Since u* = Iy, <
(u™,l1,13) is not satisfied. «~ and [y are distinct points
and, /; and [3 are also distinct points. From the sat-
isfaction of v|u, we can deduce that < (l3,u™,u™) is
satisfied. It follows that [3 # u~. Consequently, Ax-
iom P3 and the non satisfaction of u|y allow us to as-
sert that < (u™,l3,l;) is satisfied. As v|u is satisfied,
=< (I3,u™,1) is also satisfied. From P4 and from P2, it
follows that < (I3, u~,u™) is satisfied. From Axiom P1,
it results a contradiction. In consequence, u|y is satisfied.
With a similar line of reasoning, by supposing that y|v is
not satisfied, we obtain a contradiction. Hence, u|y|v|u is
satisfied.

e (A6) From P6, we can deduce that there exist [,m € P
such that [ # m. From P35, it follows that there exists n
satisfying < (I,m,n). Let u = (I,m), we have u € Z
and u = u. Now, let us prove the second part of the
axiom. Let u = ([,m) € Z. By definition of Z, there
exists n € P such that < (I,m,n). Let v = (m,n) and
w = (n,l). From P4, < (m,n,l) and < (n,l,m) are
satisfied. From all this, we deduce that u|v, v|w and w|u
are satisfied.

e (A7) Let u,v,w,z € 7 satisfying w|u|z and w|v|z. The
following equalities are satisfied: wt = u~, ut = 27,
wt = v7, vt = z7. It follows that (v",u™) =
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(v™,v™"). Consequently, we can assert that u = v. Let
u,v € T such that u = v. We know that u~ # u™.
From P35, it follows that there exists [ € P satisfying
< (u,ut,l). Letw = (l,u”) and z = (u™,l). From
P4, we deduce that < (I,u~,u") is satisfied. From all
this, we can assert that w, z € 7 and that w|u and u|z are
satisfied. Since (u™,u™) = (v™,v™), we can assert that
wlv|z is satisfied.

e (A8) Let u,v,w € T satisfying u|v|w. It follows that

ut = v~ and vT = w~. Moreover, as < (u™,v~,vT) is
satisfied, we have v~ # v™. In consequence, ut # w™.
Hence, we can assert that u|w is not satisfied.

O
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Abstract. To offer a generic framework which groups together several interval algebra generalizations, we
simply define a generalized interval as a tuple of intervals. An atomic relation between two generalized intervals
is a matrix of atomic relations of Interval Algebra. After introducing the generalized relations we focus on the
consistency problem of generalized constraint networks and we present sets of generalized relations for which this
problem is tractable, in particular the set of the strongly-preconvex relations.

Keywords: temporal and spatial qualitative reasoning, interval algebra, generalized intervals, constraint
networks, complexity, preconvexity

1. Introduction

The field of temporal representation and reasoning has been a central research topic in
Artificial Intelligence since many years. It has been studied in many areas such as natural
language understanding, specification and verification of programs and systems, temporal
databases, scheduling, etc.

The framework proposed by Allen [1, 2], called Interval Algebra (IA), is one of the
best-known models for qualitative reasoning about temporal data. Allen takes intervals as
primitive temporal entities and considers 13 atomic relations between these intervals
(Figure 1). To represent temporal information about several intervals he uses constraint
networks whose constraints are defined by subsets of the 13 atomic relations. He proposes
a variant of the well-known constraint-propagation algorithm, the path-consistency
algorithm [17, 18], to reason with these temporal networks.

For some particular applications, Allen’s framework seems to be much restrictive. In
consequence IA was generalized in numerous ways and more specifically at the level of
the basic entities considered. Notably, many formalisms [5, 13, 16, 19] consider tuples of
intervals satisfying particular atomic relations of IA as basic entities instead of simple
convex intervals.

To represent interrupted events like system processes or system tasks, Ladkin [13] and
Khatib et al. [11, 12, 19] take tuples of non-overlapping intervals x;, ..., x,, as temporal
entities. In such tuples, an interval x; and the following interval x;,; satisfy the atomic
relation “precedes”. For illustration, in the following picture is represented a Ladkin’s
3-interval:

T Z2 L3
P — 1 1
Ligozat [16] defines a generalized p-interval as a tuple of p — 1 intervals x,,...,x,_,

such that x; satisfies with x;, | the atomic relation “meets”. With these temporal entities
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Relation | Symbol|Reverse| Meaning

X
precedes b bi T’ Y
meets m mi T‘ Y
overlaps o oi 'X—i Y
starts ] si — vy .
during d di . yH—
finishes f fi y —
equals eq eq 'Y#*

Figure 1. The set A;, of the basic relations between intervals.

we can represent activities characterized by a sequence of important events. Here is an
example of a Ligozat’s 4-interval:

1 T2 T3

The n-blocks [5, 10] are the blocks of the Euclidean space of dimension » whose sides
are parallel to the axes of some orthogonal base. A n-block is characterized by its n
projections onto the n axes. An example of a 3-block follows:

T
) 3

z1

Although the projections of a n-block are on distinct axes, we can represent them on a
same line. Hence, a n-block can be represented by a n-tuple of intervals xy, . . ., x,,. Unlike
the previous two cases, every pair (x;, x;) can satisfy any IA atomic relation. In these three
extensions of IA, the qualitative relations can be defined by constraints between the
components of tuples expressible by IA relations.

We define a framework subsuming all these formalisms by introducing generalized
intervals. This representation enables us to reason with qualitative constraints on
generalized intervals still more “general”. Actually, we define a generalized interval as
a p-tuple of intervals xi, ..., x, of the real line. We do not impose constraints between
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intervals forming the tuple. This definition is very general and includes the definitions of
the generalized intervals previously cited. An atomic relation between two generalized
intervals will be characterized by a matrix of IA atomic relations. A relation is a subset of
atomic relations. Like Allen, to represent information between generalized intervals we
use constraint networks.

The relation defining the constraint between a variable and itself allows to constrain the
structure of the generalized interval represented by the variable. Thus, we can force a
variable to represent a generalized interval in the sense of Ligozat or Ladkin for example.
We can imagine more complicated structures of generalized interval. Let us suppose a
system in which exist processes. Each process is realized in three steps S1, S2 and S3
respecting the following ordering constraints:

— Step S2 starts after the beginning of Step S1,
— if Step S2 terminates before the end of S1 then S3 starts after the end of S1, else Step S3
is during Step SI.

These constraints cannot be expressed by a constraint network of the interval algebra.
But, as we will see in Subsection 3.3, we can easily define a generalized network whose
variables represent such particular processes, i.e. three convex intervals representing the
three steps and respecting the ordering constraints given above. This simple example
illustrates the strong power of expression of our formalism.

Given a generalized constraint network, the main problem is to know whether it is con-
sistent, i.e., whether the information represented by the network is coherent. In general,
this problem is a NP-complete problem. By considering the convexity and the precon-
vexity — both notions introduced respectively by Nokel [22] and by Ligozat [14] for
IA — we characterize tractable subsets of generalized relations: the convex generalized
relations and the strongly-preconvex generalized relations. We prove that for these sets the
closure method and the weak closure method — methods respectively similar to the path-
consistency method and the weak path-consistency method — are complete. This path-
consistency method was introduced in the frame of the Rectangle Algebra [4] which
corresponds to the n-block algebra for n = 2. In the following section we define the
generalized intervals and the relations we consider between these entities. Section 3 is
devoted to the generalized constraint networks. In Section 4 we define the convex
generalized relations and the weakly-preconvex generalized relations which are respec-
tively characterized by means of convexity and preconvexity. In Section 5 we prove that
convex generalized relations is a tractable set whereas, contrary to the interval algebra case,
weak-preconvexity leads to an intractable set. In Section 6 we define the strongly-
preconvex generalized relations and prove its tractability. Section 7 concludes with some
suggestions for further work.

2. The Generalized Interval Algebra
2.1. The Generalized Intervals and Relations

We define a generalized interval X to dimension p (with p > 0), called a p-interval, as a
tuple of intervals xy, . . ., x,, of the real line. We do not fix p, consequently, we can consider
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several generalized intervals with different dimensions at the same time. Moreover, we
do not assume that the intervals in a generalized interval are in particular. Our definition
is very general and as we will see later allows us to represent objects like the Ladkin’s
generalized intervals [13, 19], the Ligozat’s generalized intervals [16] and the rectangles of
the rectangle algebra or more generally the n-blocks of the n-block algebra [3—5]. These
objects are tuples of intervals satisfying specific constraints expressible with Allen’s
relations. Given a set W, M(W), ., will denote the set of p x g matrices over the elements
of W. A,,; will correspond to the 13 basic relations of IA. The set of the atomic relations
between a p-interval and a g-interval, A, 4, is defined by the set of the matrices p x g of
the A atomic relations:

-ApAq = {A A€ M(Aint)pxq}'

In the sequel we will denote the atomic relations by the capital letters 4, B, C, etc.
Let X be a p-interval, Ya g-interval and 4 € A, ,, X and Y satisfy 4, denoted by X 4 ¥,
ifftvV;el,...,pandV; € 1,..., q, x; 45 y;. A p-interval and a g-interval satisfy one, and
only one, atomic relation from A4, ,.

Example 1. As an illustration, in the following figure are represented a 2-interval X =
(x1, x») and a 3-interval Y = (y1, y2, 13):

| Y3 I1 Y2 | | Y1 z2
} } } } | } =

b . b eq bi bi
Wehave X (. 7 %)y, x (¥ X, Y| b e bil7Y.
oi bi bi bi eq
b b eq

Let us remark that there exist generalized atomic relations which can be never satisfied.
For instance no pair of 2-intervals X = (x;, x,) and Y = ()4, y,) can satisfy the atomic

relation ( I[)) %) Indeed, let us assume that the 2-intervals X and Y satisfy this atomic
i

relation, we have x; b y; and x; bi y», it follows that the interval y, is before y;. Moreover,
X, bi y; and x, b y,, consequently y; is before y,. There is a contradiction, X and Y cannot
satisfy such a generalized atomic relation.

The set of relations considered between a p-interval and a g-interval in the generalized
interval algebra is the power set of A, 4, i.e. 244, We will denote the relation by the capital
letters R, S, 7, efc. Given a relation R € 244, a p-interval X and a g-interval ¥, X and Y
satisfy R iff there exists 4 € R such that X 4 Y. A relation R can be seen as the disjunction
of its atomic relations.

Example 2. The 2-interval X and the 3-interval Y previously represented in example 1
satisfy the following relation of 2423

bi m m b m oi eq m eq
oi si bi)’\oi bi bi)’\oi s s )|
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Let a matrix M € M (2-4) xq D€ given, we will denote [ M the relation of 24« defined
by:

[[M=f4ecA,:45eM1<i<pand1<;<q}.

Example 3. ] ({?br;z} {{Sblo}}> is the following relation of 242:

G566 N6}

Consider a relation R € 2%« . We define R 1 with 1 <i < pand 1< j<g, by
the interval relation: R); = {4 € A, : 3B € R, B; = A}, and R| by the matrix of
M (2Am )pxq defined by (R)); = Ry;. Ry;; will be called the projection of R w.r:t. i and j.

Definition 1 Let R be a generalized relation. R is a saturated relation iff R = [[R).

. b b m b o b
Ay P
Example 4. Let R be the relation of 2722 defined by: R {( bi s >, <bi P >, <bi p ),

(2 20 205 prssmmsssomn(B? )

Now, let us consider S € 2412 defined by: S = {(b 0), (m b)}. S is not saturated since
it is not equal to [] ({b, m} {o, b}).

We can easily prove the following proposition:

Proposition 1 Let R, § € 244

@R C TR,
(b)if R € Sthen R|;; € Sy, with 1 <i<pandl1 < j<gq

Proof:

(a) Let 4 € R. 4;; € R};; we deduce that 4 € [] R| because R;; = (R)),.
(b) Let 4 € R|;;. There exists B € R such that B; = 4. Since R € S we have B € S.
We deduce that 4 € S);;. |

2.2. The Fundamental Operations

The fundamental operations, intersection (M), union (U), weak composition (®) and
inverse (7') are defined on the set of the generalized relations. The binary operations
intersection and union are two operations from 2« x 24« onto 2%« and are the usual
homonymous set operations. The unary operation inverse is an operation from 2% onto
244 defined from this one of IA (see Figure 1) :
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Definition 2
~Letde A, A" =BwithBe A, and B; =4;', 1 <i<pand 1< j<q.
—LetRe2* R '={4":4€cR}.

We can note that for each atomic relation A4 and for each relation R, (4~")™' = 4
and (R™")"" = R. The weak composition is an operation from 24 x 24 and 2. We
define it from the interval algebra composition (denoted by the symbol o):

Definition 3 Let R € 2*%¢ and S € 24, R © § = [[ M, with M € M(24"),  and V; €
1,... , D andj cl,...,r M’j = nlgkgq{Rlik o SUV'}'

Example 5. Let R and S be two relations of 222 defined by:

{0 o) ()=o)
ROSs equaltoﬂ(% %) - {(Z £>}

These fundamental operations satisfy the following properties:

Property 1 Let two generalized interval X, Y and two generalized relations R and S be.
We have:

—-XRNSYiff XRYand XS Y,

- XRUSYiff XRYorXSY,

- XR'YiffYRX,

—IfdZsuachas XRZandZS Ythen XRO S Y.

Contrary to the composition in IA and more generally contrary to the usual composition, the
converse of this last property is not true for the operation of weak composition which we
define. This is why we use the term “weak” to qualify this composition. Consider the
following example:

Example 6. Let R € 241 and S € 241> defined by: R = {(b)} and S = {(b eq)}. We have
R ® S = {(b b)}. Now by considering the two generalized intervals x = (x;) and y =
(¥1, »») in the following figure:

I Y1

it is easy to see that there does not exist a generalized interval z = (z,) satisfying with y the
relation {(b eq)} since y; and y, are two equal intervals.

We will see in the sequel that this lost of equivalence does not matter, just the converse
implication is essential. For the saturated generalized relations we can prove the following
proposition:
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Proposition 2 Let R, S € 2% be two saturated relations.

(@ R™" =TI M, with M € M(24),  andV; € 1,...,pandj € l,..., q My = (R,
B)RNS=]] M, withM € M(ZA"’")qu. andV;€1,...,pandje€l,..., q My=R ;N
S|

Proof:

(@Letdec R AsdA'eRV,el,...,pandV, € 1,...,q,(4,)"" € R;. Hence 4, €
(R~ '; it follows that 4 € [[ M. Let 4 € [[ M. 4;; € (R};)”", therefore (4,)~"' € R,
and (47 "); € Ry It follows that 4" € [[R|. Since R=][ R, 4" € Rand 4 € R™".

(b)Let A € RN S, 4 € Rand 4 € S, consequently 4; € Rj;; N Sy, This implies that
Ac[[MLetdec[[M A;€R ;NS , therefore A4; € R|; and 4; € S;;. Hence,
A€l R and 4 € [ S|. As R and S are saturated we deduce that 4 € R and
4 €8S n

In [15] Ligozat defines the operation of dimension onto relations of IA. He represents
an interval x = (x_, x") in the real Euclidean plane by a point of coordinates (x, x™).
Given a point (x;,x;) representing a reference interval x,, an atomic relation 4 of Ay,
is represented by the region: {(y,y") € R*: (y,y") 4 (xg,xg)}. The resulting regions
are: a point (for eq), some semi-lines (for m, mi, f, fi, s, si) and regions of dimension 2
(for b, bi, d, di, o, oi), see Figure 2. Given a relation R of 24 the region corresponding
to R is the union of regions representing the atomic relations. The dimension of A4,
denoted by dim(A), is the dimension of the region representing it (see Figure 3). Given
a relation R € 24 dim(R) = max{dim(4) : A € R}. We define the dimension of a
generalized relation in the following way:

)
©)
Io 'ara )
® O
® = @
&
Ty —
®
-’;5 1;0

Figure 2. Geometric representation of A;,.
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Atomic Relation | bbiooiddi | mmissiffi|eq
Dimension 2 1 0

Figure 3. The dimensions of the basic relations of A;,.

Definition 4 Let A € A,, and R € 2% Then:

= dim(4) = 3 1<i<p<j<q dim(dy),
— dim(R) = max{dim(A) : A € R}.

Example 7. For illustration, we have dim m o b =9 whereasdim ([ ° b
eq d b eq si o

=7, and hence dim mo b , s Sl: b =09.
eq d b eq si o

The dimension of a saturated generalized relation follows from the dimensions of its
projections:

Proposition 3 Let R € 2« be a saturated relation. Then:

dim(R) = > dim(Ry)

1<i<p,1<j<q

Proof: Let A € R be such that dim(4) = dim(R). Let us prove that foreachi e 1,...,p
and j € 1,..., q dim(4;) = dim(R;). Let us suppose that there exists By € Ry
with dim(Bj;) > dim(Ay), k € 1,...,pand [ € 1,..., q. Let us consider the atomic
relation B € A,, defined by B; = A4; if i # k and j # I, B; = Bjy else. We can
assert that dim(B) > dim(4). Moreover, B belongs to R because R is saturated. From
this we can deduce that dim(R) > dim(A4), which is a contradiction. It follows that for
eachicl,...,pandjcl,...,q, dimd; > dim(R ;). Moreover, as 4; € R;

we can assert that dim(4;) < dim(R,;). Consequently, for each i € 1,..., p and
j S 1, oo q, dlm(A,/) = dlm(RlU) Hence dlm(R) = dlm(A) = Z]Sisp’]squ dlm(A,,) =
EISiSpJSJSq Ry u

3. The Generalized Networks
3.1. Definition

Information between several generalized intervals is represented by a special binary
constraint satisfaction problem: a network of generalized intervals. A network of gen-
eralized intervals (henceforth we will say generalized network) N is a structure (¥, C)
where :

— Vis a set of variables Vy, ..., V] (with [ = |V|) ranging over generalized intervals,
— and C is a mapping from V' x Vonto the set of generalized relations which corresponds
to the binary constraints between the generalized intervals.
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In the sequel, we will sometimes denote the relation C(V;, V) by C;;. Morevoer, we assume
that the C is such that:

-Vi,jel,... V], C; € 244 with ¥; and V; being respectively a p-interval and a
g-interval.

Vi, jel,..., [V, C;=C;.

—Viel,...,|V|,V4 € Cy, we have Vk € 1, ..., p, A = eq (with C; € 27»).

A generalized network whose all variables represent 1-intervals is an Allen’s interval
network. A generalized network N will be said to be saturated iff all its constraints are
saturated.

We assume that each variable of a generalized network represents a p-interval with p
bounded by an integer number M. In other terms, given a generalized network N =
(V,C), each constraint C;; (with i € 1,...,|V|, belongs to 2% with p an integer less than
the fixed constant M. In consequence the cardinality of a constraint is less than the
constant 13*° . In the sequel, this assumption will be important for the complexity
results.

3.2. The Consistency Problem

For reasonning with a constraint network, the first step to accomplish is to check whether
this constraint network is consistant. This problem is called the consistency problem.
According to the nature of the constraint network the complexity of this problem differs.
For example, the consistency problem in the point algebra is polynomial, whereas this
one of the interval algebra is NP-complete. Since a interval network is a generalized
network, the consistency problem of the generalized networks is NP-hard. As we will see
in the following section, by using only relations from some subsets of the generalized
algebra this problem becomes polynomial. Before going on, we give some formal
definitions:

Definition 5 Let N' = (V, C) be a network.

— A consistent instantiation m of A/ is a mapping which associates to each variable V; € V'
representing a p-interval, a p-interval noted m()V;) such that m(V;) C; m(V)), Vi,

Jj € 1,...,|V|. The atomic relation satisfied between m(};) and m(V;) will be denoted
m(Vi, V).

— A consistent instantiation m is maximal iff dim(m(V;, V;) = dim(Cy) for every i,
jel ... V.

— N is consistent iff it admits a consistent instantiation.

— N is minimal iff for every i, j € 1,...,|V| and for every 4 € C; there exists a
consistant instantiation m such that m(V;, V;) = A.

— N is closed for @ iff forevery i, j, ke 1,..., |V, Cy € Cik ® Cyand Cy # {}.

— N is equivalent to another network A/ = (¥, C") iff they have the same consistent
instantiations.

Let us remark that an interval network closed for ® is path-consistent since the operation
O restricted to the interval relations corresponds to the usual operation of composition o.
We call the closure method, the method which consists of transforming a given generalized
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network A/ = (V, C) into an equivalent generalized network closed for ® or having empty
constraints by iterating the triangulation operation:

Cj — Cyj N (Ci © Cyy)

until a fixed point is reached. The closure method applied to an interval network N
corresponds to the well-known path-consistency method. The closure method can be
implemented by an algorithm of complexity O(|V|3) in time [17]. For the consistency
problem this method is sound but not complete: if the empty relation is a constraint of
the resulting network then the initial network is inconsistent, otherwise we cannot assert
the consistency of the initial network because we are not sure that all the unsatisfiable
atomic relations have been removed. In the past, it has been proved that this method is
complete for particular subclasses of 1A [15, 20, 24]. by an algorithm of complexity
O(V) in time [17].

3.3. Representation of Particular Generalized Intervals

With the help of the relation C;; we can constrain the structure of the p-interval represented
by V; to represent particular generalized intervals.

3.3.1. Representation of Ligozat’s Generalized Interval

A Ligozat’s p-interval can be defined as a tuple of p — 1 intervals xi, ..., x, _ | such that
x; satisfies with x;,; the Allen’s atomic relation “meets”. If we want that a variable V;
represents a Ligozat’s p-interval, we just need to take for C; the following singleton
relation of 24

eq m b - b
mi  eq :
Ci=3|w . "~ b
D ' eq m
bi --- bi mi eq

3.3.2.  Representation of Ladkin's Generalized Interval

A Ladkin’s generalized interval can be defined as a sequence of intervals xi, ..., x, such
that x; is before x; . ; foralli € 1, ..., p — 1. Consequently, to take into account a Ladkin’s
generalized interval, the generalized relation C; must be the following relation:

eq b b

Ci = b.i . -
b
bi bi eq
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3.3.3.  Representation of Rectangles

The rectangle algebra [3] is the extension of the interval algebra to dimension 2. The
considered objects are the isothetic rectangles (henceforward we will just say rectangles)
of the Euclidean plane. An atomic relation between two of these rectangles is characterized
by a pair of IA atomic relation (4, B) where 4 is the atomic relation satisfied by the
orthogonal projection of the rectangles onto the first axis, and B is the atomic relation
satisfied by the orthogonal projection of the rectangles onto the second axis. The two
orthogonal projections of a rectangle are onto two distinct axes, but we can put them onto
a same axis. Consequently, we can represent a rectangle by a 2-interval, C;; will be the
relation composed by all the atomic relations of .4, having only the atomic relation eg
onto their descending diagonal:

A
-y )
A€ Ay, 4 eq

Moreover, by using one axis we must just consider relative positions between intervals
corresponding to rectangle projections w.r.¢ a same axis. Consequently, the constraints
between two 2-intervals representing rectangles must just include relations of the form:

{4} A . _
H(Am; 8 ) with 4, B € Ay
Example 8. For example, the constraint {(b, m), (0, eq)} of the rectangle algebra will be
represented by the generalized relation

(b} A ) ({o} Aint )
U .
H(Am {m} H A {eq}
In a similar way, we can represent the blocks of the p-blocks algebra.

3.3.4. Representation of Particular Processes

Again, let us consider the processes realized in three steps S1, S2 and S3 respecting the
following ordering constraints:

— Step S2 starts after the beginning of Step S1,
— if Step S2 terminates before the end of S1 then S3 starts after the end of S1, else Step S3
is during Step SI.

We can represent each process by a 3-interval X = (x;, x,, x3) where x; (resp. x, and x3)
represents the first step (resp. the second step and the third step). Because of the first
ordering constraint x, and x; must satisfy the relation {b,, m;, oi, d, f} of the interval
algebra. Moreover, from the second ordering constraint x3 and x; satisfy {bi} if x, and x;
satisfy {d, f}, else in the situation where x, and x; are in relation {bi, mi, oi} we must
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have x5 and x; satisfying {d}. To take into account such constraints, for the generalized
relation C;; we can take the following relation:

eq b di eq m di eq o di
Ci= U bi eq A |,|mi e A |,|oi e A |,
A€ Ay d A" eq d A" eq d A7 eq
eq di b eq fi b
d e A, |f e A
bi A" eq bi A" eq

4. Particular Subsets of Generalized Subsets

In this section we will define two particular subsets of the set of the generalized relations :
the convex generalized relations and the weakly-preconvex generalized relations. The
definitions of both these subsets follow closely these ones given by Ligozat in [15] to
define the convex relations and the preconvex relations of IA. These two sets are two
tractable subclass of IA [15, 2123, 25] for the consistency problem, it is why we extend
these two concepts to the generalized interval algebra. In the next section we will prove the
tractability of the convex generalized relations and the intractability of the weakly-
preconvex generalized relations. Seeing this last fact, we will refine our concept of
preconvexity to define the strongly-preconvex generalized relations, which is tractable.

4.1. The Convex Relations

Now, we are going to define the notion of convexity for the generalized relations. For this
purpose we will extend some notions introduced by Ligozat [14, 15] to redefine the
convex relations [22]. Ligozat arranges the atomic relations of A, in a partial order which
defines a lattice: the interval lattice (see Figure 4). From this order we organize the atomic
relations of A, , in a partial order C:

VA,BE Ay, ACBiffV;el,...,pandVj€l,...,q, A;<By

(A, 4, C) defines a lattice too, called the generalized (p,q)-lattice. Given 4, B € A, , with
A C B, [4, B] will denote an interval of the (p,q)-lattice, i.e. the set (the generalized
relation) {C : 4 C C and C C B }. Since (A, 4, T) is the product order of (A;y, <), each

Figure 4. The interval lattice (A, <).
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interval of the (p,q)-lattice corresponds to a Cartesian product of p x ¢ intervals of the
interval lattice:

Proposition 4 Let [4, B] be an interval of the (p,q)-lattice. We have:

[4,B] =TI M, with M € M(2")
My = 4y, By).

pxg And Vi€ 1,... ., pandjel,... q,

Now we extend the definition of convex closure in the following way:

Definition 6 Let R € 2“4, The convex closure of R, denoted by /(R), is the relation of 244
corresponding to the smallest interval of the generalized (p,q)-lattice containing R.

Example 9. Let the relation R € 222 be defined by R = {( b 0), ( © m)}’
eq o eq o

e = [(5 7)-(50)] = B ={( %)

(a o0& 05 05 0 0}

I(R) always exists since the intersection of two intervals of the (p,q)-lattice is an interval
too. We have the following properties:

Proposition 5 Let R, S € 2.

(@) R C I(R) and I(I(R)) = I(R),
(b) if R C S then I(R) C I(S),
(© IR) =TI M, with M € M(24n), and ;€ 1, ..., pandj€l, ..., g, My = IR ;).

Proof:

— (a) and (b) follows directly from the definition of the convex closure.

— (c) Let us denote the interval /(R ;) of the interval lattice by [4};, B};] with 4, Bj; € A
Let us denote by A and B the atomic relations of A, ;, defined by 4; = A}; and B;; = Bj;.
From Prop. 4 [[ M = [4, B]. As R; € I(R);) we deduce that R < [][ M. Con-
sequently, [] M is an interval of the generalized (p,q)-lattice containing R. Now, we
must show that [| M is the smallest interval containing R. Let a relation S = [C, D] €
2“4 be such that R C S. From Prop. 1 (b), R 1i € Sy It follows that I(R|;;) € I(S;),
but I(S,;;) = S; because S ;; is an interval of the interval lattice (Prop. 4). Thus, I(R,;)
C S from it we deduce that [[ M C [] S. As S is a saturated relation (Prop. 4) we
conclude that [ M C S. [ |

Concerning the fundamental operations and the convex closure we can prove the
following proposition:
Proposition 6 Let R, S € 24 and T € 274,

(@ IR™") = IR)™",
(®) IR © T) € I(R) @ T),
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(©) IU(R) N L(S)) = I(R) N LS),
(d) IU(R) ® (T)) = IR) ® KT).

Proof:

(a) From propositions 5 (c) and 2. we deduce that /(R)"' = [[ M with M; = IR lﬁ)*l.
We know that in IA the property is true, consequently /(R j,»)*1 =I((R, j,»)fl). From
(R, j,»)71 =@®M 17 it follows that AM; = I(R™Y 1;7)- From 5 (c) we can deduce that
[IM = KR™"), consequently (R™") = I(R)"".

(b) From Proposition 5 (c) and Definition 3 (R © T) = [[ M, with M € M (24 )px, and
Viel,...,pandje1,...,r, My=INi<k<q{R i ° T s}). Still from Proposition 5 (c)
and Definition 3, I(R) (T ) = [] N, with N € M (24 )ppand Vi€ 1,...,pandj €
1, A N,] = ﬂlgkgq{](Riik) o I(Tilg)} From Proposition 5 (a), Riik o le] - [(Rlik o
T4). It follows that () <<y {R i ° T1xj} S (Ni<k< ¢ IR ix° T4;). From Proposition 5 (b),
(), I(Mi<k<qiRiik © Ti}) S H(MNi<k<glRyix © T)iy)). As the intersection of two
intervals of the interval lattice is an interval too, we have I(()i<i<, /(R i © T\x)) =
Mi<k<gI(Ryix © Tygy). 1t follows that I((Ni<s<q iRk © Tiii}) S (i<a<g!Riix © Tip)-
In IA the property is true, consequently we have [ <k<, /(R i« © T1xy) S (i1<k<gtd(R i)
o I(T\4)}. Hence M;; € N;;. We can conclude that [[ M < [] M.

(c) Let us show that I(R) N I(S) corresponds to an inteval of the generalized (p,q)-
lattice. From Proposition 5 (c¢) and Proposition 2 (b), I(R) N I(S) = [[ M, with M €
M@2Am), jand Vi€ l,...,pandj € 1,..., g, My= IR ;) N IS,;). We know that
the intersection of two IA relations corresponding to two intervals of the interval
lattice is too an interval of this lattice. It follows that A4;; is an interval of the interval
lattice and thus [[ M is an interval of the (p,q)-lattice (Proposition 4).

(d) Let us show that I(R) ® I(T) is an interval of the (p,r)-lattice. From Proposition 5 (c)
and Definition 3, I(R) ® IT) = [] M, with M € M(24) _andVie 1,...,p
and j € 1,..., r, My = (Ni<k<q{I(R1#) © I(T));)}. Moreover we know that the
intersection and the composition of two relations corresponding to two intervals of
the interval lattice is also an interval of the interval lattice. From this, we deduce that
My = [A4j;, Bj] with 4, Bj; € A Let A, B € A, be defined by 4;; = 4); and B;; =
Bj;, from Prop. 4 [[ M = [4, B]. Consequently /(R) ® I(T) is an interval of the (p,r)-
lattice. ]

The convex relations of A [15, 22] correspond to the intervals of the interval lattice. In a

natural way, we define the convex generalized relations in the following way :

Definition 7 Let R € 2%, R is convex iff R corresponds to an interval of the generalized
(p,q)-lattice.

From Proposition 4 we can assert the following properties:

Proposition 7 Let R be a relation of 274,

— If R is convex then R is a saturated relation and for alli € 1,...,p,j€ 1,..., q R};
is a convex relation of 2.
— R is a convex relation iff [R) = R.
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From this and Proposition 6 we can prove the following theorem:

Theorem 1 The set of the convex relations of 2« is closed with respect to the
fundamental operations N, ® and ~".

Proof: Let R, S € 2% and T € 2% be three convex relations.

— As R = I(R) we have R™' = I(R)™'. From proposition 6 (a) we deduce that R~' =
IRY). Consequently R~ is convex.

— R =1I(R) and S = I(S), therefore R N S = I(R) N I(S). From proposition 6 (b), R N
S = II(R) N I(S)), consequently R N S is convex.

— R =1IR) and T = I(T), it follows that R ©® T = I(R) ® I(T). From proposition 6 (c),
R ®© T = II(R) ® I(T)), consequently R ® T is convex. ]

4.2. The Weakly-Preconvex Relations

Seeing that the preconvex interval relations correspond to the maximal tractable set
containing the singleton relations [20], it is natural to extend these relations to the
generalized algebra. There are several ways to define the preconvex interval relations
[15], for the generalized relations we have chosen the definition using the concepts of
dimension and convex closure:

Definition 8 Let R € 2*4. R is weakly-preconvex iff dim(I(R) \ R) < dim(R).

The reader has noticed that we use the term of weak-preconvexity to design preconvexity.
Intuitively, a relation is weakly-preconvex iff to compute its convex closure, we only add
its atomic relations of dimension strictly lower than its own dimension. Let us notice that
the weakly-preconvex relations of 2411 are the preconvex relations of IA.

Example 10. For example, let R = { <IZ rZ), <Z Z) } be. R is weakly-preconvex

because](R)z{(’Z ’;’)(’Z Z)(Z ’;’)(g Z)},thusdim(R)zSanddim

UR)\R) =7.

The reader can notice that we extended the concept of preconvexity to the generalized
interval algebra in a different way than the one proposed by Balbiani ef al. in [6]. With
their extension the resulting “preconvex” generalized relations — which we will call
the saturated-preconvex relations — correspond to the saturated generalized relations
whose projections are preconvex. Our notion of weakly-preconvexity subsumes that
one:

Proposition 8 Let R € 2%,

— If R is convex then R is saturated-preconvex.
— If R is saturated-preconvex then R is weakly-preconvex.
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Proof:

— Let R be a convex relation. From Proposition 7 we deduce that R is a saturated
generalized relation whose projections are convex relations of the interval algebra. We
know that each convex relation of IA is also a preconvex relation. We can conclude that
R is a saturated-preconvex generalized relation.

— Let R be a saturated-preconvex relation and let A € I(R). If A ¢ R and dim(A) > dim(R)
then from Proposition 5 (c) and Proposition 3 it follows that a projection of R is not

preconvex. We know that Vi € 1,...,pand Vj € 1,..., g R|;; is a preconvex relation
of IA since R is saturated-preconvex. It follows that dim(I(R ;) \ Ry;) < dim(R,;),
and hence dim(I(R;)) < dim(R,;) for each i € 1,..., pand j € 1,..., q. As

IR;;) = ((R)),; (proposition 5 (c)), we deduce that dim((/(R));) < dim(R ;).
Therefore dim(4;;) < dim(R ;) for all i, j. As R is saturated and dim(4) > dim(R), from
proposition 3, Y i <i<pi<j<qdim(Ay) > D 1<i<pi<j<qdim(R ;). Hence, D 1<i<p i< <q
dim(4;) = > 1<i<p1<j<qdim(R ;) and dim(4;) = dim(R,;) for each i, j. Since 4, €
I(R,;) and R ;; is preconvex we have 4; € R|;;. As R is saturated we can conclude that
A € R; we obtain a contradiction. Consequently, each atomic relation 4 € I(R) \ R has
a dimension strictly lower than this one of R. Hence, R is weakly-preconvex. ]

Let us notice that a weakly-preconvex relation is not necessarily a saturated-preconvex

relation. From the previous example we know that the relation R = { < ’Z ’Z > , < Z Z > }

is weakly-preconvex. This relation is not saturated since R # H({E’Z}O} {’?l;; }) .

Consequently R is weakly-preconvex and not saturated-preconvex.

5. First Complexity Results
5.1. Tractability of Convexity is Preserved

In this section we are going to prove that the subset of the convex generalized relations is a
tractable set for the consistency problem. Before this, we define the projection of a
generalized network in the following way:

Definition 9 Let N = (¥, C) be a generalized network. A is the interval network (V7, C")
such that:

— For each variable Vi € V representing a p-interval, p variables Vi ..., V7 belong to V.
V'’ is the variable which represents the J™ subinterval of Vi
— Let V}, V] € V. The constraint C'(Vf, V}) is the relation (Cy), 4 of the interval algebra.

We can prove the following proposition:

Proposition 9 Let N = (V, C) be a generalized network. If N is closed for © then N | is
closed for ® (and hence path-consistent).
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Proof: Leti, j, k€ 1,...,|V|. Letus now suppose that C € 24, Cy; € 24 and let m €
l,...,pandnel,...,r. As C; € Cy © Cy, from Proposition 1 (b) we can deduce that:
(C)1mn < (Cit © Cig) | un- From def. 3, it follows that (Cyj) | S (1 <i<g {(Cik) i © (Cip) i} -
Consequently we have (Cjj)nn S (Cit) s © (Ciy) 1o Hence N | is path-consistent. |

Concerning the saturated generalized networks we have:

Proposition 10 Let N be a saturated generalized network. For each (maximal)
consistent instantiation m of N we can build a (maximal) consistent instantiation of N |
and vice versa.

Proof: Let N = (¥, C)and N'| = (V', C").

— Let m be a consistent instantiation of A/. Let us denote m(¥;)* the k" interval of m(V;)
associated to the k" subinterval of the p-interval represented by V; € ¥ (with 1 < k < p).
Let m’ be the instantiation of A/} which associates to each variable V'} € V’ the interval
m(V). Let VE, V! € V. Since m(V;, V) € C;; we deduce that m' (VE, V) = (m(V;, V) €
(Cy) 1> m' is a consistent instantiation of \'|. Moreover, if dim(m(V;, V;)) = dim(Cy), as
C;; is saturated we have dim((m(V;, V;))u) = dim((Cy), ). Consequently, if m is maximal
then m' is maximal too.

— Letm' be a consistent instantiation of /|. Let m be the instantiation of  defined by: let ;
€ Vrepresent a p-interval, m(V;)* = m' (VF) with k€ 1,...,pand VE € V'. Let V;, V, € V
represent respectively a p-interval and a g-interval. Let 4 € 2% be defined by A4y =
m' (VE, le). We have m(V;, V;) = A. Since m’ (VF, V/) € (Cy) wand Cjis saturated, 4 € C;.
Thus m is a consistent instantiation of A", Now let us suppose that dim(m'(V}, V})) =
dim((Cy) ). As Cy; is saturated we deduce that dim(4) = dim(Cy). ' [ |

In [25], van Beek and Cohen prove that any path-consistent convex interval network is
minimal. Moreover, Ligozat [15] proves that any path-consistent preconvex interval
network has a maximal consistent intantiation. From all this and Proposition 10 we can
assert the following properties:

Theorem 2 Let N be a generalized network closed for ©.

— If N is convex then N is a minimal network.
— If N is convex (or more generally saturated-preconvex) then N' admits a maximal
consistent instantiation.

Proof: Since N is a convex generalized network closed for ®, we deduce from
Proposition 4 that AV is saturated and that \V| is convex. As N is closed for ® then V|
is path-consistent (Proposition 9). Hence N'| owns a maximal consistent instantiation
and is a minimal interval network. From Proposition 10, we conclude that A/ admits also
a maximal consistent instantiation and is minimal too. ]

In consequence, a simple nondeterministic algorithm to solve the consistency problem of a
generalized network N = (¥, C) is:

— guess a network N7 = (V,C’) such that V,, j € 1,...,|V|, C; = {4} with 4 € Cj.
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— Check the consistency of A with the closure method. If 7 is consistent then A is also
consistent.

Hence the consistency problem of the generalized networks is a member of NP.
5.2. Intractability of the Weakly-Preconvex Generalized Relations

In the general case, contrary to the convexity, the preconvexity does not preserve
tractability. To prove this fact we are going to characterize a polynomial reduction from
the consistency problem of the interval networks to the consistency problem of the
weakly-preconvex generalized networks.

Theorem 3 The consistency problem of the weakly-preconvex generalized networks is a
NP-complete problem.

Proof: Let A = (¥, C) be an interval network. From this network we define a generalized
network A = (V, C") in the following way:

— For each variable V; € V we put a variable V7 in the set V.
— Each variable V7 € V' is intended for representing a 3-interval whose structure is

eq b b
constrained by the following relation: C}; = bi eq eq . Intuitively, each
bi eq eq

variable V/represents a generalized interval formed by an interval followed by two equal
intervals.

—Foralli,je€l,...,n withi # jand n = |V|, we define the constraints C}; by the
following relation:

c;  {p} {b} Aie {b} {b}
{bi} {eq} {eq} | U]| {2} {eq}  {eq}
{bi} {eq} {eq} {bi} {eq} {o,oi,d,di}
Clearly, this construction is polynomial in the size of the set V. Foreachi € 1,..., n, itis

easy to see that Cj; is a weakly-preconvex relation since Cj; is a relation composed by one
atomic relation. Now, let us consider the generalized relation Cj;, foralli,j € 1, ..., n with
i # j. From Proposition 5 (c) the generalized /(C};) can be easily calculated:
I(Cyj U Aie)  1({b}) 1({b})
=TI 16i})  1(feq}) I({eq})
I({bi}) I({eq}) 1({eq,o0,0i,d, di})
Aint {b} {b}
=1I| o1} fea} {eq}
{bl} {eq} {eq75? Siafafi7070i7 d7 dl}
Let us show that dim(I{(C};) \ C};) < dim(C};). It is easy to see that dim(C};) equals to 12. Let
A € I(C}y) \ Cj;. We have 43, which belongs to {eq, s, si, f, fi}, consequently dim(4) < 11.
It results that C}; is a weakly-preconvex relation.
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We can conclude that N7 is a weakly-preconvex generalized network.
Now, we are going to show the “equivalence” between N and N’: N is a consistent
network iff A’ is a consistent network.

— Let m be a consistent instantiation of \V. Let aft be an interval on the real line such that
aft is after all m;, withi € 1, ..., n. We build an instantiation #’ of A/ in the following
way: foralli € 1,..., n, m; = (m;, aft, aft). We can check that m’ is a consistent
instantiation of A/

—Let m' be a consistent instantiation of A’ . It is important to noticed that the

relation satisfied by m] and mi} for any i, j € 1,..., n, with i # j, belongs to
(o) b A B} (B}

ITl {6} {eq} {eq} | since therelation []| {bi} {eq} {eq} contains
{bi} {eq} {eq} {bi} {eq} {o,o0i,d,di}

uniquely atomic relations which can never be satisfied. Consequently, to define a
consistent instantiation of the generalized N we can take for m; the interval (m}),, for each
iel,...,n

We have characterized a polynomial reduction from the consistency problem in IA to this
one of the weakly-preconvex generalized networks. In consequence this problem is
NP-hard. Moreover, it is also in NP since the consistency problem of the generalized
networks is in NP. [ ]

6. A Tractable Case: The Strongly-Preconvex Generalized Relations

In the previous section we established the tractability of the set of the convex generalized
relations and the intractability of the set of the weakly-preconvex relations. In this section
we are going prove the tractability of a superset of the set of the convex generalized
relation and a subset of the weakly-preconvex generalized relations: the set of strongly-
preconvex generalized relations. We will give the definition of this set after we prove some
generic tractability results.

6.1. Networks Weakly Closed for ©

The definition of a network weakly closed for ® is closely connected to the definition of a
weak path-consistent network introduced in [4]. Its definition uses the concept of convex
closure defined for qualitative relation:

Definition 10 Let N be a generalized network. N is weakly closed for ® iff for every i, j,

Given a network N, in order to get an equivalent a network which is weakly closed for
® (or empty), we can use the weak closure method which consists of iterating the
operation:
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This operation removes less atomic relations than that of the closure method since R C 7 (R).
It follows that the weak closure method is also sound and not complete. Like the closure
method, it can be implemented in O(V ) too.

We extend the convex closure to the generalized networks:

Definition 11 Let N be a generalized network. The convex closure of A, denoted by
IN), is the generalized network (V7, C") defined by V' = Vand Cj; = I(Cy).

We can easily note that the convex closure of a network is always a convex network.
Moreover, we have the following property:

Proposition 11  Let N be a generalized network. If N is weakly closed for © then I(N) is
closed for ©.

Proof: If NV is weakly closed for ® then C; € I(Cy ® Cy;). From Proposition 5 (b) and

j =

(a) we have I(Cy) C I(Cy ® Cyy). Hence I(Cy) € I(Cy) ® I(Cy) (Proposition 6 (b)). ®
From this result we can prove the following proposition:

Proposition 12 Each weakly-preconvex generalized network closed for © N admits a
maximal consistent instantiation.

Proof: From Proposition 11, I(N) is closed for @, and consequently admits a maximal
consistent instantiation m (Theorem 2). We have dim(m;;) = dim(I(C;)) and m; € I(Cy). As
Ci; € I(Cy) we can assert that dim(C;;) < dim(I(Cy;)). Moreover dim(I(Cy) \ Cy) < dim(Cy)
since C;; is weakly—preconvex (see Definition 8). In consequence dim(I/(Cy) \ Cy) <
dim(I(Cy)). Let us suppose that m;; € I(Cy) \ Cy;. Hence dim(m;;) < dim(I(Cy)). There is a
contradiction. We conclude that m; € C;;. Moreover, we also get the fact that dim(m;;) =
dim(Cy) since dim(Cy) < dim(I(Cy)) and dim(m;;) = dim(I(Cy)). |

With this result we cannot deduce that the weak closure method is complete for
weakly-preconvex generalized relations since by applying this method on a weakly-
preconvex generalized network we are not sure of the weak preconvexity of the resulting
network.

From all this we can prove the following theorem:

Theorem 4 Let £ be a set of weakly-preconvex generalized relations such that for each
relation R € 2 belonging to £ and for each convex relation S € 2"« we have RN S € &.
The weak closure method is complete for the consistency problem of the generalized
networks whose constraints belong to £.

Proof: Let N be a generalized network having its constraints in £. By applying the weak
closure method to A we obtain a network N. If N7 contains the empty relation then A is
inconsistent, else A is weakly closed for ® and its constraints belong to £ because & is
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stable for the intersection with the convex relations. From Proposition 12 we deduce that
N’ and N are consistent. ]

In this theorem we can replace the weak closure method by the closure method. Indeed,
we can prove that by applying the closure method to a network whose constraints
belong to such a set £, we obtain a subnetwork of a weakly-preconvex network closed
for ® (or containing the empty constraint) which is equivalent to the initial network.
Moreover, from this theorem we can show that there exists sets of generalized relations
which contains the saturated-preconvex relations and for which the consistency problem is
polynomial. As very basic example of such set let us consider the set £ defined by the set
of saturated-preconvex relations augmented by the two relations {(b, b), (m, o), (0, 0), (b,
0), (0, b)} and {(b, b), (m, 0), (b, 0)}. We note that these relations are weakly-preconvex
and not saturated. Since each convex relation of Interval Algebra is preconvex we can
assert that each convex generalized relation is a saturated-preconvex relation. Moreover as
the intersection of two preconvex interval relations is also preconvex, from Proposition 2
(b) we deduce that the set of saturated-preconvex generalized relations of 2« is stable for
the intersection operation. We recall that the set of saturated-preconvex generalized
relations is a subset of the weakly-preconvex generalized relations. To assert that £ has the
wanted properties we have just to note that the intersection of every convex relation of
2412 with a relation of {(b, b), (m, 0), (0, 0), (0, b), (b, 0)} or {(b, b), (m, 0), (b, 0)} is a
relation of £. Hence £ has the claimed properties and from previous theorem we can affirm
that the weak closure method is complete for every generalized network whose constraints
belong to £. Of course it is a very sample example, but we can build other sets £ more
complex with the properties required by Theorem 4. Actually, we are going to define the
larger of these sets.

6.2. The Strongly-Preconvex Relations
The definition of a strongly-preconvex generalized relation is directly inspired by Theorem 4:

Definition 12 Let R € 2%4. R is strongly-preconvex iff for each convex relation S €
244, R N S is a weakly-preconvex relation.

We will denote by S the set of the strongly-preconvex relations. Now, let us prove that
S satisfies the requirements of Theorem 4.

Proposition 13 Let R be a strongly-preconvex relation of 2%%4.
(a) R is a weakly-preconvex relation,
() R N S € S for each convex relation S of 2.

Proof:

(a) The total relation 244 is a convex relation. Hence, R N 2« = R is a weakly-preconvex
relation.

(b) Let S be a convex relation of 2“«. We must prove that R N S € S. Let T be a convex
relation of 24, (RN S) N T=R N (SN T). From Theorem 1 we can deduce that S N T
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is also a convex relation of 2. As R is strongly-preconvex it follows that R N (S N T')
is a weakly-preconvex relation. Hence R N S is strongly-preconvex. [ ]

Hence, by applying Theorem 4, the consistency problem of strongly-preconvex networks
is polynomial. The set S is the largest set to which we can apply this theorem.

7. Conclusion

We defined a very generic framework which subsumes several previous formalisms
extending IA : the Generalized Interval Algebra. The considered entities are tuples of con-
vex intervals and the atomic relations are defined by matrices of Allen’s atomic relations.

By extending some concepts like dimension and convex closure we characterized a
tractable set, namely the set of the strongly-preconvex relations. Several questions remain
open about this set:

— Is the set of the strongly-preconvex generalized relations maximal tractable?
— Are there other larger tractable sets (containing the atomic relations)?

Another complexity result is that,contrary to the case of the Interval Algebra, the set of the
weakly-preconvex relations is not tractable for the Generalized Interval Algebra. To obtain
this result we exhibited a polynomial reduction from the consistency problem of the
interval networks to the consistency problem of the weakly-preconvex generalized
networks. The closure method and the weak closure method can be used to solve the
consistency problem of the strongly-preconvex generalized networks. Currently, we are
studying the respective advantages and drawbacks of these methods.

Another work to be considered is the integration of metric constraints in our formalism.
These metric constraints could be defined by means of STPs [9]. With this kind of
constraints,we can force either the total duration of a generalized interval or, the duration
of an interval belonging to a generalized interval, to be higher than a lower value and
smaller than a upper value. We are currently studying the consistency problem of the
generalized networks augmented by these quantitative constraints. For this purpose we use
our previous work stated for the Interval Algebra and Rectangle Algebra [7].

Note

1. This paper is an extended version of [8].
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1. Introduction

Temporal reasoning is a central task for numerous applications in many areas such as
natural language understanding, specification and verification of programs and systems,
scheduling, etc. In the field of qualitative reasoning about temporal data, the framework
proposed by Allen [1], the Interval Algebra (Z.A), is one of the best-known models.

Allen considers as basic temporal entities intervals of the time line and bases the Z.A4
calculus on 13 qualitative binary relations which correspond to all possible configurations
between the four end-points of two intervals. In the Z.A calculus, temporal information can
be represented using constraint networks (interval networks) whose variables correspond to
intervals and whose constraints are expressed by disjunctions of the basic relations (interval
relations). The consistency problem for interval networks is NP-complete. A large amount
of research in the recent past has been devoted to the study and characterization of tractable
subclasses of the interval algebra (see for example [4,11]). Now all tractable subclasses of
Z.A are known.

More recently, a new qualitative formalism, called ZN DU has been proposed by Pujari
et al. [7,8,12]. ZN'DU also considers intervals as temporal entities, but it adds informa-
tion about the relative durations of the intervals considered to the information expressed
by Allen’s relations. The resulting calculus has 25 basic relations corresponding to re-
finements of Allen’s basic relations. Each one of the 25 basic relations of ZNDU can
therefore be represented as a pair consisting of one of Allen’s basic relations and of a ba-
sic relation of the Point Algebra (<, > or =), which expresses the relation between the
durations.

From a structural point of view, ZN DU and Z.A look very similar. This first impression,
however, is quite deceptive. The real fact is that there exist numerous differences between
the two formalisms. In particular, contrary to the relations of Z.A, the relations of ZN DU
are not closed for the composition operation. We also show that the consistency problem
for ZN'DU networks whose constraints are atomic relations cannot be decided by means
of the well known path-consistency method.

In this paper, we are mainly interested in the consistency problem for ZN DU networks.
Our aim is to characterize several important tractable sets for this problem. To this end
we define the set of convex relations of ZNDU (in a way which is different from that
used by Pujari et al.), the set of pre-convex relations, and a subset of the latter, the set
of strongly pre-convex relations [3]. On the negative side, we prove that the consistency
problem for ZN DU networks whose constraints are pre-convex relations is NP-complete.
On the positive side, we show that strongly pre-convex relations can be expressed as con-
junctions of Horn clauses [6] and, as a consequence, that the corresponding consistency
problem is tractable. We also show that the usual method based on path-consistency can-
not be used for strongly pre-convex relations. On the other hand, we define an interesting
subclass of ZNDU relations for which the consistency problem can be decided by means
of that method. Finally, we prove that the ¢-closure method is also complete for the set
of those atomic relations of ZADU that imply that the intervals have the same dura-
tion.
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2. The ZN DU calculus: an extension of Z .4
2.1. The INDU relations

The framework introduced by Pujari et al. [12], called ZNDU, is an extension of the
well-known Allen’s calculus [1], the Interval Algebra (Z.A).

TA considers intervals of the line, and is based onto 13 binary relations. Each relation
corresponds to a particular relative position between two intervals. An interval can be be-
fore (b), meet (m), overlap (o), contain (di), start (s), finish ( f), be equal to (eq), another
interval (the remaining six relations correspond to the converses of the first six relations).
We denote by IA this set of 13 relations: |1A = {b, bi, m, mi, 0, 0i, s, si, f, fi,d, di, eq}. Vilain
et al. [14] have defined a similar but less expressive formalism, the Point Algebra formal-
ism (PA). PA is based onto three basic relations PA = {<, >, =}, corresponding to the
three possible relative positions between two points of the line.

INDU is based on 25 binary relations between intervals of the line. Each one is de-
fined as a pair of relations. The first relation is a basic relation of |A and denotes the relative
position satisfied by the two intervals, the second one is a basic relation of PA and corre-
sponds to the relation satisfied by the durations of the two intervals. Each basic relation
of ZN'DU will be denoted by an expression i? where i € IA and p € PA. Two intervals x
and y satisfy i?, denoted by x i? y,iff x i y and (x* —x7) p (y*© — y™), where x—, y~
(resp. xT, yT) are the lower (resp. upper) endpoints of x and y. For example, the intervals'
(1,2) and (2,4) satisfy the basic relation m=. We denote by INDU the set of the 25 ba-
sic ZN'DU relations, INDU = {b=,b™, b=, bi~,bi”,bi~,m~,m”, m=, mi~, mi”, mi—,
0°,0”,0=,0i%,0i”,0i—, s<,si”,d=,di”, f<,fi",eq”}. Any two intervals satisfy one
and only one relation of INDU. In the sequel, we will also consider other basic relations
which we call virtual. These particular basic relations are the unsatisfiable relations i”.
This set corresponds to {eq=,eq”,d=,d” ,di~,di~, =, f~,fi7,fi°,s=,s7, 81,8 }.

From the 25 basic relations of INDU, 22 relations can be defined. Each one corresponds
to an element of the power set of INDU, i.e., 2INDU ‘T et r € 2NOY and x and y be two
intervals, x r y iff x a y for some a € r. For instance, (1,2) and (3, 4) satisfy the relation
{b=,b=,m=,d~}. The particular relation {} is called the empty relation (we will also
denote this relation by ). Each relation r € 2'NPY can be seen as the disjunction of the
basic relations which it contains. A relation containing only one basic relation is also called
an atomic relation. Similarly, 2'A defines 2'3 interval relations and 2™ defines 2 relations.

In some cases, the constraint “two intervals x and y must satisfy a relation » € INDU”
can be expressed by a conjunction of Horn clauses. A Horn clause [6] is a disjunc-
tion of literals (inequations or inequalities) of the following forms: ciuj + - -+ + chu, <
Cn1lUntl+ -+ Cppkllpik O ClUL ++ -+ Cplly F Cpp1Unt1+- -+ CpikUntk, With at most
one literal using < (each ¢; is a rational number, each u; is a rational variable). The basic
relations belonging to INDU can be expressed by a conjunction of unitary Horn clauses
(a unitary clause is a clause containing only one literal). For example, the satisfaction of

1 We consider closed intervals of the rational number line. Such an interval will be denoted by (a, b) with a
and b two rational numbers satisfying a < b.
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Fig. 1. Geometrical representation of the basic relations of ZNDU.

m= by two intervals x = (x~,x7) and y = (y~, yT) can be expressed by the following
conjunction of unitary Horn clauses: (x~ <x ) A X~ ZxHA G <yNHAGT £yHA
@t <yDAG <) AGY—x" <yt —y ) A@t —x"#yt —y7). AORD Hom
clause is a Horn clause which contains only literals of the forms u# # v or u < v, with u,
v two endpoints. All relations of 2PA can be expressed by a conjunction of ORD Horn
clauses, those of 2'* having this property are called the ORD Horn relations [11].

In the same way as for the basic relations of 1A, the basic relations of ZNDU can
be represented by regions of the plane equipped with an orthogonal basis. Each interval
x = (x~,xT) is represented by a point with coordinates (x~, x™). Given an interval of
reference y = (y~, y1), the region representing the basic relation a € INDU, denoted by
Reg(a, y), corresponds to the set of points {x = (x~,xT): x a y}. We obtain 25 convex
regions partitioning the half plane H = {(x, y): y > x} (see Fig. 1). The geometrical rep-
resentation of 7 € 2/NPY is the region defined by Reg(r, y) = |J «cr1Reg(a, y)}. When the
choice of the point of reference y is immaterial, we denote this region by Reg(r).

2.2. The fundamental operations

Similarly to the case of relations of Z.4 and P.A, we define operations for the relations of
INDU. Considering a relation of 2'NPY as a usual binary relation defined on intervals, the
operations union (U), intersection (M), converse (—and composition (o) can be defined in
the usual way: x(rNs)yiffx r yandx s y; x(rUs)yiff x r yorx s y; x(ros)yiff Iz, xr z
and z s y; x r~! yiff y r x. It is easy to show that r N s = {a € INDU: a € r and a € s},
rUs ={a € INDU: a € r or a € s}. The converse of an atomic relation is an atomic relation,
like for IA and PA, and {i?}~! = {(i=")?"'}, with i” € INDU. Hence, r ! = J,.,{a"}.
Hence, 2'NPY is closed for N, U and ~!. The ZA"DU composition operation has an unusual
behavior for a qualitative formalism. Indeed, unlike Z.A and P A, 2INBU is not closed under
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composition: consider the relation » = {m~}, the pair of intervals formed by (1,2) and
(3,4) belongs to r or as (1,2) and (2, 3) satisfy m=, (2,3) and (3, 4) satisfy m=. Since
(1,2) and (3, 4) satisfy the relation b=, b= € r o r. Now, given a pair of intervals (x, y)
satisfying the basic relation 4=, an interval z such that x m~ z and z m~ y may not
exist. For example, this is the case for x = (0, 1) and y = (4,5). So, the composition
operation is inadequate for qualitative reasoning in ZN'DU since basic building blocks
must be the basic relations. It is necessary to define a weaker operation, sometimes called
weak composition, for which 2'NPY is closed; we will denote this operation by ¢. The
operation ¢ is defined as follows: Firstly, for atomic relations a, b € INDU, a ¢ b = {c €
INDU: 3x, y, z with x a z, z b y and x ¢ y}; then, for arbitrary relations r, s € 2INDU o 5 =
Uaer.pes fa © b}. Equivalently, r o s is the smallest relation of 2'NPY containing r o 5. Note
that o and ¢ are the same operations for Z.4 and P.A. The operation ¢ is not associative, for
instance, ({bi” }o {mi”}) o {m”} = {0i”, mi”, bi” } and {bi” } o ({mi” } o {m™}) = {bi”}. As
a result ¢ cannot be used to define a relation algebra [13] on INDU. We also define a binary
operation corresponding to the Cartesian product of an interval relation and a point relation
by: r x s ={i’: i €r,p s}, withr € 2'A and s € 2PA. This relation can contain virtual
basic relations of ZADU. Note that for i”, j4 € INDU, i” ¢ j9 = ((ioj) x (pog)) NINDU.
The interval and point projections of an ZN DU relation r, denoted respectively, by r; and
rp are defined by ry = {i: i” e r}, rp = {p: i? € r}. In the sequel we will say that a subset
of relations of 2'NPY is a subclass iff it is closed for the operations -1 & and N.

3. Qualitative constraint networks
3.1. Definitions
Definition 1. An ZN DU constraint network is a pair N' = (V, C), where:

e V isafinite set {Vy,..., V,} (with n = |V]) of variables representing intervals of the
line;

e C is a mapping associating with each pair V;, V; € V a constraint, denoted by C;j,
defined by a relation of 2/NPY,

We assume that Ci;l =Cj; and C;; ={eq™}.

We define constraint networks on Z.A (interval networks) and on P.A (point networks)
in a similar way. By definition, an atomic network is a network whose constraints are
defined by atomic relations.

Definition 2. Let ' = (V, C) be a constraint network on ZN DU with n = |V|. An instan-
tiation m of A\ is a mapping which associates an interval m; with each variable V; € V.
The basic relation of INDU satisfied by m; and m ; will be denoted by m; ;. The instantiation
m will be called a consistent instantiation or a solution of A iff for every pair of variables
Vi,Vj € V, m;j € Cj;. In the case where N has a solution, N will be said consistent.
N is k—consistent (with k € {1, ...,n}) iff any partial consistent instantiation on k — 1
variables can be extended to a new variable while remaining consistent. N~ will be said
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o-closed iff for each i, j,k € {1,...,n}, Cij € Cix ¢ Cy;j. A subnetwork N = (V’, C’) is
a network such that V' =V and C l/ j C C;; for each pair of variables V; and V;. A network
N = (V,C”") is equivalent to A iff " and /"’ have the same solutions.

Given a constraint network, the main problem is to decide whether it admits a consistent
instantiation. This problem is called the consistency problem.

Given a set £ € 2'NPU (closed for converse and containing the relation {eg~}), the con-
sistency problem for ZN DU networks whose constraints belong to £ will be denoted by
Cons(€). The consistency problem for interval networks being NP-complete, obviously
Cons(2'NPYy js NP-hard. Moreover, we will show in Section 4.2 that the consistency
problem for atomic ZN DU networks is a polynomial problem. Hence, we can test the
consistency of any ZN DU network in exponential time by testing the consistency of all its
atomic subnetworks. As a consequence, we get the fact that Cons(2'NPY) is NP-complete.

We call ¢-closure method, the method which consists in obtaining from a network
N = (V, C) an equivalent and o-closed subnetwork A/ by iterating the operation C;; :=
Cij N (Cix o Cyj), fori, j, ke {l,...,|V]}, until a fixpoint is obtained. This method can be
implemented in O(n3) time (with n = |V|) by an algorithm similar to those used to obtain
equivalent path-consistent constraint subnetworks from binary constraint networks [10].

3.2. Consistency and the ©-closure method

Given that the set 2/NPY is not closed for the composition operation, several fundamental
properties of networks of Z.4 and P.A are no longer true in the framework of ZN'DU.

Proposition 1. Let N be a consistent ZN'DU network. A 3-consistent network N equiv-
alent to N may not exist.

The atomic ZN DU network depicted in Fig. 2(a) is o-closed and consistent but it is not
3-consistent: consider the partial solution m (V1) = (1, 2), m(V3) = (3,5). This solution
cannot be extended to V. This network is consistent and does not admit an equivalent

3-consistent network.
ﬂ:}\
6D ) )
{5} {m<}

{6=} (b}
{oi<}

) 0

(a) (b)

Fig. 2. (a) a consistent atomic network which is not 3-consistent, (b) an atomic network which is ¢-closed but not
consistent.
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Moreover, there are ¢-closed atomic networks which are not consistent (for example,
see Fig. 2(b)).
Consequently, we can state the following property:

Proposition 2. A o-closed (atomic) ZN'DU network which does not contain the empty
constraint is not necessarily consistent.

For ZA it has been shown that the complexity of Cons(€), with £ € 2'A, is the same as
the complexity of Cons(&), with £ the closure of £ for the operations converse, intersection
and composition. The proof of this result is based on the fact that from an interval network
whose constraints belong to £ we can always build an equivalent network from &. If we
replace the composition operation by ¢, we can no longer prove this property for ZN'DU.
This is a consequence of the fact that if x (r ¢ s) y then a third interval z such that x r z and
z s y may not exist (a necessary property for building an equivalent network on £ from the
network on &£). Nevertheless, we can prove a weaker property:

Proposition 3. Let £ € 2PV pe g subset of relations which is closed under the converse
operation and which contains the atomic relation {eq=}. Then Cons(E) is a polynomial
problem (resp. a NP-complete problem) if, and only if, Cons(E*) is a polynomial problem
(resp. a NP-complete problem), where ™ denotes the closure for the intersection operation.

A proof of this proposition can be based on the fact that a constraint x (rg N --- N
ri) y in £* (with rg, ..., r; € £) can be replaced by the constraints x ro y, x r{ 21, ...,
xrizi,yleqg }z1,..., vy {eq”} zi, where z1, ..., z; are new variables. Hence, we have a
polynomial reduction from Cons(E*) to Cons(€).

In the sequel of this paper, we are going to characterize several sets of ZN DU for which
the consistency problem is polynomial. Several cases of tractability can be obtained in a
direct way from the tractable cases of Z.A. For instance, we can state the following result:

Proposition 4. Let £ C 2'A be a set for which the consistency problem is polynomial. Let
E' € 2INDU pe defined by £' = {(r x {<, =, >}) NINDU: r € &}.
Then Cons(E’) is polynomial.

The validity of this proposition is due to the fact that £ and £ represent the same
class of temporal constraints. Indeed, the ZNDU temporal constraint x ((r x {<, =,
>}) NINDU) y (with x, y two variables and r € £) can be equivalently expressed by the
temporal constraint of the interval algebra x r y. Let us now establish less trivial tractability
cases.

4. Convex relations in the ZN DU calculus

4.1. Definition and representation

In this section, we introduce a lattice structure on the set of basic ZN DU relations,
based on the similar structures for Z.4 and P.A [9] (see also [12]). In [9] the interval lattice
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Fig. 3. (a) the interval lattice, (b) the point lattice, (c) the ZN DU lattice.

(resp. the point lattice) is defined by associating to each basic relation A a pair of integers
(ia, ja) (resp. an integer i 4 ). For example, the pair (1, 3) corresponds to the basic relation
eq, while 1 corresponds to the basic relation = (see Fig. 3 for a complete description).
Using this correspondence, an ordering <, (resp. <) is defined on IA (resp. on PA) by
specifying that A <;;; B iff i4 <ip and js < jp (resp. ig < ip). We refer to the resulting
structure (1A, <in) (resp. (PA, <)) as to the interval lattice (resp. the point lattice).

Once the lattice has been defined, convex relations of ZA (resp. P.A) correspond to
intervals in the lattice® (resp. the point lattice) (see Fig. 3 (a) and (b)). For example, the in-
terval relation {o, s, fi, eq} and the point relation {<, =} are convex relations corresponding
to the intervals [0, eq] and [<, =].

In a natural way, we define the ZNDU lattice as the Cartesian product of the interval
lattice and the point lattice (see Fig. 3). This lattice is also defined on the virtual basic
relations of ZNDU. We define the set of convex relations of 2'NPY in the following way:
Definition 3. A relation r € 2'NPY is a convex relation iff » = [min, max] N INDU, where
[min, max] an interval in the ZN DU lattice.

For example, the relation {m=,m=, 0=, 0~} is a convex relation. We denote by C the
set of convex relations. Remark that € 2'NPVY is convex iff r = (s x 1) N INDU with s and
t convex relations of 2'A and 2PA. Hence from a geometrical point of view, a relation r of
INDU is a convex relation when its geometrical representation in the plane Reg(r) satis-
fies the following equality: 34 € ‘H, Reg(r) = (Proj;(Reg(r)) x Proj,(Reg(r))) Nh, where
‘H = {Reg(INDU), Reg(INDUN (IA x {<})), Reg(INDUN (1A x {<, =})), Reg(INDUN (1A x
{>1)), Reg(INDUN (IA x {>, =})), Reg(INDUN (1A x {=}))} and where Proj; (resp. Proj,)
denote the projection functions on the horizontal axis (resp. vertical axis).

2 Given a lattice (E, <), an interval is either the empty set or a set {e € E: min < e < max} for some min, max €
E with min < max (this last set will be denoted by [min, max]).
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In the same way as for the convex relations of Z.4 and of P.A we have the following
property for the convex relation of ZN DU

Proposition 5. A relation r € INDU is a convex relation iff it can be expressed by a con-
junction of unitary Horn clauses @ such thatifu Zve @ thenu <vedorv<ued
(where u and v denote endpoints or differences of endpoints).

Proof. Let r € INDU be a convex relation. We know that r = (s x ¢) N INDU where s
and ¢ are convex relations in 2'* and 2™ respectively. Now s is a convex relation of 2'A
which expresses the constraint concerning the relative position between the two intervals.
This constraint can be expressed by a conjunction of unitary Horn clauses @; such that if
u#vedgthenu <ve d;orv<ue b (with u and v denoting endpoints). In a similar
way, the duration constraint between the two intervals is expressed by ¢ a convex relation
of 2PA. Again, ¢ can be also expressed by a conjunction of unitary Horn clauses ®; such
that if u v € @, then u < v e @; or v < u € @ (with u and v denoting differences of
endpoints). Let us remark that # and v denote differences of endpoints in @5 and endpoints
in @;. Finally, we can define the required conjunction @ by &3 A ;. O

For example, consider the ZN DU convex relation r = {m=, m~, 0=, 0~}. We have r =
(s x ) NINDU with s = {m, o} and t = {<, =}. The constraint x  y can be expressed by
D=y <xTAxT <yt Ax  <xt Ay <yt AxT £yt AxT #£xT Ay  #£yT. The
duration constraint 7 can be expressed by @, =x* — x~ < y™ — y~. Hence, the temporal
constraint x r y can be expressed by the conjunction @5 A &;.

Notice that a convex relation of ZNDU cannot always be represented by a conjunc-
tion of unitary ORD Horn clauses (see the previous example). Pujari et al. enumerate 227
convex relations. Our definition, by contrast, results in 240 convex relations, this differ-
ence arising from the fact that Pujari et al. use a lattice which does not take into account
the virtual basic relations. The set C is closed for ~1, N, but not for ©. The closure for
the intersection and converse follows directly from the definition. The following example
shows the instability of C for ¢: {b=} ¢ {d=,0~,0”,07,s~} is the non-convex relation
{b=,b”,b=,d=~,0=,m=,s=}. Some relations of C can be expressed by conjunctions of
ORD Horn clauses. This set of relations, denoted by Cja, corresponds to the 83 convex
relations of ZA. Cj4 can be defined as follows:

Definition 4. Let r be a relation in 2'NPY. Then r € Cj4 iff r satisfies one of the equivalent
properties:

e r=(s x {<,=,>})NINDU where s is a convex interval relation,
e r=[a~,b”]NINDU, where [a<, b ] is an interval of the ZN DU lattice (a, b € IA).

Given that the set Cj4 corresponds to the set of convex interval relations, the operation
¢ on Cyy corresponds to the composition operation o. As a further consequence, Cy4 is a
subclass.
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4.2. Tractability of the convex TN DU relations

The convex ZN'DU relations can be represented by conjunctions of unitary Horn
clauses; as a consequence, the consistency problem of the convex ZNDU networks
(ZN'DU networks whose constraints are convex) is polynomial. Indeed, we can translate
this kind of network into conjunctions of Horn clauses and apply a resolution algorithm
such as the algorithm proposed by Koubarakis [6]. Notice that we can also use the Simplex
algorithm or Kachian’s algorithm for solving these particular constraints (as a consequence
of Proposition 5).

Proposition 6. Cons(C) is a polynomial problem.

It is well known that the path-consistency method can be used to solve the consis-
tency problem of the convex interval networks. Hence, Cons(C4) can be decided by the
¢-closure method.

5. The pre-convex ZN DU relations

The maximal tractable set of Z.A containing the 13 atomic interval relations is the set
of pre-convex interval relations, which is identical with the set of ORD Horn interval re-
lations. To define the pre-convex relations of ZNDU we use the method introduced by
Ligozat [9] by extending the notions of convex closure and dimension to ZADU. For the
interval algebra, the dimension of an interval relation corresponds to the dimension of the
geometrical representation of this region in the plane. This dimension is the maximal di-
mension of the dimensions of the basic relations it contains. In a similar way, we have the
following definition:

Definition 5. Let a € INDU. The dimension of a, denoted by dim(a), is the dimensional
space of Reg(a).If r € 2INDU ¢ 5 non-empty relation, dim(r) = max{dim(a): a € r}.

As usual, we define dim({}) as —1. As an illustration, we have dim(m~=) =0, dim(s <) =
1, dim(b”) =2 and dim({m=, 0=}) = max{0, 2} = 2.

Definition 6. The convex closure of an ZN DU relation r, denoted by I (r), is the smallest
convex relation of C containing r: I(r) =(\{s € C: r C s}.

Notice that this definition makes sense because the set C is closed under intersection.

The convex closure in ZNDU can be computed from the convex closures in ZA and
PA. Indeed, we have I (r) = (I (r;) x I(rp)) NINDU for all relations r € 2NPY. Now, we
can define the pre-convex relations of ZN DU

Definition 7. Let r € 2NPYU. Then r is a pre-convex relation iff » = {} or dim(I () \ r) <
dim(r).
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We denote by P the set of pre-convex ZN DU relations. P contains 88096 rela-
tions. The set of convex relations C is a subset of P. The set P is closed under !,
but not closed under the operations N and ¢: consider the pre-convex ZN DU relations
r={eq=,b=,b=,0~},s ={eq=,b”,b=,0”}, t ={b=} and u = {d=,0~,0”}. Then the
relations r Ns ={eq=,b~}and tou={b=,b>,b=,d~,0~ ,m=, s~} are not pre-convex
relations.

5.1. Intractability of the pre-convex TN DU relations

In this section we prove that the consistency problem for P is NP-complete. In order
to do so, we define a polynomial reduction from the 3-coloring problem of a graph [5] to
Cons(P*).

Proposition 7. Cons(P*) is a NP-complete problem.

Proof. Let G = (S, A) be a non-oriented graph, with S a set of vertices and A a set of
edges between these vertices. We build an ZN DU network N = (V, C) in the following
way: V is a set of variables corresponding to the union of Col = {Col;, Colp, Col3} and
Vs ={S1,...,S,} with n = |§|. Each variable of Col is associated with a color. Each vari-
able S; € Vg is associated with a vertex s; € S. The constraints of N between the three
variables of Col are given in Fig. 4(a). Those between two variables S; and §; such that
(si,57) € A (resp. ¢ A) are given in Fig. 4(b) (resp. (¢)). We can check that these constraints
belong to P*. For example, the relation {m=, eq=, mi=} is the intersection of the pre-
convex relations {0”,di”, 0i”,m~,eq—, mi~} and {0=,d=<,0<,m~,eq=, mi—}. We can
prove that G = (S, A) is 3-colorable iff V" is consistent: given a solution of the 3-coloring
problem for G, we assign to each variable S; the interval corresponding to the color as-
signed to the vertex s;. Conversely, to obtain a solution of the 3-coloring problem for G
from a solution of N\, we assign to the vertex s; the color corresponding to the interval
assigned to S;. O

{o=}

O Dl OO

{eq=,mig,m=}

{eq=,m=,0=} INDU

() ORNO

(a) (b) (©)

INDU \ {eq=} ‘

{eq=, mi=, bi~}

Fig. 4. The constraints of ' = (V, C).
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As a consequence of this proposition and Proposition 3 we obtain:

Theorem 1. Cons(P) is a NP-complete problem.

6. The strongly pre-convex ZN DU relations

Balbiani et al. have proved that for the strongly pre-convex generalized interval rela-
tions the consistency problem is polynomial [3]. Following the line of reasoning given by
Balbiani et al., we define the strongly pre-convex relations of ZANDU.

Definition 8. Let r € 2'NPY. Then r is strongly pre-convex iff for each convex relation
t € C, the relation r N ¢ is a pre-convex relation.

The definition of the strongly pre-convex relations is guided by the desire to obtain a
subset of pre-convex relations closed under the intersection operation. F will denote the
set of strongly pre-convex relations of ZADU. It has 45792 elements.

Proposition 8. The set F is closed® under the operations =1 N, but not closed under .

As a counter-example, consider the strongly pre-convex relations » = {b=} and s =
{d=,0=,07}, r ¢ s is the relation {b=,b”,b=,d=,0~,m=, s~} which is not a strongly
pre-convex relation.

6.1. Tractability of the strongly pre-convex TN DU relations

This section is devoted to the properties of the strongly pre-convex ZN DU relations in
relation to the consistency problems.

Proposition 9. The strongly pre-convex ZN'DU relations can be represented by conjunc-
tions of Horn clauses.

Proof. Let r € F. As I(r) is convex, there exists a conjunction of Horn clauses repre-
senting it. Denote by @) such a conjunction. In the general case, @, is too permissive.
Indeed, each basic relation a € I (r) \ r is realizable w.r.t. ;). We must forbid these basic
relations, without forbidding the basic relations of r. For each such a € I (r) \ r, we exhibit
a Horn clause, denoted by &,, such that the addition of @, to @ excludes the satisfaction
of a without excluding that of the atomic relations belonging to r. Since r is pre-convex,
then dim(/ (r) \ ) < dim(r), hence dim(a) < dim(r). Consequently, dim(a) = 1 or 0. Let
us first consider the basic relations which do not impose equality on the durations.

D<=t #y vt —x" >yt —y7),

3A computer-program has been used to prove this result, as well as for the future Proposition 10.
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Dy =(xTFyTvaxt —xT <yt —y7),
D<= T #x" vt —xT 2yt —y7),
G- =T #x"vat —xT <yt —y7),
Dy« =(x"Fy vxT—xT =yt —y7),

Next, consider the basic relations imposing equality of the durations. These atomic re-
lations belong to the convex relation s = {eq~, b~, bi~, 07, 0i~,m~,mi"}. As a conse-
quence, @, will always contain x* — x~ # y* — y~ (except for @,,).

Dp==(x"—x"#yT—y vxt=y),

== —xT#yT -y vyt =a),

Pp= = —xTFyT—yTvat£y7),

Ppi==(xT —x" £y T —y vyt #£x7),

¢eq: =" 7& y \/x+ 5& y+)-
The cases of the basic relations 0= and 0i~ remain to be examined. Consider the case a =
0~ (the case oi~ is similar). Suppose that r N {b=, m=} # W and r N{eq=, mi=, 0i=, bi~ } #
(. Hence a € I (r Ns). Moreover, we know that a ¢ r. As a consequence dim(/ (rNs)\ (r N
s)) = 1.Sincer Ns C s and dim(s) =1, dim(Z (r Ns) \ (r Ns)) < 1. Hence, dim(r N's) <

dim(I(r Ns)\ (r Ns)) and r N s is not pre-convex. This is a contradiction (r is a strongly
pre-convex relation). Hence, only three cases have to be considered:

e rNs=@.Then ®,=isxT™ —x~ Ay —y~,

o rN{b=,m~}#Wand r N{eqg=,mi~,0i~,bi"} =@. Then ®,= is xT — x~ £ y* —
yo vt <y,

e rN{b=,m~} =0 and r N{eqg=,mi=,0i~,bi"} #@. Then ®,= is xT — x~ £ y* —
yovat =yt

Using the clauses defined above, any r € F can be represented by the conjunction of
Horn clauses @7¢:) A Nyer ) Pa- O

As a consequence, we get:

Theorem 2. Cons(F) is a polynomial problem.

7. The tractable subclass G

In this section we characterize a new subset of pre-convex relations for which the ¢-
closure method gives a decision method for the consistency problem (contrarily to what is
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the case for F). We will denote this set by G. The definition of G was guided by our desire
to obtain pre-convex relations forming a subclass for which the convex closures are convex
interval relations.

Definition 9. Let » € 2NPV. Then r belongs to G iff for each convex relation s € Cja r N's
is a pre-convex relation and / (r N s) is a convex relation which belongs to the set Ci4.

The set G forms a subclass containing 11854 relations.
Proposition 10. The set G is closed for the operations ~', N and .

Since the universal relation INDU (that is, the set / N DU') belongs to Cj4, each relation
of G is a pre-convex relation. Moreover, we notice that some relations of G are not strongly
pre-convex. For example, the relation {eq=,d~,di”,0=,07,0i<,0i” ,m<,m>,m=, mi<,
mi~, mi~} belongs to G but is not strongly pre-convex: indeed its intersection with the

convex relation {eq~, 0=, 0i~, m~, mi~ } is not a pre-convex relation.
7.1. Tractability of G

We are now in a position to prove the tractability of the consistency problem for the
set G, using the notion of maximal solution introduced by Ligozat in [9]. Given a solu-
tion m of a network ' = (V, C), m will be said maximal if dim(m;;) = dim(C;;) for
alli, j e1,...,|V]|. Intuitively, a maximal solution is a solution which involves basic re-
lations imposing as few equalities—between endpoints and difference of endpoints—as
possible. For example, given the constraint x {m=,m~, 0=, 0~, b~} y, a maximal solution
will satisfy o= or b~ between x and y. Firstly, we prove the following result:

Proposition 11. Let N = (V, C) a ZN DU network whose constraints belong to Cjs (with
the exclusion of the empty relation). If N is o-closed then N admits a maximal solution.

Proof. Cj4 corresponds to the convex relations of ZA. Let N/ = (V, C’) be the convex
interval network equivalent to N'. From [9] we know that N/ admits a solution m, ..., m,
(with n = |V|) such that a = b, with a and b two endpoints of m; and m , iff all basic
relations belonging to C; ; impose this equality (m is a maximal solution for Z.A). For

example, we have m; = m; iff all basic relations of C; ; impose this equality. C; ; could be
the relation {s, eq, si} but could not be the relation {s, eq, f, d} since d does not impose the

equality m; = m; . We can modify m to obtain a solution s having the additional property:

s;r -5 = s;.“ — s; iff C;j = {eq™}. Consider the lower endpoint m; ", let [ be the number
of endpoints located before m; . We assign to s;” the value //(1 + ). We treat in a similar
way the upper endpoints. s satisfies the properties fixed previously. Hence, we obtain a

maximal solution s of N = (V,C). O

Proposition 12. Let r, s € INDU such that I (r ¢5), 1(r) and I (s) € Cja. We have I (r os) C
I(r)yoI(s).
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Proof. r C I(r)ands C I(s). Henceros C I(r)o1(s). Consequently, I (ros) C I(I(r)o
1(s)). As Cjy4 is closed for the operation <, I () ¢ I (s) is a convex relation. Hence, I (I (r) ©
I(s))=1(r)oI(s).Hence, I(ros)CI(r)ol(s). O

Proposition 13. Let N = (V, C) be a network whose constraints belong to G. Let N =
(V,C") be defined by C[; = I(Cyj) for all i, j € {1,....n}, withn =|V|. If N is o-closed
then N'!is o-closed.

Proof. Let V;,V;, Vi € V. Cij € Ci ¢ Cy;j, consequently, I(C;j) € I(Cix ¢ Cyj). We
know that G is closed for the operation ¢. Hence, I (Cjx ¢ Cy;j) € Cia. Moreover, by def-
inition of G, I(Cjx) and I (Cy;) € Cjs. From Proposition 12, we get that I (Cj; ¢ Cy;j) C
I(Cix) © 1(Cy;j). Using this result, we deduce that I (C;;) € I(Cix) ¢ I1(Cyj). O

Now, we can establish the main result concerning the set G.
Theorem 3. Cons(G) can be decided by means of the o-closure method.

Proof. Let V' = (V, C) be a network containing constraints belonging to G. By using the
o-closure method on N we obtain an equivalent subnetwork N = (V, C’). The constraints
of N belong to G since G is closed for the three operations _1, N and ¢. If A/ contains the
empty constraint, then N is not consistent. In the opposite case, let us show that A/ (and
consequently N') is consistent. Let N/ = (V, C”) be defined by Cl/; = I(lej). N is -
closed (Proposition 13). It admits a maximal solution m (Proposition 11). This solution m
is also a maximal solution of A’. This is due to the fact that dim(/ (C; A C! )< dim(C; )
(see definition of G), for each pair of variables V; and V;. O

Hence, we have characterized a set for which the ¢-closure method is complete.

8. The atomic relations of INDU=

In the previous section we showed that the ¢-closure solves the consistency problem
Cons(G).* On the other hand, we know that for the general case, the ¢-closure method is
not complete for the consistency problem of the atomic networks of ZA/DU. In this section,
we show that this method is complete for the atomic relations which imply the equality of
the durations of the intervals. In the sequel, we will denote by INDU™ the subset of the basic
relations of ZN'DU implying the equality between the durations of two intervals, that is
INDU™ ={eq™,b~,bi—,m~,mi~,0~,0i }. Notice that the atomic relations defined from
INDU=, excepted {eq™}, are convex relations of ZA"DU which do not belong to the set
Caj.

Given an ZN'DU constraint network N = (V, C), we will denote by N A the interval
constraint network (V, C'*) defined as follows: for each i, j € 1,...,|V], C}]A ={i: i’ e

4 Note that the only basic ZN DU relations belonging to G are {eg=}, {d<}, {di”}, { <}, {fi~}, {s<}, {si>}.
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C;;}. Similarly, we will denote by N PA the point constraint network (V, C™) defined as
follows: for each i, j € 1,...,|V], CiF]’A = {p: i? € C;;}. The constraint networks N and

NPA are, respectively, the projection of A/ onto the Interval Algebra and the projection of
N onto the Point Algebra. In the general case, it is clear that the consistency of N'A and
the one of V'™ do not imply the consistency of .

The projection operation retains the property of ¢-closure:

Proposition 14. Let N = (V, C) an ZN DU constraint network. If N is a o-closed network
then N'A and NP7 are o-closed networks (and also o-closed networks).

Proof. Denote by n the number of elements of the set V. Leti, j,kel,...,n.Letae C l"}
(resp. be C EA), there exists b € PA (resp. a € |A) such that al e C; j. By definition of the
operation ¢ and by o-closure of A/, for each basic relation al e C; j» there exist cd e Ci
and e/ € Cy;j such that a’ € (¢? o ef). Moreover, ¢ o e/ = ((coe) x (d o f)) NINDU.
Hence a € (coe) and b € (d o f). By projection, c € Cl!',?, ec€ C,'c';‘, de CiF;(A and f € C,':]A.
Consequently, a € (Cl!’:‘ o C,'Q) and b € (CZ-F;CA o CIEJA). Hence Cl!jA - (Cl!z‘ o C,'Q) and CI.F;.A -
(CthocC ,f’JA). Hence, N'A and A are o-closed networks. For the Interval Algebra and the

Point Algebra, the operations o and ¢ are the same operations, consequently, N A and N'PA
are ¢-closed networks too. O

Now, we are going to prove that some particular interval constraint networks admit
solutions enforcing a common duration for all intervals.

Proposition 15. Let N' = (V, C) an atomic network of the Interval Algebra such that each
constraint is formed by one basic relation belonging to the set S = {eq, m,mi, b, bi, o0, oi}.
If N is a o-closed network (and does not have the empty relation as a constraint) then N
admits a consistent instantiation o such that o(V;)* —o(V;)™ = (7(Vj)+ —a(V;)~ for
all Vi,V e V.

Proof. Let A/ = (V,C) be an atomic interval constraint network such that C; i = {A}
with A € {eq, m, mi, b, bi, 0, 0i}. Suppose that N is a o-closed network. As N is o-
closed and atomic we know that there exists a consistent instantiation o’ of N [I11].
From this instantiation, we build a new consistent instantiation, denoted by o, using
uniquely intervals with same duration, as follows: Without loss of generality, we sup-
pose that the variables V = Vi, ..., V, are such that if al./ T < o}* then i < j, for all
i,je€l,...,n. Thus,if i < j, then, C;; C {eq, m, b, o}. In the sequel of this proof we will
denote by T the interval relation {eq, m, b, 0} and d will denote the difference 01/ +
Moreover, we define the sets ElA, with A € {eq,b,m,0,0i,mi,bi} and [ € 1,...,n, by
ElA ={iel,...,| —1: Ciyy ={A}}. Let the instantiation o defined in the following way:

—_— /=
oy .

e 0] =0],
e foreachke?2,...,n,
— if Cy—1x = {eq} then o = 0}y,
— if Cy—1x = {m} then oy = (0" |, 0;" | +d),
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— if Cr_1x = {b} then o = (0," | +d, 0,7 | +2d),
— if Cx—_1x = {0} then
if EJ # ¢ then o = (0;", 0;" + d), with i = min EJ",

else o = (u+v)/2, u+v)/2+d), withv = ar;:m EY and u = UHTaX(EmeO N in
k k—1

the case where (E,f NE}_)#WDelseu=o0,_,.

Let us prove that the instantiation o satisfies the properties required. Firstly, we can remark
thatforallkel,...,n, cr,:r — o0, =d. Hence, all the intervals used in the instantiation o
have the same duration. Now, we show that ¢ is a consistent instantiation of N' = (V, C).
Let P be the property defined by P (k) (with k € 1,...,n) be satisfied if, and only if,
the partial instantiation o7, ..., oy is a consistent instantiation of the network N. P(1) is
trivially true. Letk € 2, ..., n, suppose that P (k — 1) is true, we show that the property P is
satisfied for k. We know that the constraint Cj_ 1 is a atomic relation such that Cy_1; € T.
Examine all possible cases concerning the constraint Cj_ 1.

e Ci_1x = eq. We have o = o;—1. Hence, ox_1 Cy_1x or. Moreover, for each [ €
1,...,k — 2, from the o-closure of N, we have Cj;y € Cjx—1 o Cx_1x. Moreover,
Cii—1 0 Ck—1x = Cii—1 o {eq} = Cix—1. Since the constraints of A/ are atomic rela-
tions, Cjx = Cix—1. As P(k — 1) is true, o7 Cj_1 ox_1. From the fact that o,_; = oy
and Cj;_1 = Cyx, we deduce that o7 Cy o%.

e Ci_1x = m. Hence, o} = (cr,:r_l,alj_l + d). Consequently, we have ox—1 Cx—1x O%.
From the o-closure of N, we have Cj, € Cjp—1 0 Cx—1x foreachl e l,... .k —2.
Moreover, Cjy—1 C {eq, m, b, 0} and Cy_1 = {m}. Since {eq, m, b, 0} o {m} = {m, b},
we obtain the inclusion Cj; € {m, b}. Consider the two possible cases for Cji:

e Cix = {b}. From the o-closure of A/, we have Cj_1 € Cjx o Cxx—1. Hence, Ci—1 C
{b} o {mi}. Since {b} o {mi} = {b,m,0,d,s} and Cj,_1 C T we can assert that
Cik—1 S {b,m,o0}. As P(k — 1) is satisfied, we have o; Cjx—1 ox—1. Consequently,
al+ < O'k+_ |- Moreover, remember that th | = 0y - We deduce that ‘71+ <o, . We
can conclude that o; {b} o} and hence, o; Cy oy.

e Cj; = {m}. From the o-closure of /', we have Cj;_1 € Cjx o Cix—1. Hence, Cjy—1 C
{m} o {mi}. From the fact that {m} o {mi} = {f,fi,eq} and C;x_1 € T we get that
Cix—1 = {eq}. Since P(k — 1) is satisfied, we have o; Cjx—1 ox—1. Consequently,
0] = ok—1. Moreover, remember that o*,: | = 0y . We conclude that o; {m} o} and
hence, o7 Cjj o%.

o Cir_ix =b. Hence o, = (O'Ij__l +d, O'Ij__l + 2d). Consequently, ox—1 Cx—1x 0k. From
the o-closure of N, foreach [ € 1,...,k — 2, we get Cjx € Cjx—1 o Cx—1x. Hence,
Cix € T o{b}. From the fact that {eq, m, b, 0} o {b} = {b} we can deduce that Cj; = {b}.
As P(k — 1) is true, o7 Cjx—1 0x—1. From the fact that Cjx—1 C {eq, m, b, 0}, we get
‘71+ < ak+_ |- Moreover, notice that ak+_ | <0y . Hence, we can assert that al+ <oy .
Consequently, o7 {b} oy and hence, o7 Cyi o%.

o Ci—1x = 0. We must take into account two possible cases: the case where E}" # ) and
the case where E}" = (.
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o E' #(). Let i = min E;" (notice that 1 <i < k and Cj; = {m}). We have oy =
(al.+, al-+ +d). Letlel,...,k— 1. We know that Cj; € T. Examine all possible
cases concerning Cyy.

*

Cjr = {eq}. From the o-closure of N, we deduce that C;; C Cj; o Cy;. Hence,
Ci; C {m} o {eq}. Moreover, {m} o {eq} = {m}. Consequently, C;; = {m}. Since
P(k — 1) is satisfied, o;mo;. Hence, 0, = al.+. As the duration of o7 is d, 07 =
(ai+, of + d). Consequently, o; = o and hence, o; {eq} or. We deduce that
o7 Cix o%.

Cix = {m}. From the o-closure of N/, C;; C Cjj o Cy;. Consequently, C;; C {m} o
{mi}. From the fact {m} o {mi} ={f,fi, eq} and C;; C S, we can assert that C;; =
{eq}. Since P(k—1), 0; {eq} 0;. Hence, o) = 0;. As o) = al.+, we have o) = ‘71+-
Consequently, o7 {m} o} and hence, o; Cix o%.

Cjx = {b}. From the o-closure of \/, we can deduce that C;; € C;; o Cy;. Conse-
quently, Cj; € {m} o {bi}. Moreover, {m} o {bi} = {bi, oi, mi, di, si} and, we know
that C;; € S. Hence, C;; C {bi, 0i, mi} and C;; C {b, 0, m}. Since the property
P(k — 1) is true, we have o7 Cj; 0;. Consequently, we can assert that 01+ < al.+.
Aso, = ai+, we get that o) > ‘71+' Consequently, o; b 0.

Cix = {0}. From the o-closure of N, C;; C Cjj o Cy;. Consequently, C;; C {m} o
{oi}. {m} o {0i} = {o, d, s} and moreover, we know that C;; C S. Hence, C;; = {0}.
As the property P(k — 1) is true, we have o; Cj; 0;. Consequently, we can assert
that o, <o, <o;” <o, , with o;" — 0, < d. Moreover, we know that o} =
(ai+, ol.+ +d). Hence, 0, <o, < ‘71+ < ak"’ . Consequently, o7 {0} ox. Hence,
o1 Cix oy.

e E}" =0.Denote by i the element corresponding to min £} . Notice that i exists since
Cr—1x = {o}. Two cases must be considered: the case where E,f NE}_, = and the
case where E,f NE}_, #9.

* E,’? N E;_, = . Hence, oy = ((o*l.Jr +0,_1)/2, (ol.+ + 0,_)/2 + d). From

the o-closure of A/, we can deduce that Cjx_; € Cix o Crr—1. Consequently,

Cik—1 C {0} o {oi}. From the fact that {0} o {0i} = {0, 0i,d,s, f,di, si, fi, eq}

and Cjx—1 € T (since i < k — 1). We deduce that C;z_; C {o, eq}. Conse-

quently,we have o, <o0,_,| < ol.+ < UkJr_l, with o,j_l -0, = af —o0; =d.As

o) = (((71.Jr +o,_1)/2, (al.+ +0,_,)/2+d) wecanassertthato; <o,_; <o, <

O‘i+ < o*,:“_ 1 < O‘k+ .Let/ e1,...,k— 1. Consider all possible cases concerning the

constraint Cj;. We know that Cy;, C T, hence, we must consider four cases.

— Cix = {eq}. From the o-closure of N, we can deduce that Cjx_1 € Cj 0 Crx—1.
Consequently, Cix—1 C {eq} o {oi}, hence, Cj;—1 = {0i}. Consequently, a/ TS
a,é_lJr. This implies that / > k — 1. This is a contradiction.

— Cix = {m}. By hypothesis, E}" = . This is a contradiction.

— Cyx = {b}. From the o-closure of N, Cjx—1 € Cix o Crx—1. We deduce that
Ci—1 C {b} o {oi}. Moreover, {b} o {0i} = {b,0,m,d, s} and we know that
Cix € T. Consequently, Cjx—1 < {b, 0, m}. In the case where Cjy_1 C {b, m},
from the fact that P (k — 1) is true, we have o {b, m} ox_1. Hence, crl+ <oy

As o, > 0,_,, we have al+ < 0y, . Hence, we can assert that o; {b} oy and
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hence, o; Cjr or. Now, suppose that Cjr_1 = {0} (notice that in this case [/ <
k — 1). Hence, E,lj N E}_, # . This is a contradiction.

— Cix = {o}. By definition of i we have i < /. Hence, i </ < k—1. Consequently,
Cii €T and Cjx—1 C T. As the property P(k — 1) is satisfied, we have o; Cj; o}
and o7 Cjx—1 ox—1. Hence, o;” <o, <o,_, and ol.+ < al+ < ak"r_l. More-
over, remember us that o;” < o0,_; <0 < o*l.Jr < o,: 1 < ak+ . Consequently,
we have 0, <o, <oy_; <o, < ai+ < ol+ < o*k+_ | < ak+ . We deduce that
o {0} or. Hence, o7 Cji oy.

EYNE{ | # 0. We deduce that o = ((0;" + o)/2, (0] +0)/2+ d), with

j= max(E,lc’ N E}_,;). As in the previous case we have Cj;—1 C {0, eq} and

hence o;” <o, < al.+ < 01:1 with (71::1 — 0 = o*l.+ — o; =d. More-
over, from the o-closure of A/, we deduce that Cij € Cik—1 o Cr—1j. We
have Cy—1; = {oi} since j € E}_,. Hence, C;; C {0, eq} o {0i}. Moreover,

{0, eq} o {oi} = {eq,0,0i,s,si, f,fi,d, di}. We know that C;; € §. Consequently,

we can assert that C;; C {eq, 0, oi}. Similarly, from the o-closure of A, we

have C;; C Cj; o Cy;. Cyj = {bi} since j € E,i’ and C;; = {0} since i € E,‘(’

Consequently, C;; C {o} o {bi}. Moreover, {0} o {bi} = {bi, 0i,di, mi, si} and

Cij € S. Hence, C;; C {bi, oi, mi}. It results that C;; C {eq, o, oi} N {bi, oi, mi}.

Hence, we have C;; = {oi}. As P(k — 1) is true, we have o; C;; o;. It fol-

lows that Ui_ <o0; < o;r < O’i+. Moreover, aj_ <0, < O';_ < ‘7k+—1 since
Cjk—1 = {o}. Recall that 0;” < o0;,_;| < cri+ < ak+_ |- Putting these facts together,

we can deduce that o ; <o, <0;_; < a;“ < ai+ < ak+_ |- Moreover, we know
that 0; = 0; =0y =d and o} = ((O’i+ + a;“)/2, (ai+ + 6;“)/2 + d). Hence,

aj_ <o, <0, < a;r <o, < 0i+ < ak+_1 < a,:r. We deduce that o;_1{0o}ox

and hence, 03— Cr—1x 0. Letl € 1, ..., k — 2. Examine all possible cases con-

cerning the constraint Cj;. We know that Cj; € T', hence, we must consider four
possible cases.

— Cjx = {eq}. From the o-closure of N, we deduce that Cjx_1 € Cjx o Crx—1.
Hence, Cix—1 C {eq} o {oi}. Since {eq} o {oi} = {oi}, we have Cj_; = {oi}.
Consequently, ol”r > Gléil and hence, [ > k — 1. This is a contradiction.

— Cjr = {m}. By hypothesis, E]* ={. This is a contradiction.

— Cix = {b}. From the o-closure of N, Cjx—1 € Cjx o Cri—1. Hence, Cj—1 C
{b} o {oi}. Moreover, {b} o {oi} ={b,0,m,d, s} and Cj_1 C T. Consequently,
Cix—1 € {b, 0, m}. Consider the two following cases:

o Cir_1 ={0}. We deduce that [ € (E,f N EY_,). By definition of j, we have
I < j.Hence, C;j € T.Moreover, o; Cj; 0. Hence, 0, < aj_ and ‘71+ < crj+.
Since 0;“ < 0, , we can assert that o; {b} oy. Consequently, o; Cyi oy.

o Cii—1 = {b,m}. As the property P(k — 1) is true, we have o; Cix—1 0%—1.
Hence, "1+ < 0y_;- Moreover, 0, _; <o, . Hence, we can assert that al+ <
o, - Hence, o7 {b} oy. Consequently, o; Cji oy.

— Cyx = {o}. From the o-closure of N, Cjx—1 € Cjx o Cri—1. Hence, Cj—; €
{0} o {0i}. Moreover, {0} o {0i} = {0, 0i,d, s, f,di,si,fi,eq} and Cjp_; C S. We
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deduce that Cjx_; C {0, 0i, eq}. The case Cjr_1 = {0i} is not possible since

| < k — 1. We must still examine two cases:

o Cip—1 ={eq}. As P(k—1) is true, we have o; Cj;— ox—1. Hence, o7 = oy—1.
Moreover, we know that o1 {0} 0. We deduce that o; Cy oy.

e Cj—1 = {o}. As the property P(k—1) is true, we have o7 Cjx—1 ox—1. Hence,
0, <0;_; < al+ < a,:r_ |- Moreover, we know that o, _, < 0, < a,:“_ | <
o*,:r . Consequently, o, <o, and ‘71+ < ak+ . Moreover, recall that the integer
i is defined by i = min E’g and o, < Ui+' From the fact that Cy;, = {o} we
have [ € E(’j Hence, i < /. Consequently, C;; € T and, as property P(k — 1)
is true, we can assert that 0i+ < ‘71+' Putting everything together, we get the
factthat o < al+ and hence, 0, <o, < ol+ < O‘]j— . We conclude that o7 et
oy satisfy the relation {o}. O

We can now state the main result of this section.

Theorem 4. Let N = (V, C) be a network on TN DU whose constraints are atomic rela-
tions defined from INDU=. If N is closed by < and does not contain the empty relation as
a constraint then N is consistent.

Proof. Let V' = (V, C) be an atomic constraint network of INDU=. Let us suppose that N/
is o-closed and does not contain the empty relation. N is a o-closed network (Proposi-
tion 14) and moreover, we cannot have the empty relation as constraint. We can notice that
the basic relations of A" belong to the relation S = {eq, m, mi, b, bi, 0, 0i}. Hence, N
admits a consistent instantiation o which assigns to the variables intervals with common
duration. o is a consistent instantiation of . O

Hence, the ¢-closure method is a complete method for the atomic networks on INDU=.

9. Conclusions

The ZNDU calculus lacks many of the nice properties of Allen’s calculus: its (weak)
composition table does not define a relation algebra. Consistency does not imply 3-
consistency, and neither does 3-consistency imply consistency, even for atomic networks:
some four node networks are 3-consistent but not consistent. In spite of these negative
results, we are able to characterize interesting tractable subsets of relations. To this end,
we use both the syntactic approach (Horn classes) and the geometrical approach (convex-
ity and pre-convexity). While the two methods yield the same class in Allen’s case, they
provide us with two separate tractable subsets in the case of ZADU. Following the geo-
metrical approach, we define the set of pre-convex relations and prove that its consistency
problem is NP-complete (see also Fig. 5). We then characterize two subsets of pre-convex
relations: one is the subset of strongly pre-convex relations, which is tractable (for reasons
pertaining to the syntactic properties of its relations), but for which consistency cannot
be decided by the ¢-closure method (the usual path-consistency method which uses the



P. Balbiani et al. / Journal of Applied Logic 4 (2006) 119-140 139

INDU(25) _________ RN
/ {{0}} ol SR (0 SN
// // // {b<} {7777 } {0} } ) \\ \\\

1/ ’/ vl b> { } \‘ ‘\

i \Ezﬁ}} foic) L

| 7 !

o {bz} {m} < ANV 2P0 (2%)

L SRS 8 VN I U0 S S

v {T{nl Hm<} sy {si7} / ;

1 N ~dmi -

LN Cmey JP)
\ N il 7 x: K
\\\ \\\\ C(240) CIA(83) /,/ :‘. J/

SN F(45792)

P(88096) L G(11854)

—— NP-Complete consistency problem
————— polynomial consistency problem

'''''' - polynomial consistency problem decidable
by means of the ¢-closure method

Fig. 5. Recapitulatory of the complexity results.

weak composition operation). The other (incomparable) subclass is tractable and its con-
sistency problem can be solved by the ¢-closure method. In the general case, this method
is not complete for the ZN DU atomic networks. Despite this, we prove that the o-closure
method is also complete for the set of atomic relations of ZAN DU implying that the inter-
vals have the same duration. This paper constitutes a first fully successful exploration of
the complexity properties of the ZN DU calculus.
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Abstract. This paper addresses the problem of merging qualitative con-
straint networks (QCNs) defined on different qualitative formalisms. Our
model is restricted to formalisms where the entities and the relationships
between these entities are defined on the same domain. The method is
an upstream step to a previous framework dealing with a set of QCNs
defined on the same formalism. It consists of translating the input QCNs
into a well-chosen common formalism. Two approaches are investigated:
in the first one, each input QCN is translated to an equivalent QCN;
in the second one, the QCNs are translated to approximations. These
approaches take advantage of two dual notions that we introduce, the
ones of refinement and abstraction between qualitative formalisms.

1 Introduction

Using a qualitative representation of information in spatial applications is needed
when information is incomplete or comes from the natural language, or when
quantitative information is unavailable or useless. In many spatial applications
such as Geographic Information Systems (GIS), information often comes from
sentences like “parcels A and B are connected” or “Paris is at north or at north-
east of Toulouse”, and one has to deal with such qualitative descriptions. Start-
ing from Allen’s work in the particular field of temporal reasoning [1], many
approaches to deal with qualitative representation and reasoning have been pro-
posed in the last two decades [6,18,20]. Different aspects of representation are
dealt with topological relations [17] or precedence relations when orientation be-
tween entities is required [12]. These qualitative formalisms allow us to represent
a set of spatial entities and their relative positions using qualitative constraint
networks (QCNs).

In some applications (e.g. distributed knowledge systems) information can be
gathered from several sources, and the multiplicity of sources means that com-
bining information often leads to conflicts. Merging information has attracted
much attention in the literature these past ten years. When information pro-
vided by sources is expressed by means of multi-sets of propositional formulae
[14,21,10], dealing with inconsistency consists in computing a consistent propo-
sitional formula representing a global view of all input formulae.

K. Stewart Hornsby et al. (Eds.): COSIT 2009, LNCS 5756, pp. 106—-123, 2009.
© Springer-Verlag Berlin Heidelberg 2009
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In Spatial Databases, knowledge about a set of spatial entities is represented
by QCNs, which are provided by different sources, making them often conflicting.
Consider for instance the following example: given three parcels A, B and C, one
of the sources states that Parcel A is included in Parcel B, and Parcel B is
disconnected from Parcel C, while another source declares that Parcels A and C
are at the same location. Clearly there is a conflict and this calls for merging.

A first framework for merging QCNs has been proposed in [4], when the input
QCNs are defined on the same qualitative formalism. The method computes a
non-empty set of consistent scenarios which are the closest ones to all QCNs. The
present work generalizes this method with QCNs defined on different qualitative
formalisms. In general the sources provide QCNs based on different formalisms,
although they are based on the same domain and consider similar relationships
between entities. For instance, even if both RCC-5 [9] and RCC-8 [17] theories
consider topological relationships between regions, the existing approach cannot
deal with two QCNs defined respectively on each one of them.

In the particular context of qualitative spatial reasoning, an ultimate goal
for the merging problem would be to deal with QCNs defined on heterogeneous
formalisms without any restriction. Specific studies of calculi combinations have
been investigated in the literature [8,11,16].

In this paper, we present an extension of the framework proposed in [4] by
taking into account QCNs defined on different formalisms. We restrict our model
to qualitative formalisms where the entities and the relationships between these
entities are defined on the same domain. For instance, Allen’s interval algebra
[1] and ZN'DU calculus [15] fulfill this requirement, since they both consider
qualitative relationships between temporal intervals of the rational line. Our
method consists of adding an upstream step to the method described in [4] by
translating the input QCNs into a common formalism.

The rest of this paper is organised as follows. In Section 2 we recall some
necessary background about qualitative algebras and QCNs. In Section 3 we
describe the problem and the merging procedure given in [4]. Then we present in
Section 4 how we can translate the input QCNs into a common refinement of the
related qualitative algebras, using bridges between them. In Section 5 we give an
alternative of the method proposed in the previous section by approximating the
QCNs into a common abstraction of the qualitative algebras. Lastly we conclude
and present some perspectives for further work.

2 Background

This section introduces necessary notions of qualitative algebras and definitions
around qualitative constraint networks. A qualitative calculus (or qualitative
algebra) considers B, a finite set of binary relations over a domain D, the universe
of all considered entities. Each relation of B (called a basic relation) represents
a particular qualitative position between two elements of D. We make some
initial assumptions on such a set B. Let us first introduce the notion of partition
scheme [13].
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Definition 1 (Partition scheme). Let D be a non-empty set and B be a set
of binary relations on D. B is called a partition scheme on D iff the following
conditions are satisfied:

- The basic relations of B are jointly exhaustive and pairwise disjoint, namely
any couple of D satisfies one and only one basic relation of B.

- The identity relation eq = {(a,b) € D x D | a = b} is one of the basic
relations of B.

- B is closed under converse, namely if r is a basic relation of B, then so is
its converse v~ = {(a,b) | (b,a) € r}.

In the rest of this paper, we will require that any considered set B of binary
relations on D is a partition scheme on D.

The set 25, the set of all subsets of B, with the usual set-theoretic operators
union (U), intersection (N), complementation (~), and weak composition (o)
[19] is called a qualitative algebra. Any element R of 25 is called a relation and
represents a relation rel(R) defined as rel(R) = |J{r | » € R}. This means
that a pair of elements (X,Y) € D x D satisfies a relation R € 28 if and
only if (X,Y) € rel(R). The converse R~ of a relation R € 25 is defined as
R—={reB|r~ €R}.

For illustration, we consider the Cardinal Directions Algebra 25¢ard [12], gen-
erated by the partition scheme Beyrg on R? illustrated on Figure 1.a. The Car-
dinal Directions Algebra allows us to represent relative positions of points of
the Cartesian plane, provided a global reference direction defined by two or-
thogonal lines. For each point B = (b1, b2), the plane is divided in nine disjoint
zones forming the set of basic relations Be,.q. For example, the basic relation n
corresponds to the area of points A = (ay,asz), with a; = by and az > ba.

Given any qualitative algebra 25, pieces of knowledge about a set of spatial or
temporal entities can be represented by means of qualitative constraint networks
(QCNs for short). This structure allows us to represent incomplete information

{n, ne}
" ()" =)

nw ne {M‘ ne, se, sJ >{s}

w B leq e AQCNN

n
{ne}
@ — @ ki L"J
/"/L {se) (nw} )/r/ 00 s
® IR
{se} U2
N A consistent scenario A consistent instantiation of o
o of N

(a) (b)

sw se

Fig. 1. The nine basic relations of Beara (a) and a QCN on 2Bcsrd and one of its
consistent scenarios (b)
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about the relations between entities. Formally, a QCN N defined on 25 is a pair
(V,C), where V. = {vg, - ,vn—1} is a finite set of variables representing the
spatial or temporal entities and C' is a mapping which associates to each pair of
variables (v;,v;) an element R of 25. R represents the set of all possible basic
relations between v; and v;. We write C;; instead of C(v;,v;) for short. For all
vi,v; € V, we suppose that Cj; = C;5 and Cj; = {eq}.

A QCN can be represented by a graph, using some conventions: for all v;,v; €

V', we do not represent the constraint Cj; if Cj; is represented since Cj; = Cj7;
we do not represent either the constraint Cj; since C;; = {eq}; lastly when

C;; = B (i.e. no information is provided between the variables v; and v;), we do
not represent it.
With regard to a QCN N = (V, C) we have the following definitions:

Definition 2. A consistent instantiation of N over V' C V is a mapping o
from V' to D such that a(v;) Csj a(vj), for all v;,v; € V'. A solution of N is
a consistent instantiation of N over V. N is a consistent QCN iff it admits a
solution. A sub-network of N is a QCNN' = (V,C") where C}; C Cj; for all
v;, v € V. A consistent scenario of N is a consistent sub-network of N in which
each constraint is composed of exactly one basic relation of B.

[N] denotes the set of all consistent scenarios of N. A QCN defined on 2Bcard
over 4 variables and one of its consistent scenarios are depicted in Figure 1.b.

3 Related Work: Merging QCNs Defined on Same
Qualitative Algebras

Before summarizing a merging method for QCNs which has been proposed in the
literature [4], let us introduce the merging process through an example, which
will be our running example for this section.

Ezxample 1. We consider three agents A;, As and A3 having incomplete knowl-
edge about the configurations of a common set V' = {wg, v, v2,v3} of four vari-
ables. Each agent A; provides a QCN N; = (V, C;) defined on 25¢ard representing
the qualitative relations between pairs of V. Figure 2 depicts the three related
QCNs. All consistent scenarios of each QCN are also depicted below through a
qualitative representation on the plane.

The merging process takes as input a set of QCNs N = {Ny, ..., N,,,} defined on
the same qualitative algebra 28 and on the same set of variables V. Given such
a set of QCNs describing different points of view about the configurations of the
same entities, we would like to derive a global view of the system, taking into
account each input QCN. A natural way to deal with this problem is to return as
the result of merging the information on which all sources agree. For example,
we can consider the set [y, cx [IVi], that is the set of all consistent scenarios
which belongs to each QCN N;. However this set can be empty. It is the case
in our example, since for instance the two variables v; and v only satisfy the
relation {w} in N7 while they only satisfy the relation {eq} in Ns.
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Fig. 2. Three QCNs defined on V' and their respective consistent scenarios

Condotta et al. [4] have proposed a parsimonious method for the merging
problem. Their method is inspired from propositional merging [21,10,2]. It con-
sists in computing a non-empty set of consistent scenarios that are the closest
ones to each input QCN, with respect to a distance. The result is mainly based
on the definition of the distance which represents the degree of closeness between
scenarios and the set of QCNs. A QCN merging operator O is typically a map-
ping which associates to a set of QCNs A defined on 28 and V a set of consistent
scenarios on V. More precisely, the merging process follows three steps:

First, we need to compute a local distance d between a scenario o and a QCN
N, which is the smallest distance between o and each consistent scenario of V.
Formally, this distance is defined as follows:

_ [ min{d(o,0") | ¢’ € [N]} if N is consistent,
d(o, N) = {0 otherwise.

Here we need a distance d between two scenarios o, ¢’. This distance is a mapping
which associates a positive number to every pair of scenarios, and satisfies the
following two conditions:

, . d(o,0') = d(0’,0)
Vo, o’ scenarios on V, {d(a, o) =0iff o = o,

A particular distance between scenarios has been proposed in [4]. It takes
advantage of a notion of conceptual neighbourhood specific to the considered
set of basic relations B. Figure 3.a depicts the conceptual neighbourhood graph
of the Cardinal Directions Algebra. This graph corresponds to the Hasse diagram
of the corresponding lattice defined in [12]. There is an intuitive meaning behind
this graph. For example, assume that two points satisfy the relation ne. Then
continuously moving one of the two points can lead them to directly satisfy the
relation n. Thus these two relations are considered as “close”. Let us denote
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by o(vi,v;) the basic relation satisfied between v; and v; in the scenario o.
The neighbourhood distance between two scenarios is defined as follows, Vo, o’
scenarios on V:

dyp(o,0") = duy(o(vi,v)), 0" (vi,v;)),

i<j

with dpp(r1,72) the length of the smallest path between the basic relations 7
and 79 in the related neighbourhood graph. We use this particular distance in
our running example.

Ezample 1 (continued). Consider the scenarios o1 and o9 depicted in Figure 2.
The neighbourhood distance between o1 and o5 is computed as follows:

dnp(o1,02) = dnp(01(vo,v1), 02(v0, 1)) + dnp(01(v0, v2), 02 (v0, V2))
+dny(01(vo, v3),02(v0,v3)) + dnp(01(v1,v2), 02(v1,v2))
+dny(01(v1,v3),02(v1,v3)) + dup (01 (v2, v3), 02(v2,v3))
= dnp(e, se) + dpp(sw,w) + dpp(e, €)
+dnp(sw, nw) + dpp(w,n) + dpp(ne, e)
=14+140+24+241="7.

The second step of the merging process consists in aggregating local distances
computed in the first step to get a global distance between a scenario and the set
of QCNs N. For example, the sum operator Y is appropriate when the result
of merging has to represent the point of view of the majority of the agents.
is so called a majority operator [14].

Ezample 1 (continued). Consider the scenario o depicted in Figure 3.b. The
global distance dy~ (using the majority operator ) ) between o and the set of
three QCNs (cf Figure 2) is computed as follows (we do not detail computations
for the sake of conciseness) :

dz (0’, {Nl,NQ,N3}) = d(O’, Nl) + d(O’, N2) + d(O’, Ng)
=7+3+2=12.

nw n ne . {se}
(o) "= (o)

{w}( {se} {nw} ;{s}

W €q S
g
Se n
SW s P enaes
V0 ,v2
i

(a) (b)

Fig. 3. The conceptual neighbourhood graph of the Cardinal Directions Algebra (a)
and a consistent scenario o (b)
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The last step consists in computing the result of the merging. It is the set of
all consistent scenarios which are the “closest” ones to the set A/. Formally,

O(N) = {0 | o is consistent and dy~ (o, N) is minimal}.

In our running example, ©({ N1, N2, N3}) is composed of one consistent sce-
nario, namely o, depicted in Figure 3.b. Condotta et al. [4] have pointed out
that this merging operator has a “good” logical behavior in the sense of [10,3].

Note however that the merging method described above requires the enumer-
ation of all possible consistent scenarios on V', which makes this process hardly
practicable.

4 Dealing with Different Qualitative Algebras: Toward a
Common Refinement

4.1 The Model

The approach presented in the previous section permits us to deal with a set of
possibly conflicting QCNs defined on the same qualitative algebra. We aim in
this section at extending it by taking into account different qualitative algebras,
provided that all the related partition schemes are on the same domain D.

Formally, let N = {Ny,..., N,,,} be the input QCNs and N = {N7,..., N}
be a partition of N such that Vk € {1,...,p}, any QCN of N} is defined on
the qualitative algebra 25+. Let A = {251 ... 257} be the set of all related
qualitative algebras. We require that each partition scheme By, is on D.

We first need to introduce the notion of equivalence between two QCNs. Given
a QCN N defined on V', we denote by Sol(N) the set of solutions of N, i.e., the
possibly infinite set of consistent instantiations of N over V, different from the
set of its consistent scenarios [IV].

Definition 3. Let 25, 28" be two qualitative algebras on D, and N, N’ two
QCNs on V respectively defined on 28 and 28°. Then N and N' are equivalent
iff Sol(N) = Sol(N').

The method can be summarized in two main steps:

(1) We suppose that there exists a qualitative algebra Ref(A) such that any
QCN of N can be translated in an equivalent QCN on Ref(A). The set of
all translated QCNs is denoted by A”.

(2) We use a merging process of QCNs defined on the same qualitative algebra
for merging the set A/’ (see Section 3).

This section is devoted to deal with the first step of this process. We show
that such a qualitative algebra Ref(A) always exists and how to define it. This
algebra will be called a refinement of all input qualitative algebras. Let us first
introduce the notion of refinement between qualitative algebras.
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Definition 4. Let B, B’ be two partition schemes on D. The set 25 is called
a refinement of 28 iff there exists a mapping Refz_p which associates to each
relation of 28 a relation of 25 such that VR € 25, rel(Refs—p (R)) = rel(R).

Such a mapping Refz_p is called an r-bridge from 28 to 25"

As a typical example, consider the RCC-8 algebra [17] and the RCC-5 algebra [9)
which are both used to express topological relationships between regions. Then
following Definition 4 the RCC-8 algebra is a refinement of the RCC-5 algebra.
Let us make some remarks around this definition. First, an r-bridge Refz_, 5/
from 28 to 25" is fully characterized by its restriction to the set of singleton
relations of 28 (namely the set {{r} | r € B}) to 28". Indeed, we have for all
relation R € 2B,

Refs_p(R) = | J{Refs-m({r}) | r € R}.

Moreover, let us notice that Refp_p({eq}) = {eq} and that for any relation
R € 28, Refs 5 (R~) = Refs_p(R)~. One can also state that if 25" i a
refinement of 28, there exists only one r-bridge Refz_,g from 25 to 25", Lastly,
Refp_p is an injective function.

The definition of such an r-bridge Refp_p comes from the following
proposition:

Proposition 1. 25 is a refinement of 28 iff Vi’ € B/, Vr € B, either ' Cr or
rNr=1.

Proof

(=) Let 28" he a refinement of 25. There exists an r-bridge Refg_p from 25 to
28" Let € B. Then there exists R € 25" such that rel(Refs 5 ({r})) =
r =rel(R). Let v’ € B'. If ' € R, then v’ C r since rel(R) = r; if ' ¢ R,
then ' Nrel(R) = () (since the basic relations of B’ are pairwise disjoint).
Thus 7 Nr = 0.

(<) Suppose that Vr' € B', Vr € B, either v C r or ¥ Nr = (. Then Vr € B
we get v = |J{r’ € B’ | v C r} since basic relations of B’ are jointly
exhaustive relations on D x D. Define the mapping Refs_5 from 28 to
28" such that Vr € B, Refsp({r}) = {r' € B/ | ' C r} and VR € 25,
Refsp(R) = U{Refs—n ({r}) | r € R}. We can assert that VR € 25,
rel(Refp—p (R)) = rel(R). O

The previous proposition can be also written as follows:
28" is a refinement of 28 iff Vi’ € B/, 3r € B, C r.

Thus, if 25" is a refinement of 28, we can define the restriction of the r-bridge
Refr_p from the singleton relations of 28 to 28" as follows:

Vr € B, Refap ({r}) = ' € B | ' Cr}.
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Refis  op(feah) = feat
Re me szﬁ({n}) — ) nw ne
Ref™27 ) — )

Ref5m2*,5m"i({w}) = {sw, w, nw}

w Bleq E Refigr e o (B = {se,e,ne} w Bleq .
—
sw se
s s
The five basic relations of B2 The nine basic relations of By

Fig. 4. 28card ig a refinement of 28card2

Example 2. Let 2Becera2 be the qualitative algebra generated by the partition
scheme Begrga on R?, with Bearaz = {eq,n, E,s,W}. The five basic relations
of Bearqz are depicted in the left-hand side of Figure 4. We point out on the
same figure the r-bridge Refs_, from singleton relations of 2Bcaraz to 2Beara,
Therefore 2B¢erd is a refinement of 2Becerd2

It is now time to extend the notion of refinement to the QC Ns.

Definition 5. Let N = (V,C) be a QCN defined on 28, and 28 be a refinement
of 28. We define the QCN Refp_p (N) on 28" as the QCN (V,C") with Ci; =
RefB*)B’(Cij) Vvi,vj eV.

Proposition 2. Given a QCN N on 28, N and Refs 5 (N) are equivalent
QCNs.

Proof. Given a QCN N on 25 and Refs_p (N) = (V,C"), for all v;,v; € V, we

have C{j = Refp_p (C;j). Moreover, we know that rel(C;;) = rel(Refs—p (Cij))-

It follows that rel(C;;) = rel(C;;). We can conclude that for all a,b € D, a Cj; b
iff a ng b. Hence, « is a solution of N iff « is a solution of Refg_,p (V). a

Ezample 3. Figure 5 depicts a QCN defined on 25¢araz and its equivalent QCN
Refp_p/(N) defined on 2Bcard,

We now define an ordering over the qualitative algebras onto a domain D based
on the notion of refinement.

{E} @ {se, e, ne} @
— —_—
{"}ﬁ {n, W}
oty @@

A QCN N defined on 2Pz The QCN Refs,,0— B4V
defined on 28 equivalent to N

in) {n, nw, w, sw}

Fig. 5. Two equivalent QCNs
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T

Definition 6. Given 25,25/ two qualitative algebras on D, 28 SDef 2B’ iff 28
is a refinement of 28",

Proposition 3. SZ?Ef is a weak partial ordering over qualitative algebras on D,
i.e., a reflexive, antisymmetric and transitive relation.

Proof. Let B, B’ and B” be three partition schemes on D.

e By defining the mapping Refs_,5 from 25 to 2% by Refs_5(R) = R for all
R € 28 we obtain an r-bridge from 28 to0 28, Hence, 28 §?ef 2B,

e Let B and B’ be two partition schemes such that 28 and 25" are refinements
of respectively 28" and 25. Let 7 be a basic relation belonging to B. Since 28
is a refinement of 25" there exists a unique basic relation ' € B’ such that
r C r’. Moreover, since 25 is a refinement of 28 there exists a unique basic
relation 7/ € B such that ' C 7. Hence, r N 7" # (. We can conclude that
r =" =1'. Consequently, 28 = 25",

e Let us suppose that 28" gﬂf 28’ S?ef 28 and consider the two 7-bridges
Refs_p and Refg _p» from 28 to 25" and from 28 to 28" respectively.
Let us define the mapping Refs_,p from 28 to 28" by Refp .z (R) =
Refpp( Refsp (R)) for all R € 25. We have rel(Refs_p+(R)) =
rel(Refs 5+ (Refs—p (R))) = rel(Refs_p (R)) = rel(R) for all R € 25.
Hence, Refs_p~ is an r-bridge from 25 to 28" . Consequently, 28" gZ?ef 25,

Definition 7. Let A= {281 ... 282} with p > 1, a set of qualitative algebras
on D. Then 28 is called a common refinement of A iff 28 gZ?ef 28k for all
ke{l,....,p}.
Consider a set A = {251, ... 250} of qualitative algebras on D, we will define a
common refinement denoted by Ref(A).

In the sequel, we will denote by wv(k), with k € {1,...,p} and p > 1, the
k' component of a p-tuple v € By x --- x B,, that is, the basic relation of v
corresponding to Bg.

Definition 8. Let A = {281, ... 2B} be a set of qualitative algebras on D. The
qualitative algebra Ref(A) = 28res(A) s defined as follows :

Breg(A) ={ (] vlk) | veBix - xB}\ {0}
1<k<p
Firstly, let us prove that Ref(A) is well-defined.
Proposition 4. Let A = {251, ...,25) be a set of qualitative algebras on D.
Bref(A) is a partition scheme on D.
Proof

o We first prove that Bgres(.A) is a partition of D x D. For all (a,b) € D x D,
since each By, is a partition of D x D, there exists a unique basic relation ri €
By, such that (a,b) € ri. Thus there exists a unique p-tuple v € By X --- x B,
such that for each k € {1,...,p}, (a,b) € v(k) (v is defined by v(k) = 7).
Hence, there exists a unique relation r € Bref(A) such that (a,b) € r.
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e For all 28x € A, eq € Bj. Consequently, we can assert that the identity
relation eq onto D is an element of Brer(A).

e Let 7 € Bref(A) and v the p-tuple of By x --- x By, such that r = (), v(k).
By defining the p-tuple v’ € By X --- x By, by v/(k) = (v(k))~ for all k €
{1,...,p}. We have (), v'(k) which is a relation belonging to Bres(A) and
which is the converse of r. O

Let us now prove that the built refinement is the greatest common refinement
of Ref(A) wrt. <T,.

Proposition 5. Let A = {251, ... 25} be a set of qualitative algebras on D.
Ref(A) is the greatest common refinement of A w.r.t. §?ef.

Proof

e First we show that V25 € A, Ref(A) = 2Br/(A) is a refinement of 25:.
Let 25 € A, and r be a basic relation of B;. Consider an element (a,b) € r.
Denote by ry the basic relation of By, containing (a, b) for each k € {1,...,p}.
Note that r; = 7. Let ' = [, 7%. We have ’ which is a basic relation
belonging to Bres(A), moreover r C r’. From Proposition 1, we can assert
that Ref(A) <%, 25:.

e Let 28 be a common refinement of A. We now show that Ref(A) <% 2B,
Let r € B. Since 25 is a common refinement of A, for alli € {1,...,p} there
exists r; € B; such that r C r;. Let ' = (0, 7. We have 1" which is a basic

relation belonging to Bres(A), moreover r C 7'. We can conclude that 28 is

a refinement of Ref(A), that is, 258 g}’ef Ref(A). O

Thus, for each 25 € A there exists an r-bridge RefB, Bg.;(a) from 2Bi to
Ref(A) defined for each basic relation r € B; as Refs, 5, ;4)({r}) = {r' €
Bres(A) | ' C r}, and for each relation R € 25 as Refp, 5., ,4)(R) =
U{Refs,—Bp.;4)({r}) | r € R}. Then, for each QCN N; € N defined on 25/ €
A, we translate N; into an equivalent QCN N; = Refp, 5, ,(4)(Ni) on Ref(A)
(cf Definition 5). We then get a set of QCNs N = {N7y,..., N/ } defined on the
same qualitative algebra Ref(A), and we can use a merging process for QCNs
defined on the same qualitative algebra, as described in Section 3.

4.2 Instantiating our Framework on the Star Algebra

The Star algebra [20] is a generalization of two kinds of algebras around cardi-
nal directions distinguished by Frank [7], the coned-shaped directions and the
projection-based directions [12]. It considers relations of the domain D = R? and
it is set by a level of granularity m. The parameter m specifies the number of
lines which intersect in a reference point B. Each line j, 1 < j < m forms an
angle §; with the reference direction. The plane is split into 4m + 1 zones (2m
half-lines, 2m two-dimensional zones, and the relation eq), forming the partition
scheme ST AR, [01, - -,0m](61) on R%. We call such a partition scheme a Star
partition scheme. When all two-dimensional zones are of equal size, we rather
write STAR,,(61), with §; the angle formed by the first line w.r.t. the reference
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7 0 11 0 1

6 10 2
1
9 3
5

5 2 8 4

4 T 5
ST AR,(0) ST AR (30) ST AR3(0)

Fig. 6. Three Star partition schemes

direction. The basic relations of a Star partition scheme are numbers from 0 to
4m — 1 identifying a zone, and the relation eq.

Figure 6 depicts three Star partition schemes ST AR2(0), STAR2(30) and
ST AR3(0). Notice that ST AR2(0) corresponds to the set Begrd-

Let A= {261, 262,283} with By = STARQ(O), By = STARQ(SO) and Bs =
STAR;5(0).

Let us now suppose that we have to merge a set of QCNs N' = { Ny, No, N3}.
The QCNs Ni, No, Ns, respectively defined on 251, 252 and 253, are depicted
in Figure 7.

We aim to get a set N of QCNs equivalent to those of A" and defined on the
same qualitative algebra. First, we define the qualitative algebra Re f(A) which
is the greatest common refinement of A. This qualitative algebra is generated
by the partition scheme Bref(A) defined as Bres(A) = {v(1)Nv(2)Nwv(3) | v e
B1xBaxBs, (v(1)Nv(2)Nv(3)) # 0}. We obtain from this definition the partition
scheme depicted in Figure 8.

For each 25 € A, recall that the bridge from 25¢ to Re f (A) is defined for each ba-
sicrelation r € B; as Refs, 5, ;(4)({1}) = {r" € Bres(A) [ 7" C r}, and for each
relation R € 25 by Refs, »Br.;a)(R) = U{Refs,~Bg.,0y({r}) | 7 € R}. Then
for each B; € A, using the bridge Refp, 5y, ,(4) from 28i to Ref(A) we trans-
late each QCN N; € A on 25 into an equivalent QCN N/ = Re [, B (4) (Ni)
on Ref(A) (cf Definition 5). Figure 9 depicts the three QCNs Ny, N} and N} on
Ref(A).

{10, 11, 110,11, ¢q,0) 0
.m@ .m@ @

20 ()

N1 (defined on 281, N2 (defined on 252, N3 (defined on 253,
with By = STAR:(0)) with Bs = STAR2(30))  with Bs = STAR3(0))

Fig. 7. The set N of three QCNs defined on different Star partition schemes
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Bres(A)

Fig. 8. The partition scheme Bres(A)

{18, 19, eq 0}
m@ () ——@ —

1376, 7,
(16, e{ 6IN\y1.2 345 254 {9)10 11) {15, 116 17 )& %)

() @ ® @ @@

Ni (defined on Ref(A)) N4 (defined on Ref(A)) Nj (defined on Ref(A))

Fig. 9. The three QCNs N7, N3 and N3 defined on Ref(A)

We get a set NV = {N], N}, Ni} of QCNs defined on the same qualitative
algebra, with each N/ equivalent to N; € N. Thus we can use a merging pro-
cess for QCNs defined on the same qualitative algebra as the one described in
Section 3.

Let us now point out an interesting property when elements of A are all Star
algebras. Consider again the partition scheme Ref(A) on Figure 8, and recall
that Ref(A) is a common refinement of three Star algebras. We can notice
that Bres(A) is the Star partition scheme ST.AR5[0,30,60,90,120](0). More
generally, the following proposition holds:

Proposition 6. Let A be a set of Star algebras. Then Ref(A) is a Star algebra.

For lack of space, we will omit the proofs of the propositions in the sequel.

5 Another Alternative: Toward a Common Abstraction

5.1 The Model

In the previous section we explained how to associate to each input QCN on a
qualitative algebra 25 € A a QCN which is defined on the greatest common
refinement Ref(A). The merging method described in [4] can now be used since
each QCN is translated into an equivalent QCN on the same qualitative algebra.
However the number of basic relations of Bres(A) can be large and this number
has an important role in the next step of the merging process (see Section 3).
In this section, instead of translating the QCNs into a common refinement of A,
we look at the consequences of using a common abstraction of A, a notion we
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first have to define. The notion of abstraction is dual to the notion of refinement
and is given by the following definition.

Definition 9. Let 28 and 25 be two qualitative algebras on D. 28" is an ab-
straction of 28 iff 28 is a refinement of 25"

Assume 28’ to be an abstraction of 25. Recall that there exists a unique r-bridge
Refr _p from 28 to 28 which is an injective, not necessary bijective function
(in case of a bijective function, we have 28 Sfef 28 and 28 S?ef 28 namely
928 — 28" gince <2 s is an ordering relation). Thus in the general case we cannot

find an r-bridge Refp_p from 28 to 28 This means that while it is always
possible to translate a QCN on 28" to an equivalent QCN on 258 (cf Proposition
2), in general the inverse is not possible.

However we can define a “weaker” bridge from 2% to 25". we consider the
mapping Absp_pz from 28 to 28 such that for each basic relation r € B,
Absp_p ({r}) is the relation {r'} of 25" such that ' D r, and for each rela-
tion R of 28, Absg_,p/(R) = | J{Absg_p ({r}) | r € R}. We will call such a

mapping Absp_.p an a-bridge from 25 to 28",

Example 4. Consider again the qualitative algebras 25« and 25= (cf Example
2) and recall that 28 <, , 282 For example, we have Absg,,,—8,,,({nw}) =
{W} and Absp,,,—8,,,({sw,s}) = {W,s}.

Definition 10. Let N = (V,C") be a QCN defined on 25, and 25" be an abstrac-
tion of 2. We define the QCN Absg_p(N) = (V,C) on 28" 4 Y, v; € V,
Cij = AbSB_ﬂgl(C{j).

For any QCN N on 25, its translation Abss_,5 (N) on 25" is not an equivalent
QCN in the general case. Nevertheless, we have the following weaker property.

Proposition 7. Let N be a QCN defined on 25, and 28" be an abstraction of
2B, We have Sol(N) C Sol(Abss_p/(N)).

This means that the translation Absp_.p (N) of a QCN N on 2B can be viewed
as an approximation of N.
Now similarly to Definition 5, we define the notion of common abstraction.

Definition 11. Let A = {281 ... 250} be a set of qualitative algebras on D.
Then 28 is called a common abstraction of A iff V25 € A, 28r <., 25,

We claim that a common abstraction of a set A of qualitative algebras on D
always exists. Indeed consider the partition scheme By on D with B = {eq, (D x
D) \ eq}. Then it is easy to see that 25# is an abstraction of any qualitative
algebra on D.

Definition 12. Let A = {2B1,...,28r} be a set of qualitative algebras on D.
The qualitative algebra Abs(A) = 2B4vs(A) s defined as follows:

BAbs(.A) = {7“ ‘ VB, € A, dR; € 2Bk . Rel(Rk) =r
and Pr' Cr: VB, € A, 3R, € 2B% : Rel(R}) = 1'}.
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We claim that Abs(.A) is well defined and is the least common abstraction of A.
Similarly to Propositions 4 and 5, the following proposition holds:

Proposition 8. Let A= {251 ... 25} be a set of qualitative algebras on D.

- Baps(A) is a partition scheme on D.
- Abs(A) is the least common abstraction of A.

Therefore, the process consists in translating each QCN N; defined on 25/ € A in
a QCN N; = Absg,_,5,, 4)(Ni) on Abs(A), using the a-bridge
Absg, B4, (4) from Bj to Abs(A). We get a new set N of QCNs defined on
Abs(A) which are approximations of the QCNs of N. Although we do not get
equivalent QCNs, the counterpart is that since the size of the partition scheme
Baps(A) is much smaller than the size of Bref(.A), we reduce the complexity of
the following step of the merging process, namely, merging the set of the trans-
lated QCNs defined on the same qualitative algebra. Furthermore, since this
method provides a set of QCNs N’ which are approximations of the initial set of
QCNs N, each translated QCN N/ € N admits a larger set of solutions than its
corresponding QCN N; € . Then in some cases, even if the QCNs of the initial
set N are conflicting (namely, if they do not admit any common solution), the
translated QCNs of A/ can be not conflicting. Thus, this method can be viewed
as a first step to deal with contradictions.

5.2 An Example on the Star Algebra
Similarly to Proposition 6, notice that the following proposition holds:
Proposition 9. Let A be a set of Star algebras. Then Abs(.A) is a Star algebra.

Now consider the three Star partition schemes ST.AR3[0,45,90](0),
ST AR4[0, 60,90, 150](0) and ST.AR4[0, 30,90, 120](0) depicted in Figure 10 and
forming the set A. The partition scheme of the least common abstraction Abs(.A)
is depicted in this same figure.

Let N' = {Ni, No, N3} be the three QCNs respectively defined on 251, 252
and 253 with By = ST AR3[0,45,90](0), By = ST.AR4[0, 60,90, 150](0) and
Bs = STAR4[0,30,90,120](0) (these three partition schemes are depicted in
Figure 10). Figure 11 depicts the three QCNs of A/ and their translation to their
least common refinement Abs(A) (with Baps(A) = ST AR2(0)), forming the set
N ={Nj, N, Ni}.

Let R; be the relation of 251 with Ry = {1,2}, and Ry be the relation of
252 with Ry = {2,3}. We can notice that the constraint between vy and v is
assigned to R; in Nj and this same constraint is assigned to Ry in N». Since
rel(R1) Nrel(Ry) = 0 (see Figure 10), there does not exist any solution of both
Ni and Ns. Thus the QCNs of N are conflicting. Nevertheless, the QCNs of A’
are not conflicting, since there exists a consistent scenario of all QCNs of N”.
This consistent scenario is depicted in Figure 12. In this example there is no
need to apply a merging process of the set N a posteriori.

Let QAp be the set of all qualitative algebras on D. From Propositions 5 and
11, there is a particular structure induced by the ordering gZ?e §on QAp:
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STAR3[0,45,90](0)  STAR4[0,60,90,150](0) ST.AR4[0, 30,90, 120](0)

Buaps(A) = STAR,(0)

Fig. 10. Three Star Algebras and the partition scheme Baps(A) of their least common
abstraction Abs(.A)

{2, 3}

.2 )
O — () — = (g — ()

/11,011 l/w/ 13, 14} l/lzl {14, 15, e l/n/
e S < g

N (defined on 251) N3 (defined on 252) N3 (defined on 252)
éAbsBl"BAbsQA) éAbSBE"BAbs(A) éAbSBBHBAbs(A)
—® ()— (——@
{7, U/‘ l/ﬁl {7} l/ﬁl {7, eq l {6}

(@) () (o) —£= () () ()

N{ (defined on Abs(A)) N3 (defined on Abs(A)) N3 (defined on Abs(A))

Fig. 11. Three QCNs and their translation to their least common abstraction Abs(.A)

Lemma 1. (QAp, §ﬁf) is a lattice, namely, V28,28 € QAp, 28 and 28" have
a least upper bound Abs(28,28") and a greatest lower bound Ref(28,25").

Notice that the lattice is not bounded, since for any qualitative algebra 28 of
QAp, we can find a qualitative algebra 25 of QAp such that 28" <P 2B and

—ref
not 28 S?e 7 28" However, the lattice has an upper bound, which corresponds

to the qualitative algebra 257, with B = {eq, (D x D)\ eq}.
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{1} T
—_— T .

{0}1 M ){6} U1 U3
@AW

o € ([N1] N [N2] N [N3])

Fig. 12. A consistent scenario of all QCNs N; € N

6 Conclusion and Perspectives

In this paper, we addressed the problem of merging qualitative constraint net-
works (QCNs) when defined on different qualitative formalisms. The extension
proposed here consists of translating the input QCNs into a common formal-
ism. Therefore it is an upstream process to existing methods dealing with QCNs
which are defined on the same formalism. We established a structure for all
qualitative algebras which consider relations defined on the same domain. This
structure is given by a weak partial ordering relation and forms a lattice over
the qualitative algebras. The relation is based on the dual notions of refinement
and abstraction, allowing us to define bridges between these qualitative algebras.

We are currently implementing the structure into QAT (Qualitative Algebra
Toolkit) [5], a JAVA library allowing us to handle QCNs. An experimental study
has to be made to measure the interest of using common abstractions instead of
common refinements for the QCNs merging problem.

A future work will pursue study about the properties of this structure and
about the links between qualitative algebras. This could allow us to increase the
range of this work. For example, we will investigate the correspondences (in terms
of consistency) between a QCN and its “translation” using the bridges involved
by the structure. Indeed, translating an inconsistent QCN into another one using
a well-chosen bridge could lead to restore the consistency of the QCN. We also
intend to include subalgebras in the structure in order to define some bridges
(in terms of refinements/abstractions) between qualitative algebras and their
subalgebras (in particular their tractable subclasses), and study the consequences
on the QCNs. We will also study how to define a bridge between heterogeneous
formalisms, depending on a degree of compatibility between the related relations.
In order to deal with this very general setting, we will have to think about new
and possibly weaker structures.

References

1. Allen, J.-F.: An interval-based representation of temporal knowledge. In: Proc.
of 7th the International Joint Conference on Artificial Intelligence (IJCAI), pp.
221-226 (1981)

2. Cholvy, L.: Reasoning about merging information. Handbook of Defeasible Rea-
soning and Uncertainty Management Systems 3, 233-263 (1998)

183



Merging qualitative constraint networks defined on different qualitative formalisms

184

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Merging QCNs Defined on Different Qualitative Formalisms 123

. Condotta, J.-F., Kaci, S., Marquis, P., Schwind, N.: Merging qualitative constraints

networks using propositional logic. In: Proc. of the 10th European Conference
on Symbolic and Quantitative Approaches to Reasoning with Uncertainty (EC-
SQARU), pp. 347-358 (2009)

. Condotta, J.-F., Kaci, S., Schwind, N.: A Framework for Merging Qualitative Con-

straints Networks. In: Proc. of the 21th FLAIRS Conference, pp. 586-591 (2008)

. Condotta, J.-F., Ligozat, G., Saade, M.: A qualitative algebra toolkit. In: Proc. of

the 2nd IEEE International Conference on Information Technologies: from Theory
to Applications, ICTTA (2006)

. Egenhofer, M.-J.: Reasoning about binary topological relations. In: Giinther, O.,

Schek, H.-J. (eds.) SSD 1991. LNCS, vol. 525, pp. 143-160. Springer, Heidelberg
(1991)

. Frank, A.U.: Qualitative spatial reasoning about cardinal directions. In: Proc. of

the 7th Austrian Conference on Artificial Intelligence, pp. 157-167 (1991)

. Gerevini, A.; Renz, J.: Combining topological and size information for spatial rea-

soning. Artificial Intelligence 137(1-2), 1-42 (2002)

. Jonsson, P., Drakengren, T.: A complete classification of tractability in RCC-5.

Journal of Artificial Intelligence Research 6, 211-221 (1997)

Konieczny, S., Lang, J., Marquis, P.: DA? merging operators. Artificial Intelli-
gence 157(1-2), 49-79 (2004)

Li, S.: Combining topological and directional information for spatial reasoning. In:
Proc. of the 20th International Joint Conference on Artificial Intelligence (IJCAI),
pp. 435-440 (2007)

Ligozat, G.: Reasoning about cardinal directions. Journal of Visual Languages and
Computing 9(1), 23-44 (1998)

Ligozat, G., Renz, J.: What Is a Qualitative Calculus? A General Framework. In:
Zhang, C., Guesgen, H-W., Yeap, W.-K. (eds.) PRICAI 2004. LNCS, vol. 3157, pp.
53-64. Springer, Heidelberg (2004)

Lin, J.: Integration of weighted knowledge bases. Artificial Intelligence 83, 363-378
(1996)

Pujari, A.K., Kumari, G.V., Sattar, A.: ZN'DU: An interval duration network. In:
Proc. of the 16th Australian Joint Conference on Artificial Intelligence (Al), pp.
291-303 (2000)

Ragni, M., Wolfl, S.: Reasoning about topological and positional information in
dynamic settings. In: Proc. of the 21th FLAIRS Conference, pp. 606611 (2008)
Randell, D.-A., Cui, Z., Cohn, A.: A spatial logic based on regions and connec-
tion. In: Proc. of the 3rd International Conference on Principles of Knowledge
Representation and Reasoning (KR), pp. 165-176 (1992)

Renz, J.: Qualitative spatial reasoning with topological information. Springer, Hei-
delberg (2002)

Renz, J., Ligozat, G.: Weak Composition for Qualitative Spatial and Temporal
Reasoning. In: van Beek, P. (ed.) CP 2005. LNCS, vol. 3709, pp. 534-548. Springer,
Heidelberg (2005)

Renz, J., Mitra, D.: Qualitative direction calculi with arbitrary granularity. In:
Zhang, C., Guesgen, HW., Yeap, W.-K. (eds.) PRICAI 2004. LNCS, vol. 3157,
pp. 65-74. Springer, Heidelberg (2004)

Revesz, P.Z.: On the semantics of arbitration. Journal of Algebra and Computa-
tion 7(2), 133-160 (1997)



A syntactical approach to qualitative
constraint networks merging

Jean-Frangois Condotta, Souhila Kaci, Pierre Marquis, and Nicolas Schwind.

In Christian G. Fermiiller and Andrei Voronkov, editors, Proceedings of the 17th International Confe-
rence Logic for Programming, Artificial Intelligence, and Reasoning (LPAR’10), Indonesia, volume 6397
of Lecture Notes in Computer Science, pages 233-247. Springer, 2010.

185



A syntactical approach to qualitative constraint networks merging

186



A Syntactical Approach to Qualitative
Constraint Networks Merging

Jean-Francois Condotta, Souhila Kaci, Pierre Marquis, and Nicolas Schwind

Université Lille-Nord de France, Artois, F-62307 Lens
CRIL, F-62307 Lens
CNRS UMR 8188, F-62307 Lens
{condotta,kaci,marquis,schwind}@cril.univ-artois.fr

Abstract. We address the problem of merging qualitative constraint
networks (QCNs) representing agents local preferences or beliefs on the
relative position of spatial or temporal entities. Two classes of merging
operators which, given a set of input QCNs defined on the same qualita-
tive formalism, return a set of qualitative configurations representing a
global view of these QCNs, are pointed out. These operators are based on
local distances and aggregation functions. In contrast to QCN merging
operators recently proposed in the literature, they take account for each
constraint from the input QCNs within the merging process. Doing so,
inconsistent QCNs do not need to be discarded at start, hence agents re-
porting locally consistent, yet globally inconsistent pieces of information
(due to limited rationality) can be taken into consideration.

1 Introduction

Qualitative representation of time and space arises in many domains of Artificial
Intelligence such as language processing, computer vision, planning. One needs to
take advantage of a qualitative formalism when the available information about a
set of spatial or temporal entities is expressed in terms of non-numerical relation-
ships between these entities (e.g., when information comes primarily from natural
language sentence). Starting from Allen’s formalism [1] basically used to repre-
sent relative positions of temporal intervals, many other qualitative formalisms
have been put forward in the literature these last three decades [24,19,15,2,8,20].
Besides temporal and spatial aspects, these formalisms also constitute powerful
representation settings for a number of applications of Artificial Intelligence,
such as reasoning about preferences [9] or multiple taxonomies [23].

When we are asked to express a set of preferred or believed relationships be-
tween entities, we are generally more willing to provide local relations about
a small number of entities from which the underlying set of preferred or pos-
sible configurations about the whole set of entities can be deduced. Consider
for example a student, William, who expresses his preferences on the schedule
of four courses (Operating Systems, Algebra, Analysis, Programming). William
prefers to learn Analysis after Algebra. Assume William would also like to learn
Programming after Analysis and wants to start learning Programming before Al-
gebra finishes. Then no schedule can satisfy all his preferences, since satisfying

C. Fermiiller and A. Voronkov (Eds.): LPAR-17, LNCS 6397, pp. 233-247, 2010.
© Springer-Verlag Berlin Heidelberg 2010
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two of his wishes implies the third one to be discarded. Obviously, conflicts can
also arise in the case when several students are asked to express their preferences
on a common schedule.

In this paper we address the problem where several agents express their prefer-
ences / beliefs on relative positions of (spatial or temporal) entities. This informa-
tion is represented, for each agent, by means of a qualitative constraint network
(QCN). A procedure for merging QCN has been proposed in [6], directly adapted
from a “model-based” method for merging propositional knowledge bases [13,14].
This procedure is generic in the sense that it does not depend on a specific qualita-
tive formalism. It consists in defining a merging operator which associates with a
finite set of QCNs a set of consistent (spatial or temporal) information represent-
ing a global view of the input QCNs. While this method represents a starting point
in the problem of merging QCNs, it has however some limitations. First, a QCN to
be merged is reduced to its global possible configurations; therefore inconsistent
QCNs are discarded. As we will show in the paper, even if a QCN is inconsistent,
it may however contain relevant information which deserves to be considered in
the merging process. Secondly, this approach is expensive from a computational
point of view as it requires the computation of all possible configurations about
the whole set of entities. This paper aims at overcoming the above limitations.
We propose a syntactical approach for merging QCNs in which each constraint
from the input QCNs participates in the merging process. We define two classes of
QCN merging operators, where each operator associates with a finite set of QCNs
defined on the same qualitative formalism and the same set of entities a set of
consistent qualitative configurations representing a global view of the input set
of QCNs. Each operator is based on distances between relations of the underlying
qualitative formalism and on two aggregation functions.

The rest of the paper is organized as follows. The next section recalls necessary
preliminaries on qualitative constraint networks, distances between relations of
a qualitative formalim and aggregation functions. In Section 3, we address the
problem of dealing with conflicting QCNs. We introduce a running example and
give some postulates that QCN merging operators are expected to satisfy. In
Section 4, we define the two proposed classes of QCN merging operators and
discuss their logical properties. We give some hints to choose a QCN merging
operator in Section 5, and also give some comparisons with related works. We
conclude in the last section and present some perspectives for further research.
For space reasons, proofs are not provided; they are available in the longer version
of the paper, http://www.cril.univ-artois.fr/~marquis/Ipar2010longversion.pdf.

2 Preliminaries

2.1 Qualitative Formalisms and Qualitative Constraint Networks

A qualitative formalism considers a finite set B of basic binary relations defined
on a domain D. The elements of D represent the considered (spatial or tempo-
ral) entities. Each basic relation b € B represents a particular relative position
between two elements of D. The set B is required to be a partition scheme [16],
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i.e., it satisfies the following properties: (i) B forms a partition of D x D, namely
any pair of D x D satisfies one and only one basic relation of B; (ii) the identity
relation on D, denoted by eq, belongs to B; lastly, (iii) if b is a basic relation of
B, then its converse, denoted by b=, also belongs to B.

For illustration we consider a well-known qualitative formalism introduced
by Allen, called Interval Algebra [1]. This formalism considers a set Bj, of
thirteen basic relations defined on the domain of non-punctual (durative) in-
tervals over the rational numbers: Dy = {(z7,27) € QxQ : 2= < zT}.
An interval typically represents a temporal entity. The basic relations of B,y =
{eq,p,pi,m, mi,o,0i,s,si,d,di, f, fi} are depicted in Figure 1. Each one of them
represents a particular situation between two intervals. For example, the relation
m={((x7,2"),(y~,y")) € Dint X Dint : @7 = y~} represents the case where the
upper bound of the first interval and the lower bound of the second one coincide.

Relation | Symbol | Inverse Ilustration

X
precedes p pi ’T‘ Y
meets m mi ’T‘ Y
overlaps o oi }X—‘ Y
starts s si — .
during d di ) y —
finishes f fi y —
equals eq eq }+‘

Fig. 1. The basic relations of Interval Algebra

Given a set B of basic relations, a complex relation is the union of basic
relations and is represented by the set of the basic relations it contains. In the
following we omit the qualifier “complex”. For instance, considering Interval
Algebra, the set {m, d} represents the union of the basic relations m and d. The
set of all relations is denoted by 28.

Pieces of information about the relative positions of a set of (spatial or tem-
poral) entities can be represented by means of qualitative constraint networks
(QCNs for short). Formally, a QCN (on B) is defined as follows:

Definition 1 (Qualitative constraint network). A QCN N is a pair (V,C)
where:

— V =A{v1,...,v,} is a finite set of variables representing the entities,

— C'is a mapping which associates with each pair of variables (v;,v;) a relation
Nli,j] of 2B. C is such that NJi,i) = {eq} and NJi,j] = N[j,i]~! for every
pair of variables v;,v; € V.
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Given a QCN N = (V, (), a consistent instantiation of N over V! C V is a map-
ping « from V’ to D such that for every pair (v;,v;) € V' xV’, (a(v;), a(v;)) satis-
fies NTi, j], i.e., there exists a basic relation b € N[i, j] such that (a(v;), a(v;)) € b
for every v;,v; € V'. A solution of N is a consistent instantiation of N over V.
N is consistent iff it admits a solution. A sub-network N’ of N is a QCN (V,C")
such that N'[4, j] C NJi,j], for every pair of variables v;,vj. A scenario o is a
QCN such that each constraint is defined by a singleton relation of 28, i.e., a rela-
tion containing exactly one basic relation. Let ¢ be a scenario, the basic relation
specifying the constraint between two variables v; and v; is denoted by o;;. A
scenario o of N is a sub-network of N. In the rest of this paper, (N) denotes the
set of scenarios of N and [N] the set of its consistent scenarios. Two QCNs N and
N’ are said to be equivalent, denoted by N = N’, iff [N] = [N']. N, denotes the
QCN on V such that for each pair of variables (v;,v;), N¥;[i, 7] = {eq} if v; = v;,
N, [i, j] = B otherwise. N}, represents the complete lack of information about
the relative positions of the variables.

Figures 2(a), 2(b) and 2(c) represent respectively a QCN N of Interval Algebra
defined on the set V = {v1,v2,v3,v4}, an inconsistent scenario o of N and a
consistent scenario o’ of N. A solution a of ¢’ is represented in Figure 2(d).
In order to alleviate the figures, for each pair of variables (v;,v;), we do not
represent the constraint N[i, j] when N|[i, j] = B, when N[j,1] is represented or
when ¢ = j.

(d) @

Fig.2. A QCN N, an inconsistent scenario o of IV, a consistent scenario ¢’ of N and
a solution « of o’

2.2 Basic Distances and Aggregation Functions

In the following, we consider two classes of QCN merging operators parameter-
ized by a distance between basic relations of B called basic distance, and by
aggregation functions.

Basic distances. A basic distance associates with a pair of basic relations of B a
positive number representing their degree of closeness [6].
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Definition 2 (Basic distance). A basic distance dg is a pseudo-distance, i.e.,
a mapping from B x B to Rar such that Vb, b’ € B, we have:

b,b") = dg(V',b) (symmetry)
dg(b,b')=0iff b=V (identity of indiscernibles)
b,b) = dg(b=", (V') 1).

For instance, the drastic distance dp is equal to 1 for every pair of distinct basic
relations, 0 otherwise.

In the context of qualitative algebras, two distinct basic relations can be more
or less close from each other. This intuition takes its source in works of Freksa [7]
who defined different notions of conceptual neighborhood between basic relations
of Interval Algebra. By generalizing his definition, it is natural to state that two
basic relations b, b’ € B are conceptually neighbors if a continuous transformation
on the elements of the domain leads to two entities which satisfy the basic relation
b and also directly satisfy the basic relation b’ without satisfying any other basic
relation. A conceptual neighborhood defines a binary relation on elements of B.
This relation can be represented by an undirected connected graph in which every
vertice is an element of B. In such a graph, called conceptual neighborhood graph,
two vertices connected by an edge are conceptual neighbors. For example, in a
context where a continuous transformation between two intervals corresponds to
moving only one of the four possible bounds, we get the conceptual neighborhood
graph GB;,; depicted in Figure 3.

Fig. 3. The conceptual neighborhood graph GBin of Interval Algebra

Using conceptual neighborhood graphs a specific basic distance has been de-
fined in the context of QCNs in [6]. The so-called conceptual neighborhood dis-
tance is formally defined as follows:

Definition 3 (Conceptual neighborhood distance). Let GB be a conceptual
neighborhood graph on B. The conceptual neighborhood distance dgg(a,b) between
two basic relations a,b € B is the length of the shortest chain leading from a to
b in GB.

In the following examples, we will use the conceptual neighborhood distance
dgs,, defined from the graph GBj,:. For instance, dgg,,(m,di) = 4. Notice that
dga,, is a basic distance in the sense of Definition 2.
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Aggregation functions. An aggregation function [18,11,12] typically combines in
a given manner several numerical values into a single one.

Definition 4 (Aggregation function). An aggregation function f associates
with a vector of non-negative real numbers a non-negative real number verifying
the following properties:

if vy <@, 1 < a,
then f(x1,...,2p) < f(x1,..., 7)) (non-decreasingness)
1 =-=xp,=0 iff f(z1,...,2p)=0 (minimality).

Many aggregation functions have been considered so far in various contexts. For
instance, Y (sum), Maz (maximum), Lexrimaz' are often considered in the
belief merging setting [17,21,13,11,14]. We give some additional properties on
aggregation functions.

Definition 5 (Properties on aggregation functions). Let f and g be two
aggregation functions.

— [ is symmetric iff for every permutation T from RY to RE, p being a positive

integer, f(x1,...,zp) = f(7(z1),...,7(xp))-
— f is associative iff

f(f('rl""?:Ep)?f(yla"')yp/)) :f(l'lw"al'pvyl?"'vyp’)'

— [ is strictly non-decreasing iff if x1 < 2%,...,7, <, and Ji € {1,...,p},
v <z}, then f(x1,...,7p) < f(21,..., 7).
— f commutes with g (or f and g are commuting aggregation functions)

Zﬁ f(g(ml,la cee 7xl7q)7 e 79(:6;),17 cee 7$p,q)) = g(f(':ULlw .. 7$p,1)7 cee
f(@1,qy-- -, Tpq))-

For example, the aggregation function ) is symmetric and associative, hence it
commutes with itself, as well as the aggregation function Max. Symmetry means
that the order of the aggregated values does not affect the result, associativity
means that the aggregation of values can be factorized into partial aggrega-
tions. In the following, aggregation functions are supposed to be symmetric,
i.e., they aggregate multi-sets of numbers instead of vectors of numbers. In [22],
the authors focus on commuting aggregation functions since such functions play
a significant role in any two-step merging process for which the result should
not depend on the order of the aggregation processes. In the end of Section
4.2 we stress the influence of commuting aggregation functions in our merging
procedures.

! Stricto sensu the Leximax function returns the input vector sorted decreasingly
w.r.t the standard lexicographic ordering; it turns out that we can associate to
Leximax an aggregation function in the sense of Definition 4, leading to the same
vector ordering as Leximax (see [11], Definition 5.1); for this reason, slightly abusing
words, we also call this function “Leximaz”.
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3 The Merging Issue

3.1 Problem and Example

Let V = {v1,...,v,} be a set of variables and N' = {N! ..., N™} be a multiset
of QCNs defined over V. N is called a profile. Every input QCN N* € N stems
from a particular agent k providing her own preferences or beliefs about the
relative configurations over V. Every constraint N*[i, j] corresponds to the set
of basic relations that agent k considers as possibly satisfied by (v;, v;). In such
a setting, two kinds of inconsistency are likely to appear. On the one hand, a
QCN N* may be inconsistent since the agent expresses local preferences over
pairs of variables. Therefore an inconsistency may arise without the agent being
necessarily aware of that. On the other hand, the multiplicity of sources makes
that the underlying QCNs are generally conflicting when combined. For example,
in case of preferences representation, a single conflict of interest between two
agents about the same pair of variables is sufficient to introduce inconsistency.

Consider a group of three students expressing their preferences about the
schedule of fours common courses: Operating Systems (OS), Algebra, Analysis
and Programming. Every student of the group provides a set of binary relations
between these courses. The variables we consider here are four temporal entities
v1, U2, U3, v4 that respectively correspond to OS, Algebra, Analysis, Programming
and that form the set V. We consider Interval Algebra to model qualitative
relations between these courses. For exemple, the first student prefers to start
learning OS before the beginning of Algebra and to finish studying OS before
the end of Algebra. This can be expressed by the relation vy {p,m,o0} vo. The
three students provide the QCNs N, N2, N3 depicted in Figure 4 and forming
the profile N'. Notice that the conflict occurring in the example sketched in the
introduction is represented in the QCN N3, indeed there does not exist any
consistent instantiation of N3 over {vg, v3,v4}.

3.2 Rationality Postulates for QCN Merging Operators

Given a profile N' = {N1 ..., N™} defined on V representing local preferences
or beliefs of a set of agents, we want to get as result of the merging opera-
tion a non-empty set of consistent information representing A in a global way.
Formally, this calls for a notion of merging operator. In [5] a set of rationality
postulates has been proposed for QCN merging operators. These postulates are

{p,m, 0} {eq, si} {di}

@ 0 oy {m} @

{d. f} {p, pi}

(a) N (b) N (c) N?

Fig. 4. Three QCNs N', N? and N® to be merged
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the direct counterparts in the QCN setting of the postulates from [13] charac-
terizing merging operators for propositional logic. We separate these postulates
into two classes: the first one defines the QCN merging operators, the second
one provides additional properties that QCN merging operators should satisfy
to exhibit a rational behaviour.

Definition 6 (QCN merging operator). An operator A is a mapping which
associates with a profile N a set A(N') of consistent scenarios. Let N be a profile.
A is a QCN merging operator iff it satisfies the following postulates:

(N1) A(N) # 0.
(N2) If N{[N*] | N¥ € N} # 0, then AN) = O{[N¥] | N* e N}

(N1) ensures that the result of the merging is non-trivial; (N2) requires A(N)
to be the set of consistent scenarios shared by all N* € N, when this set is
non-empty.

Before giving the additional postulates, we need to define the notion of equiv-
alence between profiles. Two profiles N” and N are said to be equivalent, denoted
by N = N’, iff there exists a one-to-one correspondence f between A and N’
such that YN* € N, f(N*) = N*. We use U to denote the union operator for
multisets.

Definition 7 (postulates (N3) - (N6)). Let N', N1 and Ny be three profiles,
and let N, N’ be two consistent QCNs.

(N3) If N1 = Na, then AN7) = A(N2).

(N4) If AN, N'}) A [N] # 0, then A({N, N'}) A [N'] £ 0.

(N5) A(N1) N A(NQ) - A(Nl UNQ).

(N6) IfA(Nl) N A(NQ) 75 @, then A(Nl UNQ) Q A(Nl) N A(NQ)

(N3) is the syntax-irrelevance principle for QCNs. It states that if two profiles
are equivalent, then merging independently each profile should lead to the same
result. (N4) is an equity postulate, it requires the QCN merging operator not to
exploit any hidden preference between two QCNs to be merged. (N5) and (N6)
together ensure that when merging independently two profiles leads both results
to share a non-empty set of consistent scenarios, let us say F, then merging the
joint profiles should return E as result.

4 Two Classes of QCN Merging Operators

In this section, we define two classes of QCN merging operators. Operators from
the first and second class are respectively denoted by A; and As. These operators
associate with a profile N a set of consistent scenarios that are the “closest” ones
to A in terms of “distance”. The difference between A; and A, is inherent to
the definition of such a distance.

For i € {1,2}, a QCN merging operator A4; is characterized by a triple
(dg, fi,gi) where dg is a basic distance on B and f; and g; are two symmet-
A?Byfhgi

ric aggregation functions. 4; is then denoted by . The set of consistent

scenarios A% /9 (\f) is the result of a two-step process.
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4.1 A; Operators

The first step consists in computing a local distance dy, between every consistent
scenario on V, i.e., every element of [NY;;] and each QCN of the profile M. For
this purpose, the basu: distance dg and the aggregation function f; are used to
define the distance dy, between two scenarios o and o’ of NY;, as follows:

dy, (0,0") = fi{ds(oij,0i;) | vi,vj € V,i < j}.

Therefore the distance between two scenarios results from the aggregation of dis-
tances at the constraints level. The definition of dy, is extended in order to compute
a distance between a consistent scenario o of NXI ;and a QCN NV k of N as follows:

dy, (0, N*) = min{dy, (0,0") | o’ € (N*)}.

Therefore the distance between a scenario ¢ and a QCN N* is the minimal
distance (w.r.t. dy,) between o and a scenario of N*.

The choice of the aggregation function f; depends on the context. For exam-
ple, fi = Max is appropriate when only the greatest distance over all constraints
between a scenario and a QCN is important, whatever their number. However,
by instantiating f; = >, the distances dg over all constraints are summed up,
thus all of them are taken into account.

Ezxzample (continued). For the sake of conciseness, we represent a scenario as the
list of its constraints following the lexicographical order over (v;,v;), i < j. For
instance, the consistent scenario o; depicted in Figure 5(a) is specified by the
list ({fi},{m},{p},{m},{p},{m}). Let o be the (inconsistent) scenario of N!
(see Figure 4(a)) defined by ({o}, {m}, {p},{p},{d}, {m}). We use here the basic
distance dgg,, and will do so for the next examples. We consider f; = > . Then
we have:

dy (o1, N') = min{dys (01, 0") ] o' € (NY)} =dy(01,0")

> {dcg,.(fi,0), dgs,, (m,m), dgg,, (P; D),
dGBmt (m p) dGBmt (p7 d 7dG |nt (m’ m)}

—14040+1+4+0=6.

Similarly we get ds~ (o1, N?) =1 and dy~ (01, N?) = 4.

The second step of the merging process consists in taking advantage of the
aggregation function g; to aggregate the local distances dy, (o, N*) for every QCN
Nk € N; the resulting value can be viewed as a global distance dg, between o
and the profile /. This distance is defined as follows:

d91(07N) - gl{dfl(aa Nk) ’ N* GN}

For the arbitration function g1 = Max, the global distance represents a consen-
sual value w.r.t. all sources [21]; with g; = >, it reflects the majority point of
view of the sources [17].

Ezample (continued). Consider here g; = Maz. We have :
drtaz (01, N) = max{dy (o1, N*) | N¥ € N} = max{6,1,4} = 6.
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{ri}

V2
V1 V4
U3

Y

(b) a1

V2

U1 V4

"o
—_—

(d) a2

Fig. 5. Two consistent scenarios o1 and o2 of N;;, and two consistent instantiations
a1 and ag of o1 and o2

The set A% /191 (A) is the set of the consistent scenarios of N}, having a
minimal global distance dg, . Formally,

APTN) = {o € [NXy] | 30 € [NXyl, dg, (0, N) < dy, (0, N)}.

Ezample (continued). Consider the consistent scenario o2 depicted in Figure
5(c). We can compute its global distance similarly as for o;. We then have
dpraz (o2, N) = 5. Since dpraz(02, N) < dpraz (o1, N), we can conclude that the

;an»M”(N')_

. . d
consistent scenario o does not belong to the set A}
Proposition 1. AilB’fl’gl 1s a QCN merging operator in the sense of Definition
6, i.e., it satisfies postulates (N1) and (N2). Moreover, if g1 is an associative

91 gotisfies (N5), and if g1 is an associative

aggregation function, then A(liB’
and strictly non-decreasing aggregation function, then AilB’fl’gl satisfies (N6). It

does not satisfy (N3) and (N4).

4.2 A, Operators

An operator from the A, family is defined in two steps as follows. The first step
consists in computing a local distance dy, between every basic relation of B and
the multiset N[, j] = {N*[i,j] | N* € N}, for every pair (v;,v;), i < j. The
definition of the basic distance dg between two basic relations of B is extended to
the basic distance between a basic relation b € B and a relation R € 28, R # ().
It corresponds to the minimal basic distance between b and every basic relation
of R. Formally we write:

dg(b, R) = min{dg(b,1') | ¥’ € R}.
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The aggregation function fo is used to compute the local distance between
every basic relation of B and the multiset of constraints N'[i, j] = {N*[i, j] | N* €
N} as follows:

dfz(bvN[i’j]) = fQ{dB(b’ Nk[lvj]) | Nk[lvj] € N[’ij]}

The choice of f5 is motivated in the same way as that of g; for A; operators.
Depending on the context, we opt for a majority function Y [17], or for an
arbitration function Maz [21]. Here the aggregation step relates the constraints
N¥[i, 7] of the QCNs N* € N, for a given pair of variables (v;,v;), i < j.

Ezample (continued). Consider the multiset N'[1,2] = {{p, m,0},{eq, si},{di}}
(see Figure 4). We consider dgg,, as the basic distance and fo = Max. The
distance between the basic relation fi and the multiset N[1,2] is defined as
follows:

dMaa?(fin[la 2]) = ma‘X{dGBint(fi7 {pv m, 0})7
dGBint(fi7 {eQ7 Si})? dGBint(fi7 {dl})}
= max{dcs,. (f1,0), des,.(fi, €q), dcp,,.(fi, di)}
=max{l,1,1} = 1.

The second step consists in aggregating the local distances computed in the
previous step for all pairs (v;,v;), ¢ < j, in order to compute a global distance
dg, between a scenario o of NX” and the profile N'. This distance is computed
using the aggregation function gs as follows:

d92(07N) = gQ{df2(Ul]7N[Z7]]) | Vi, Uj € V7Z < J}

The choice of g, is motivated in the same way as the aggregation function f; for
A; operators.

Ezample (continued). Consider again the consistent scenario o (see Figure 5(a))
and choose go = > . We get:

dz (Ul,N) = Z{dMCLI(O-l(17 2)7N[17 2])7 LR dMam(Ul(374)7N[374D}
=14+240+14+4+0=8.
Similarly to A; operators, the result of the merging process over the profile

N using AgB’f 292 corresponds to the set of consistent scenarios of N, that
minimize the global distance dg,. Formally,

A9 (N) = {o € [N)Yy] | B0’ € [NYyl, dg, (0!, N) < dy, (0, M)}

Ezample (continued). Consider again the consistent scenario oy depicted in Fig-
ure 5(c). Its global distance to A, computed similarly to the one of oy, is
ds> (o2, N) = 8. Notice that the consistent scenarios o1 and o2 have the same
global distance to N. We can then conclude that oy € AgGBi”t’M“’Z (N) iff
oy € AJEmMaTL (\r)

One can prove that Ay operators typically satisfies less expected postulates than
the A; ones:
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Proposition 2. Ag&fz"h 1s a QCN merging operator in the sense of Definition
6, i.e., it satisfies the postulates (N1) and (N2). The postulates (N3) - (N6) are
not satisfied.

That A; and A, are syntactical operators is reflected by the fact that they do
not satisfy the syntax-independence postulate (N3) (see Propositions 1 and 2).
Similarly in [10] several syntax-sensitive propositional merging operators have
been investigated, none of them satisfying the counterpart of (N3) in the propo-
sitional setting. We give some conditions under which A; and As operators are
equivalent.

Proposition 3. If f1 = g2, fo = ¢1 and f1 and fo are commuting aggregation
functions, then ATB’fl’gl (N) = Ags,fz,sn ().

Consequently, when fi = g2, fo = ¢1 and for instance when (f1, f2) € {(>2,>0),
(Max, Maz)}, then choosing a Ay operator rather than a Ay one (or conversely)
has no impact on the result. However, >~ and Maz are not commuting aggrega-
tion functions, so for such choices using A; or As can lead to different results.

4.3 Computational Complexity

Beyond logical postulates, complexity considerations can be used as choice cri-
teria for a QCN merging operator. Clearly enough, the merging result may be of
exponential size in the worst case, just like representation of the merging result
in the propositional case [3,11,12]. As discussed in [6], a set of consistent scenar-
ios cannot always be represented by a single QCN. In [6] a basic construction of
a QCN Ny is given from a set S of consistent scenarios leading to S = [Ng| when
possible. Nevertheless, computing explicitly the merging result (as a set of con-
sistent scenarios in our setting, as a propositional formula in the propositional
framework) is not mandatory to reason with [3,11,12]; often it is enough to be
able to determine whether a given scenario belongs to it. This is why we focus
on the following MEMBERSHIP problem (MS for short): given i € {1,2}, dg a
basic distance, f;, g; two aggregation functions, N a profile and o, a scenario,
does o, belong to A‘;B’f ©9(N') 7 The following proposition provides an upper
bound of complexity for the MS problem.

Proposition 4. If f;, g; are computed in polynomial time, then MS € coNP.

Interestingly, usual aggregation functions like Y or Max can be computed in
polynomial time. For the merging procedure proposed in [6], MS is likely harder,
i.e., falls to a complexity class above coNP in the polynomial hierarchy. Indeed
for both A; and A, operators, the global distance between a scenario and a
profile is computed in polynomial time. In comparison, for the merging operator
proposed in [6], computing the global distance between a scenario and a profile
requires the computation of all consistent scenarios of every QCN of the profile,
which are exponentially many in the worst case.
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5 Comparison between A;, A, and Related Works
5.1 When to Choose a A; Operator

Given a profile N, opting for an operator A; is appropriate when the sources
are independent of one another, i.e., when information provided by each QCN
of the profile should be treated independently. Indeed the first aggregation step
is “local” to a particular QCN, while the second one is an “inter-source” ag-
gregation. In this respect, A; operators are close to QCN merging operators ©
proposed in [6] and propositional merging operators DA? studied in [11,12]. In
[6] the QCN merging operators © consider like Ay operators a profile A as input
and return a set of consistent scenarios following a similar two-step process, with
only fi =) . However, while A; operators consider the sets of scenarios of the
QCNs of NV in the computation of the local distance dyf,, © operators consider
the sets of their consistent scenarios. Doing so, neither inconsistent QCNs of A/
are taken into account by © operators, nor the basic relations of the constraints
of the QCNs which do not participate in any consistent scenario of this QCN. In
[11,12] the authors define a class DA? of propositional knowledge bases merg-
ing operators, based on a distance between interpretations and two aggregation
functions. A profile corresponds in this case to a multiset of knowledge bases,
each one expressed as a finite set of propositional formulas. A first step consists
in computing a local distance between an interpretation w and a knowledge base
K through the aggregation of the distances between w and every propositional
formula of K. A second step then consists in aggregating the local distances to
combine all knowledge bases of the profile. In the context of QCN merging, the
A operators typically follow the same merging principle.

5.2 When to Choose a A; Operator

Ao operators are suited to the context when a global decision should be made
a priori for every pair of variables (v;,v;). In this case every pair of variables
is considered as a “criterion’ or “topic” on which a mutual agreement has to
be found as a first step. The second step then can be viewed as a relaxation of
the independence criteria which are combined in order to find consistent global
configurations. Ay operators consider a local distance dy, which coincides with
the one proposed in [4]. In this work, the authors use this local distance dy, to
define a constraint merging operator. Such an operator associates with a multi-
set R of relations the set of basic relations for which the distance dy, to R is
minimal. In this framework, a QCN merging operator, denoted by (2, associates
with a profile N a single QCN 2(N). Similarly to Ay operators, {2 operators
take into consideration inconsistent QCNs and consider every basic relation of all
constraints of the input QCNs as a relevant piece of information in the merging
process. However, {2 operators require to be given a fixed total ordering <y on
the pairs of variables (v;, v;). Following this ordering, the constraint of the QCN
Q2(N) bearing on (v;,v,) is affected using the constraint merging operator on
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the constraints of the QCNs of A bearing on (v;, v;). At each step, £2(N) is kept
consistent. Though the computation of £2(N) is efficient, the choice of <y leads
to specific results, while Ay operators - which do not require <y to be specified -
do not suffer from this drawback.

6 Conclusion

In this paper, we have defined two classes Ay and A, of operators for merging
qualitative constraint networks (QCNs) defined on the same qualitative formal-
ism. We have studied their logical properties and we have also considered the
problem of deciding whether a given scenario belongs to the result of the merging.
From a methodology point of view, we have addressed the problem of choosing
such a merging operator. Compared with previous merging operators, A; and
Ay operators achieve a good compromise to QCN merging. Indeed, (i) they take
into account fine-grained information provided by the input sources in the sense
that each constraint from the input QCNs participates in the merging process
(in particular inconsistent scenarios are not excluded); (ii) the computational
complexity of query answering for those operators is not very high; (iii) they
are QCN merging operators since rationality postulates (N1) and (N2) hold. In-
terestingly, our operators do not trivialize when applied to a single inconsistent
QCN; as such, they can also be viewed as consistency restoring operators.

As a matter for further research, we plan to investigate in depth the com-
plexity issues for all classes of operators defined so far.
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Abstract

In this paper, we introduce a new class of local consis-
tencies, called $-consistencies, for qualitative constraint
networks. Each consistency of this class is based on
weak composition (¢) and a mapping f that provides a
covering for each relation. We study the connections ex-
isting between some properties of mappings f and the
relative inference strength of }-consistencies. The con-
sistency obtained by the usual closure under weak com-
position is shown to be the weakest element of the class,
and new promising perspectives are shown to be opened
by $-consistencies stronger than weak composition. We
also propose a generic algorithm that allows us to com-
pute the closure of qualitative constraint networks un-
der any “well-behaved” consistency of the class. The
experimentation that we have conducted on qualitative
constraint networks from the Interval Algebra shows the
interest of these new local consistencies, in particular
for the consistency problem.

Introduction

Qualitative Spatial-Temporal Reasoning (QSTR) is an area
of computer science dealing with qualitative information
about configurations of spatial/temporal entities. A calcu-
lus in QSTR introduces particular elements for representing
the entities and a finite set of base relations on these ele-
ments. Each base relation is an abstraction of concrete met-
ric information about the relative position of entities. For
applications in domains such as e.g. geographic informa-
tion systems and natural language understanding, a qualita-
tive description can reveal to be far more appropriate than
a metric description, in particular when precise informa-
tion is not necessary or simply not available. In the past
twenty years, numerous QSTR formalisms have been pro-
posed and studied; see e.g. (Randell, Cui, and Cohn 1992;
Pujari, Kumari, and Sattar 1999; Renz and Nebel 2007).

In QSTR, Qualitative Constraint Networks (QCNs) are
typically used to express information on spatial/temporal sit-
uations. A constraint represents a set of acceptable qualita-
tive configurations between some variables (entities), and is
then defined by a set of base relations. Given a QCN, the

Copyright (© 2010, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

main problem is to determine whether the information con-
tained in the QCN is consistent. In the general case, this
problem is NP-hard. However, because the worst-case only
arises within a limited range of situations, many studies have
been led to develop efficient practical approaches to solve
this problem.

One such approach is backtrack search combined with a
constraint propagation mechanism based on tractable sub-
classes of relations and the closure of QCNs under weak
composition, which is an operation denoted by ¢ and related
to path consistency (Mackworth 1977). More precisely, at
each step of search, a constraint is split into relations be-
longing to a tractable class and closure under weak com-
position is an inference method applied to filter the search
space (i.e. to reduce its size) by removing some inconsis-
tent base relations. This effective approach, initiated by
Nebel, has been adopted by most of the qualitative con-
straint solvers (Condotta, Saade, and Ligozat 2006; Gant-
ner, Westphal, and Wolfl 2008), and in particular by GQR*,
which is currently the fastest solver. On the other hand,
some recent approaches (Pham, Thornton, and Sattar 2006;
Westphal and Wolfl 2009; Li, Huang, and Renz 2009) trans-
late the consistency problem of QCNs into CSP (Constraint
Satisfaction Problem) or SAT (propositional satisfiability)
instances. Published results indicate that these approaches
are promising.

Closure under weak composition is at the heart of the var-
ious approaches that directly handle qualitative constraint
networks. It was the first inference method used to address
the consistency problem of the temporal QCNs in the well-
known Interval Algebra (Allen 1981). Weak composition is
currently recognized as an operation that offers a good bal-
ance between the execution overhead and the filtering bene-
fit. Besides, it has been shown to be a complete approach for
most of the identified tractable classes. Nevertheless, for the
hardest QCNs it may be worthwhile to consider operations
stronger than o, i.e. stronger forms of local consistency.

In this paper, we propose a new class of local consisten-
cies adapted to qualitative calculi. Each of them is defined
from ¢ and a mapping f that associates with every relation
r of a qualitative calculus a set of sub-relations of r form-
ing a covering of r. Intuitively, a QCN is ?—consistent if
and only if after substituting any sub-relation defined by f
for the relation associated with a constraint of the QCN, the
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obtained QCN 1is closed under ©. We prove that ¢ corre-
sponds to the weakest consistency of the class whereas a lo-
cal consistency similar to SAC, Singleton Arc Consistency
(Debruyne and Bessiere 1997) introduced for CSP, is the
strongest one. Other consistencies of the class are situated
between these two bounds since the class forms a complete
lattice. We also characterize an important subset of the class
of ?-consistencies that contains consistencies under which
closure of QCNs exists, and we propose a general-purpose
algorithm to enforce any of them. A preliminary experimen-
tation carried out using the Interval Algebra shows promis-
ing results.

Preliminaries

A qualitative calculus is defined from a finite set B of base
relations on a domain D. Without any loss of generality,
we will only consider binary relations. The elements of D
represent temporal or spatial entities, and the elements of B
represent all possible configurations between two entities.
B is a set that satisfies the following properties (Ligozat
and Renz 2004): B forms a partition of D x D, B con-
tains the identity relation Id, and B is closed under the con-
verse operation (~1). A (complex) relation is the union of
some base relations, but it is customary to represent a re-
lation as the set of base relations contained in it. Hence,
the set 2B will represent the set of relations of the qualita-
tive calculus. The set 2B is equipped with the weak com-
position operation, denoted by ¢ and defined by: Va,b €
B,aob={ceB:3z,y,zeD|xzazNzbyAzcy};
Vr,s €281 0 5 =, pesla © b}. Note that r o s is the

smallest relation of 28 including the usual relational compo-
sitionros = {(z,y) eDxD:3zeD|zrzAzsy}
In some qualitative algebras (e.g. the Interval Algebra intro-
duced below), 7 o s and r ¢ s are identical.

A well known temporal qualitative formalism is the In-
terval Algebra, also called Allen’s calculus (Allen 1981).
The domain Dj,, of this calculus is the set {(z~,z7) €
QxQ : 2= < zT} since temporal entities are intervals
of the rational line. The set B;,; of this calculus is the set
{eq,p, pi,m, mi,o0,0i,s,si,d,di, f, fi} of thirteen binary
relations representing all orderings of the four endpoints of
two intervals; see Figure 1.

A Qualitative Constraint Network (QCN) is a pair com-
posed of a set of variables and a set of constraints. Each
variable represents a spatial/temporal entity of the system
that is modelled. Each constraint represents a set of accept-
able qualitative configurations between two variables and is
defined by a relation. Formally, a QCN is defined as follows:

Definition 1 A QCN is a pair N = (V, C) where:

o V ={v1,...,v,} is a finite set of n variables;

e C'is a mapping that associates a relation C(v;,v;) € 2B,
also denoted by C;; or Ni, j], with each pair (v;,v;) of
V x V. Cis such that C;; C {ld} and C;; = Cj_il.

A partial solution of N on V' C V is a mapping o de-
fined from V"’ to D such that for every pair (v;,v;) of vari-
ables in V', (0(v;), 0(v;)) satisfies C;j, i.e. there exists a
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Figure 1: Base relations of the Interval Algebra.

base relation b € C;; such that (o(v;),0(v;)) € b. A solu-
tion of A is a partial solution of N on V. A is consistent iff
it admits a solution. Two QCNs are equivalent iff they ad-
mit the same set of solutions. A subQCN N’ of A/, denoted
by NV C N, is a QCN (V,C") such that Cj; C Cjj, for
every pair (v;,v;) of variables. An atomic QCN is a QCN
such that each constraint is defined by a base relation. A
scenario S of N is an atomic consistent subQCN of A/. A
base relation for Cj; is inconsistent iff there does not exist
any scenario S of M such that S[i, j] = {b}.

A QCN NV = (V,C) is said to be o-consistent or closed
under weak composition if and only if C;; C Cy, o Ciy
Vv;, v, v, € V. The closure under weak composition of
N, denoted by ¢(N), is the greatest (w.r.t. C) o-consistent
subQCN of A; o(N) is equivalent to N'. This (sub)QCN
can be obtained by iterating the triangulation operation:

Cij — C,] n (C,k <o ij), \V/’l}i,’l}j,l}k eV
until a fixed point is reached. This method can be imple-
mented by an algorithm running in O(n?) time. Weak com-
position admits the following properties:
e o(N) C N (¢ is contracting),
e o(0(N)) = o(N) (o is idempotent),
o N CN' = o(N) Co(N) (¢ is monotonic).
N j/r With v, v; € V and r € 28 is the QCN (V,C")
defined by Cj; = r, C; = r~" and C}; = Ci; Y(vg,v1) €
V x V \ {(vi,vj), (vj,v;)}. The union of two QCNs N =
(V,C) and N7 = (V,C") is the QCN N UN' = (V,C")
such that V(Ui, Uj) eV, CL/S = Cij @] CL/J

The Class of }i-consistencies

In this section, we introduce (for qualitative constraint
networks) a general class of local consistencies, called
%-consistencies, where f is a mapping that associates a set
of relations of 2B with each relation of 28. Intuitively, a
QCN is said to be ;i-consistent iff for any constraint C;; of
the QCN, after substituting any element 7’ of f(r) for the
relation 7 associated with C';; and computing the closure un-
der weak composition, the relation r’ associated with Cyj is



let unchanged. Before proposing a formal definition of ;i-
consistencies, we introduce a set F that exactly contains the
mappings f considered hereafter. More precisely, F is the
set of mappings f defined from 28 to 22° associating a set
of relations f(r) € 22° with each relation r € 28 such that
Uf(r) =r,and @ & f(r) when r # (). Note that f(r) is
a covering of r and f({b}) = {{b}}Vb € B. Moreover, we
have f(()) = {0}, which will be always implicitly assumed
whenever we introduce a mapping later.

Definition 2 Let f be an element of F. A QCN N is -
consistent iff for every pair (v;,v;) of variables of N and
forevery s € f(NTi, j]), o(Np j/5)[E, 5] = s.

We obtain a new class (or family) of local consistencies
since each mapping f € F determines a new consistency
denoted by ;i The class (set) of all ;i—consistencies that can
be built from elements of F is denoted by %. The following
result shows the practical interest of the new class of con-
sistencies: when a QCN is not $-consistent, some base re-
lations said to be ‘Ji-inconsistent can be identified and safely
removed.

Proposition 1 Let f be an element of F, N be a QCN,
(vi,vj) be a pair of variables of N and s € f(NTi, j]).
Any base relation b in s \ o(NJ; j1/s)[i, j] is inconsistent for
Cij.

Proof. Let S be a scenario of N and b’ be the base
relation in S[¢,j]. Either we have ¥/ ¢ sor b € s. If
b ¢ s, necessarily & # b. On the other hand, if ¥’ € s
then b’ € o(NJ; j1/s)[i, j] because o preserves scenarios. By
hypothesis, b ¢ (N, j/s)[4, j], which proves that b" # b.
We conclude that v; b v; cannot be true in any scenario.

The following mappings will be useful to illustrate our
purpose. Vr € 2B\ {0}:

e [g associates the set fg(r) = {{b} : b € r} with r.

e f. associates the set f.(r) = {r\ {b} : b € r} with r iff
|r| > 1; fx(r) = {r} otherwise.

e f, associates the set fo(r) = {r} with r.
For example, if r = {p,m,o0}, then fg(r) =

{p}. {m},{o}} and f4(r) = {{p.m},{p.0}, {m,0}}
Moreover, given a partition P = {ry,...,ry} of B, the map-
ping fp is defined as follows: for every relation r € 28,
fr) ={rnmriie{l,...,k}} \ {0}. Note that §_isa
consistency that can be related to SAC (introduced for CSP)
but ;i# and partition-based consistencies %, (as well as many
other -consistencies) have no CSP counterpart.

We will consider later the following (representative) par-
titions of Bjnt:

b Pl = {{p7 m,o, fza S, d}7 {pZ, mia 0i7 f» Sia dl, eq}}
o Py ={{p.m, o}, {fi,s,d},{pi,mi,oi},{f, si,di,eq}}
o Ps = {{p}, {m, o}, {fi} {s.d}, {pi}, {mi, 0}, {f, eq},

{si,di

In order to compare the inference capability of different
consistencies, we need to introduce a preorder. Let ¢ and

1 be two consistencies in %, ¢ is stronger than 1), denoted
by ¢ D> 1, iff whenever ¢ holds on a QCN N (i.e. N is ¢-
consistent), v also holds on N; ¢ is strictly stronger than ),
denoted by ¢ > 1, iff ¢ is stronger than ¢ and there exists at
least one QCN N such that ) holds on A/ but not ¢. Finally,
¢ and 1) are equivalent, denoted by ¢ =~ 1, iff both ¢ >
and ¢ > ¢.

First, we can show that a QCN N is 310 -consistent if, and
only if, AV is closed under weak composition.

Proposition 2 The consistency ?0 is equivalent to ©.

Proof. \ is o-consistent < o(N) = N < for every pair
(vi,v;) of variables of N, o(N)[i, j] = N¢, j] < for every
pair (v;, v;) of variables of A" and for every s € fo(Ni, j]),
(Mi,ji/s)li, 4] = s (because f,(r) = {r} for each relation
re2B)e Nis $,-consistent +

The finer the coverings of relations by an element f of F
are, the stronger the consistency ;i is. In particular, to relate
;i-consistencies, we have the following result:

Proposition 3 Ler f, f’ be two elements of F. If for every
r € 2B and for every s' € f'(r), there exists a set of rela-
tions S C f(r) such that s' =) S, then § & ¢,.

Proof. We suppose that we have a QCN A that is
$-consistent. Let v;,v; be two variables of N, r = NTi, j]
and s’ be an element of f’(r). By hypothesis, there
exists a set of relations S C f(r) such that s’ = |JS.
For every relation s € S we have s C s, and be-
cause N ;s € N jj/s and o is monotonic, we have
O(Mijiys)lts gl © o(Npijy/s)lisj]. We can deduce that
U{O(Mi,j]/s)[ivj] HENS S} - O(Mi,j]/s’)[i7j]- SinceNis
<-consistent (by hypothesis), for every relation s € S, we
have (A7), [i.d] = s. Hence, US € o(Njy1/.0)li il
and as s’ = (J S, we obtain s" C o(N; j1/5 )[4, j] On the
other hand, we also know that o(N; jj/s)[¢, j] C s’ because
o is contracting. We can conclude that s" = o(N[; j1/4/)[4, J]
and consequently that N is $/-consistent. -

For example for the Interval Algebra, we have ¢ > ¢

R N I f Py
=
is the strongest con51stency (of &) and

. The following corollary stipulates that ¢ o
 is the weakest one

Corollary 1 For every element f € f, B9,

From this result, we can deduce in partlcular that jcB >
;3 f Now, let us consider the three QCNs of the Inter-
val Algebra depicted in Figure 2. On each of these graphs,
a variable is represented by a node, and a constraint by an
arc labelled with the associated relation; note that, for sim-
plicity, there is no arc going from v; to v; when either there
is already an arc going from v; to v; or ¢ = j. We can
check that V] is ;i -consistent but not }? -consistent because

di ¢ o(Nijo,1)/{di,my)[0, 1], N2 is § -consistent but not?
cons¥stent because o(Napy 31/(7:3)[1,3] = 0, and N is G, -
consistent.

From Corollary 1 and QCNs N7 and N3, we deduce that
(for the Interval Algebra) ;iB > ;’p¢ > 330 (note the strict order).
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(¢) N3

Figure 2: N5 C Ny C V.

The equivalence classes of = form a partition of %; the set
of all equlvalence classes is denoted by %|~. Note that %|~
is a finite set since the set B of base relations is cons1dered
to be finite. The relation >~ defined on |~ by V[¢], [¢] €
S1%, (0] B [¢] iff ¢ &> 1 where ¢ and 1 are any represen-
tatives (elements) in [¢] and [¢], is a partial order. We have
the following result:

Proposition 4 (%|~,>%) is a complete lattice with [}, ] as
greatest element and [ | as least element.

Proof.

(Existence of binary joins) Let ¢ and %, be two elements of
¢, and let us define f as Vr € 2B, f(r) = fi(r) U fa(r).
First, we can observe that f € F by construction. From
Proposition 3, we deduce that ¢ > ¢ and § > %. Now,
suppose that there exists [’ € .7-" such that §, &> $ and
jc, > ?2 By definition, any ;i,-consistent QCN N is ?1-
consistent and §, -consistent. Hence, for every pair (v;, v;)
of variables of N, s € f1(NTi,j]) = (N i/s)[i:5] = s
and s € fo(NTi, j]) = o(Njji/s)[isJ] = s. So, for every
s € fl(N[Z’jD U fZ(N[Zv]D’ <>(j\/—[i,j]/s)[iv.j] = 5. We
deduce that A is $-consistent, and ¢, > . [;i] is the least
upper bound of [}, ] and [}, ].

(Existence of binary meets) Let § and §, be two elements
of %, and let us define the set F as E = {f' € F : ;il >
% A$, > %} Note that E' # () since f, € E. Next, let us
define f as vr € 2B, f(r) = U{f'(r) : ' € E}. From
this definition and Proposition 3, we deduce that ;i > ;i, for
every f' € E. We now prove by contradiction that PR
and ¢, > . Letus suppose that $ h > ¢ does not hold. This
means that there exists a f1 -consistent QCN A/ that is not
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¢-consistent. Hence, there exist two variables v;, v; of N
such that o(Nj; j1/5)[i,7] # s with s € f(NTi, j]). From
construction of f, we know that there exists a mapping
f’ € FE such that s € f'(N[i,j]). Hence, N is not
<¢,-consistent. On the other hand, as f € E we have $ "
f,, and N/ O,—cons1stent since N is % -consistent. This is a
contradiction, so f > ° does hold. Similarly, we can show
that §, & %. [$] is the greatest lower bound of [¢, ] and [%,]. -

To conclude this section, let us prove the following result
for atomic QCNs.

Proposition 5 Let f be an element of F, and N be an
atomic QCN. If N is consistent then N is ;i-consistent.

Proof. For any element f of F and any base relation b, we
know that f({b}) = {{b}}. It means that all consistencies
in % are equivalent when restricted to atomic QCNs. As ¢
is equivalent to o (see Proposition 2) and as it is known that
an atomic consistent QCN is necessarily closed under weak
composition (i.e. o-consistent), we deduce that an atomic
consistent QCN is necessarily jc—consistent, whatever fis.

Closure of QCNs under ;i-consistencies

A consistency ¢ is well-behaved iff for any QCN N/, there
exists a (unique) largest ¢-consistent QCN N smaller than
orequal to A (w.r.t. ). N is called the ¢-closure of A, and
denoted by ¢(N). In this section, we are concerned with the
closure of QCNs under -consistencies. Are $-consistencies
well-behaved? In other words, given a QCN N and a con-
sistency ;i in &, does the ;i-closure of N exist? We first
show that this is not always the case with an example taken
from the Interval Algebra. We consider f € F such that
f({p,eq;m}) = {{p,eq,m},{eq}} and f(r) = {r} for
every relation r € 2B\ {{p eq, m}}. Figure 3 shows three
distinct QCNSs. The first QCN N is not ;Z-consistent because
./\f4 0,3/ {eq})[0, 3] = 0. Now let us turn to the two distinct
/\}5 and /\f6 both QCNs are f-cons1stent and (strlctly)
smal]er than A;. Observing that there does not exist any
consistent QCN strictly greater than N5 and Ny and smaller
than A, we have just proved that % 1s not well-behaved.
Nevertheless, there exist some mappings f for which the
consistencies ;i are guaranteed to be well-behaved. This is
the case for the elements of the set F* introduced below.
Roughly speaking, for every relation r, f(r) cannot be finer
than the set of f(r’) with r’ contained in r.

Definition 3 F* is the set of mappings f in F such that for
everyr,r’ € 2B withr' C r and for every s € f(r), we have
snNr' £ 0 =35 C f(r') such thar snr’ =Y S.

For example, all mappings mentioned in our previous il-
lustrations belong to F*, except the last one that has been
introduced above to prove that some ;i-consistencies are not
well-behaved. We first show the following result.

Proposition 6 Let [ be a mapping of F*. If N1 and N are
two ;’c-consistent QCNss defined on the same set of variables,

then N = N1 UNs isa <}-consistem‘ QCN.



{p, eq}

(a) Ny (b) Ns

(¢) Ne

Figure 3: My = N5 U Ng.

Proof. Let v;, v; be two variables of A/ (and consequently
of N7 and N2), r = Ni, j] and s € f(r). We have to show
that O(A[[i,j]/s)[i7j] =s. Letr; = Nl[i,j], ro = NQ[Z,]]
and let s; and s, be the two relations defined as s1 = s Ny
and s = sNre. As s € f(r), we have s C r and as
N = Ny UNMN,, we have r = r; U 9. We can deduce
s = s1 U sg, and also N[ j)/s, © N j/s and Na jj/s, C
Nji,j1/s- Because o is monotonic, we have o(Ny; j1/s,) C

(N jl/s) and o(Nafj jy/s,) € (N jpy)-

On the other hand, as f € F* there exist S; C f(r1)
and So C f(r2) such that | JS; = s and | S2 = so (if
we assume that s; # ) and sy # 0). From N; and N>
being $-consistent, we deduce that o(Niig)s )6, 4] = 81,
Vsy € Sl and o(Nap; j1/4,)[i, 5] = s5, Vs5 € Sa. More-

over, because ¢ is monotonic, we have o(Ni; ;174 )i, 5] €
(Nl[z,j /81)[Z .]] v51 € Sl and O(NZ 1]/52)[ j] c
o(Na(; /s, ), 4], V85 € Sp. From this, we obtain s} C

o(Nifijizs)lE, 5] Vs1 € Siand s C o(Nap j 6,1, 51
Vsy € Sy. Consequently, s; C o(Nif /s, )] and
52 C o(Nap; j1/s,)[i, 4] As o is contracting, we also have
O(Nl[i,j]/sl)[i»j] C s and 0(N2['L,j]/sz)[i7j] C ss. Finally,
o(Nifiji/s)[E, 5] = s1 and o(Nap; jy/6,)[E, 5] = s2.

From what precedes, we obtain s; C o(NV; j1/5)[i, j] and
so C O(/\[[i,j]/s)[i7j]- So,s = s1Usy C Q(Mi,j]/s)[iaj]~
The same result can be obtained when s; = @ or s9 = 0
Moreover, we also know that o(N; j1/,)[7, j] C s because o
is contracting. We can conclude that o(N[; ;1/5)[i,7] = s,
and consequently that N is -consistent. -

From the previous result, we can show that for ev-
ery QCN A and every f in F*, the QCN (J{N’
N’ C N and N is §-consistent} is the largest $-consistent

subQCN of NV, i.e. the $-closure of N.

Corollary 2 If § is a consistency in %., then § is well-
behaved.

Observing that f and fg do belong to F*, we can show
that the QCNs from Figure 2 are such that ° _(MN) = N;
and § (N2) =

Importantly, every consistency in . preserves the set of
scenarios (the proof is omitted due to lack of space). This
is not very surprising since Proposition 1 already indicates
that identified base $-inconsistent relations can be safely dis-
carded.

Proposition 7 Let f be an element of F*. For every QCN
N, $(N) is equivalent to N,

Proof. Suppose that there exist two variables (v;,v;) of
N and a base relation b € B such that b € Ni,j], b ¢
$(N)i, j] and a scenario S of N with S[i, j] = {b}. From
Proposition 5, we know that S is $-consistent, and from
S being a scenario of A/, we know that S C N. Hence,
by closure definition, we have S C ;(N ). This leads to a
contradiction since S[i, j] = {b} and b ¢ $(N)[i, j]. =

Generic Algorithm

In this section, we present a basic ;i—algorithm, that is to say
an algorithm that allows us to compute the ?-Closure ?(/\/’ )
of any given QCN N Such a closure is guaranteed to exist
since f is assumed to belong to F*; see Corollary 2. We
introduce a constraint-oriented propagation scheme for en-
forcing the consistency %. The constraint-oriented propaga-
tion scheme is characterized by revision of constraints that
are successively picked from a dedicated set ) called the
queue of the propagation.

The revision of a constraint C;; removes from C;; some
base relations that are ;i—inconsistent (if any). A revision
is said to be effective if it removes at least one base rela-
tion. This is the role of function df-revise. For each ele-
ment s of f(Cy;), a ;i-check on s is performed, that is to
say, NV = o(N; jj/s) is computed (line 3), which enables
the identification of ;i-inconsistent base relations, those in
s \ N'[4, j] (line 4). The variable  collects $-inconsistent
base relations from Cj;, and if 7 is not empty, Cj; is updated
(line 7) and true is returned.

The main function, called df-closure, performs one or
several turns (passes) of the main loop. At each pass, all
constraints are revised in turn: constraints are iteratively se-
lected from @ (line 7) and df-revise is called to perform re-
visions (line 8). When an inference is performed (i.e. a re-
vision is effective), the Boolean variable modi fied is set to
true, which determines that a next pass is necessary. The al-
gorithm stops when no inference is performed during a pass,
or when an inconsistency is detected (lines 2 and 10). Note
that when a QCN A is trivially inconsistent because there
exists an empty constraint in N, we note N' = 1. Ini-
tially (line 1), and after each effective revision (line 9), ¢
(closure under weak composition) is applied on N. This
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Function df-revise (Cj;) : Boolean

in/out : C;, a constraint of the QCN N/
output: true iff the revision of Cj; is effective

r«10

foreach relation s € f(C;;) do

N Q(A/'[i,j]/s) // <}—check on s
r < rU(s\N',j]) // $-inconsistent
base relations are collected

if  # () then
= N\ r
N = Ny
return frue
else return false

BOW N -

// C;j becomes 71’

D-T- R - Y

Function df-closure (N, f) : Boolean

infout : N = (V,C), a QCN
in : f, an element of F*
output: true iff $(N) # L

1 N+ o(N)
if V' = 1 then return false
repeat
modi fied < false
Q%{CUEC|Z<]/\|f(C”)‘>1}
while Q # () do
select and remove a constraint C;; from Q
if df-revise(C;;) then
N+ o(N) // ¢ maintained
if ' = L then return false
modi fied < true

// ¢ enforced

o 0NN AW N

—
-

o
[S]

until -modi fied
return frue

p—
w

is sound because we know that for any f € F*, <}(/\/') C
¢, (W) = o(N). When initializing @ (line 5), a constraint
Cj; with ¢ < j is ignored because it can be deducted from
C;; by means of the inverse operation. Also, a constraint
C;j such that | f(C;;)| = 1 is ignored because it is necessar-
ily $-consistent (recall that closure under weak composition
is maintained during search).

We can prove that the algorithm df-closure is correct, i.e.
enforce ;i Indeed, the algorithm is sound because every
base relation removed in df-revise is ;i-inconsistent. On the
other hand, the algorithm is complete because, as soon as
an inference is performed, a new pass is run (and all con-
straints are revised). However, it is important to note that
the function df-revise removes at least one }-inconsistent
base relation from a given -inconsistent constraint. Conse-
quently, this guarantess completeness although the function
df-revise does not systematically render the given constraint
-consistent.

The worst-case time complexity of the function df-revise
is O(sA) where s is the greatest size (cardinality) of sets
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in {f(r) : r € 27} and X the worst-case time complexity
of enforcing o, i.e. O(n?) for binary relations. Indeed, at
most S ;i-checks are performed. At each pass of the func-

tion df-closure, the number of calls to df-revise is O(n?),
so the worst-case time complexity of one pass of df-closure
is O(sAn?). Although the number of passes is bounded by
O(|B|n?) (only one base relation removed at each pass), we
think that it is a small number in practice (this will be con-
firmed in our experimentations). Besides, we believe that the
basic algoritm presented here can be refined so as to make
it incremental (similarly to what is done for SAC (Bessiere
and Debruyne 2008)).

Experiments

In our experimentation, we have focused on qualitative con-
straint networks from the Interval Algebra, randomly gener-
ated following Model A (Nebel 1996). This model involves
the generation of QCNs according to three parameters: n the
number of variables, d the density and s the average number
of base relations in each constraint. The set (or series) of
QCNs that can be generated from n, d and s is denoted by
A(n,d,s). The experimental results presented in this sec-
tion concern QCN instances from series A(75,d, 6.5) and
A(100, d, 6.5) for d varying from 2 to 24 with a step of 0.25.
For these series, the hardest instances are located in a region
where the density ranges from 8 to 11. For each series, we
generated 100 instances.

The main objective of our experimental study is to com-
pare both the filtering strength and the time efficiency of
some $-algorithms (those based on consistencies introduced
in previous sections). The first criterion used for our com-
parisons is the number of QCNs detected as inconsistent,
within the phase transition. This informs us about the rela-
tive filtering strength! of different consistencies. Note that
the exact number of inconsistent QCNs will be computed
using a complete solving method: this represents the ideal
filtering capability for a consistency. This method, called
solver afterwards, is the solver proposed in (Nebel 1996).
Basically, it performs search by successively reducing each
constraint relation to a tractable one (using a splitting of
the initial relations) and maintaining the QCN closed un-
der weak composition. In our context, we used the tractable
sets of the Ord-Horn relations as split elements, and sought
the best control parameters of solver to solve our instances.
The second criterion used for our comparisons is the CPU
time (given in seconds) taken by ji—algorithms (and solver).

When enforcing $-consistencies, we may decide to ignore
universal constraints so as to limit the computation effort of
the algorithms. This means that when there is a constraint
between two variables v;,v; such that C;; = B then no
check on Cj; is performed by means of f. Pragmatically,
for every mapping f, we can introduce a related so-called
reduced mapping f~ defined as: f~(r) = f(r) if r # B,
and f~(r) = {B} otherwise. Intuitively, we may expect to

"We could also assess the filtering strength of a given local con-
sistency ¢ in terms of the number of base relations deleted when
applying ¢, but this information is closely related to our first crite-
rion.
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save time whereas limiting the loss of inferences due to the
universal nature of these constraints.

Figures 4(a) and 5(a) show the filtering capabilities
of various $-consistencies on series A(75,d,6.5) and
A(100, d, 6.5), respectively. A first observation is that con-
sistencies based on reduced mappings are quite close to
unreduced ones. For n = 75 variables, this was so striking
that we decided (for clarity reasons) to not plot the curves
corresponding to reduced mappings (except for fg). For
n = 100 variables, a small difference is visible. This means
that for a a given mapping f, the mapping f~ allows us to
detect almost the same number of inconsistent QCNs. How-
ever, we conjecture that this is less ans less true when n in-
creases. A second observation is that ¢ (theoretically shown
to be the strongest local consistency in &) is very effective
as it almost detects all inconsistent QCNs (as identified by
solver) from series A(75, d,6.5), and a lot of them from se-
ries A(100,d, 6.5). Other consistencies stronger than o =%
are, in order, P3, P, P, and ;i#. Interestingly, there is even
so a significant gap between ;i# and ¢, which motivates us
to further study each of these new consistencies. Finally,
note that the number of passes executed by the function
df-closure is very limited (around 3.5 on average).

Figures 4(b) and 5(b) show the CPU time taken by the ;3-
algorithms on the same series. Note the use of a log scale
on the y-axis in order to better distinguish between the be-
haviour of all algorithms. For n = 75 variables, the use
of the strongest consistencies such as ?B, ;ip and °P in-

3 2
volve a large overhead with respect to solver, but when re-
duced mappings are used the $ algorithms are far faster. For
n = 100 variables, solver becomes clearly slower than all
other algorithms, but recall that solver performs a complete
search whereas ;’c-algorithms are incomplete since they can
only perform some inferences. However, it is fair to com-
pare solver and ;’c-algorithms on instances shown to be in-
consistent by both approaches. This is the case for most of
the instances of series A(100, d, 6.5) with d around 11.75 or
higher; see Figure 5(a). For such instances, algorithms such
as f}Pl and ;i# (and their reduced variants) are about two or-
ders of magnitude faster than solver. Finally, § = o is
clearly the fastest algorithm as it is usually enforced within
0.1s (we did not plot its CPU curves because this flattens
the figures) but remember that it is far weaker than other in-
troduced ;i-consistencies as shown in Figures 4(a) and 5(a).
Besides, ;1_ and ;_ are also cheap to enforce.

#

To summarize, our (preliminary) experimentation shows
how promising ;’p-consistencies may be, and in particular
those based on reduced mappings that offer a good compro-
mise between time overhead and filtering capability. Main-
taining such consistencies during search is a perspective that
we envision using a fast solver like GQR*.

Conclusion

In this paper, we have introduced the class of ¢-consistencies
for qualitative constraint networks. This class forms a com-
plete lattice and contains original local consistencies (even

when considering their CSP counterparts) such as ;L, all be-
ing stronger than weak composition. Looking for the §-
consistency that is the most appropriate to solve hard in-
stances (from different qualitative algebras) is a pragmatic
perspective of this work. On the other hand, we may imag-
ine additional new classes built from coverings where ¢ is
substituted by another local consistency. Studying the con-
nections between all these consistencies and the problems of
(global) consistency and minimality of QCNs is an exciting
theoretical perspective.
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Abstract. Consistencies are properties of constraint networks that can
be enforced by appropriate algorithms to reduce the size of the search
space to be explored. Recently, many consistencies built upon taking
decisions (most often, variable assignments) and stronger than (general-
ized) arc consistency have been introduced. In this paper, our ambition
is to present a clear picture of decision-based consistencies. We identify
four general classes (or levels) of decision-based consistencies, denoted
by Sﬁ, E2, BZS and Dﬁ, study their relationships, and show that known
consistencies are particular cases of these classes. Interestingly, this gen-
eral framework provides us with a better insight into decision-based con-
sistencies, and allows us to derive many new consistencies that can be
directly integrated and compared with other ones.

1 Introduction

Consistencies are properties of constraint networks that can be used to make
inferences. Such inferences are useful to filter the search space of problem in-
stances. Most of the current constraint solvers interleave inference and search.
Typically, they enforce generalized arc consistency (GAC), or one of its partial
form, during the search of a solution. One avenue to make solvers more robust is
to enforce strong consistencies, i.e., consistencies stronger than GAC. Whereas
GAC corresponds to the strongest form of local reasoning when constraints are
treated separately, strong consistencies necessarily involve several constraints
(e.g., path inverse consistency [12], max-restricted path consistency [8] and their
adaptations [20] to non-binary constraints) or even the entire constraint network
(e.g., singleton arc consistency [9]).

A trend that emerges from recent works on strong consistencies is the resort
to taking decisions before enforcing a well-known consistency (typically, GAC)
and making some deductions. Among such decision-based consistencies, we find
SAC (singleton arc consistency ), partition-k-AC [2], weak-k-SAC [22], BiSAC [4],
and DC (dual consistency) [15]. Besides, a partial form of SAC, better known as
shaving, has been introduced for a long time [6,18] and is still an active subject
of research [17,21]; when shaving systematically concerns the bounds of each
variable domain, it is called BoundSAC [16]. What makes decision-based con-
sistencies particularly attractive is that they are (usually) easy to define and

J. Lee (Ed.): CP 2011, LNCS 6876, pp. 172-186, 2011.
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understand, and easy to implement since they are mainly based on two concepts
(decision, propagation) already handled by constraint solvers. The increased in-
terest perceived in the community for decision-based consistencies has motivated
our study.

In this paper, our ambition is to present a clear picture of decision-based
consistencies that can derive nogoods of size up to 2; i.e., inconsistent values
or inconsistent pairs of values. The only restriction we impose is that decisions
correspond to unary constraints. The four classes (or levels) of consistencies, de-
noted by S‘f, Ef, B2 and Dﬁ, that we introduce are built on top of a consistency
¢ and a so-called decision mapping A. These are quite general because:

1. A allows us to introduce a specific set of decisions for every variable x and
every possible (sub)domain of z,

2. decisions are membership decisions (of the form =z € D, where D, is a set
of values taken from the initial domain of x) that generalize both variable
assignments (of the form z = a) and value refutations (of the form = # a),

3. decisions may ignore some variables and /or values, and decisions may overlap
each other,

4. ¢ is any well-behaved nogood-identifying consistency.

We study the relationships existing between them, including the case where A
covers every variable and every value. We also show that SAC, partition-k-AC,
BiSAC and DC are particular cases of Sﬁ, Sﬁ+E§ (the two consistencies com-
bined), B% and D%, respectively. BoundSAC, and many other forms of shaving,
are also elements of the class S‘f. The general framework we depict provides a
better insight into decision-based consistencies while allowing many new combi-
nations and comparisons of such consistencies. For example, the class of consis-
tencies S% induces a complete lattice where the partial order denotes the relative
strength of every two consistencies.

2 Technical Background

This section provides technical background about constraint networks and con-
sistencies, mainly taken from [1,11,3,13].

Constraint Networks. A constraint network (CN) P is composed of a finite
set of n variables, denoted by vars(P), and a finite set of e constraints, denoted
by cons(P). Each variable x has a domain which is the finite set of values that
can be assigned to x. Each constraint ¢ involves an ordered set of variables,
called the scope of ¢ and denoted by scp(c), and is defined by a relation which
is the set of tuples allowed for the variables involved in ¢. The initial domain
of a variable z is denoted by dom™%(z) whereas the current domain of x (in
the context of P) is denoted by dom® (z), or more simply dom(x). Assuming
that the initial domain of each variable is totally ordered, min(z) and maz(x)
will denote the smallest and greatest values in dom(z). The initial and current
relations of a constraint ¢ are denoted by rel™(c) and rel(c), respectively.
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A constraint is universal iff rel’™(c) = II,¢ scp(c)domm“ (x). For simplicity, a
pair (z,a) with € vars(P) and a € dom(x) is called a value of P, which is
denoted by (z,a) € P. A unary (resp., binary) constraint involves 1 (resp., 2)
variable(s), and a non-binary one strictly more than 2 variables. Without any
loss of generality, we only consider CNs that do not involve unary constraints,
universal constraints and constraints of similar scope. The set of such CNs is
denoted by Z. An instantiation I of a set X = {x1,...,z1} of variables is a
set {(z1,a1), ..., (xk,ar)} such that Vi € 1..k,a; € dom™"*(z;); X is denoted
by vars(I) and each a; is denoted by I[z;]. An instantiation I on a CN P is an
instantiation of a set X C vars(P) ; it is complete if vars(I) = vars(P). I is
validon P iff V(xz,a) € I,a € dom(x). I covers a constraint ¢ iff sep(c) C vars(I),
and I satisfies a constraint ¢ with scp(c) = {z1,...,z,} iff (i) I covers ¢ and
(ii) the tuple (I[z1],...,I[x,]) € rel(c). An instantiation I on a CN P is locally
consistent iff (1) I is valid on P and (ii) every constraint of P covered by I is
satisfied by I. A solution of P is a complete locally consistent instantiation on P;
sols(P) denotes the set of solutions of P. An instantiation I on a CN P is globally
inconsistent, or a nogood, iff it cannot be extended to a solution of P. Two CNs
P and P’ are equivalent iff vars(P) = vars(P') and sols(P) = sols(P").

The nogood representation of a CN is a set of nogoods, one for every value re-
moved from the initial domain of a variable and one for every tuple forbidden by
a constraint. More precisely, the nogood representation = of a variable z is the set
{{(z,a)} | a € dom(z)} with dom(z) = dom™(z)\ dom(z). The nogood repre-
sentation ¢ of a constraint ¢ is {{(z1,a1),..., (r,ar)} | (a1,...,a,) € rel(c)},
with sep(c) = {z1,...,2,} and rel(c) = I csepeydom™ (z) \ rel(c). The no-
good representation P of a CN P is (Uxewm(pﬁ) U (Ucecons(p)ﬁj. Based on
nogood representations, a general partial order can be introduced to relate CNs.
Let P and P’ be two CNs such that vars(P) = vars(P’), we have P’ <X P iff
P’ D P and we have P/ < P iff P/ D P. (=) is the partially ordered set
(poset) considered in this paper. The search space of a CN can be reduced by a
filtering process (called constraint propagation) based on some properties (called
consistencies) that allow us to identify and record explicit nogoods in CNs; e.g.,
identified nogoods of size 1 correspond to inconsistent values that can be safely
removed from variable domains. In &2, there is only one manner to discard an
instantiation from a given CN, or equivalently to “record” a new explicit no-
good. Given a CN P in &, and an instantiation I on P, P\ I denotes the CN
P’ in & such that vars(P') = vars(P) and P’ = PU{I}. P\ I is an operation
that retracts I from P and builds a new CN. If I = {(z,a)}, we remove a from
dom(z). If I corresponds to a tuple allowed by a constraint ¢ of P, we remove
this tuple from rel(c). Otherwise, we introduce a new constraint allowing all
possible tuples (from initial domains) except the one that corresponds to I.

Consistencies. A consistency is a property defined on CNs. When a consistency
¢ holds on a CN P, we say that P is ¢-consistent; if ¢ is another consistency, P
is ¢+1-consistent iff P is both ¢-consistent and i-consistent. A consistency ¢
is nogood-identifying iff the reason why a CN P is not ¢-consistent is that some
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instantiations, which are not in 13, are identified as globally inconsistent by ¢;
such instantiations are said to be ¢-inconsistent. A kth-order consistency is a
nogood-identifying consistency that allows the identification of nogoods of size
k. A domain-filtering consistency [10,5] is a first-order consistency. A nogood-
identifying consistency is well-behaved when for any CN P, the set {P' € 2 |
P’ is ¢-consistent and P’ < P} admits a greatest element, denoted by ¢(P),
equivalent to P. Enforcing ¢ on a CN P means computing ¢(P). Any well-
behaved consistency ¢ is monotonic: for any two CNs P and P’, we have: P’ <
P = ¢(P') < ¢(P). To compare the pruning capability of consistencies, we
use a preorder. A consistency ¢ is stronger than (or equal to) a consistency 1,
denoted by ¢ > 1, iff whenever ¢ holds on a CN P, v also holds on P. ¢ is
strictly stronger than ¢, denoted by ¢ >, iff ¢ > 1) and there is at least a CN
P such that v holds on P but not ¢. ¢ and v are equivalent, denoted by ¢ =~ 1),
iff both ¢ > ¢ and ¥ > ¢.

Now we introduce some concrete consistencies, starting with GAC (General-
ized Arc Consistency). A value (x,a) of P is GAC-consistent iff for each con-
straint ¢ of P involving z there exists a valid instantiation I of scp(c) such that
I satisfies ¢ and I[x] = a. P is GAC-consistent iff every value of P is GAC-
consistent. For binary constraints, GAC is often referred to as AC (Arc Con-
sistency). Now, we introduce known consistencies based on decisions. When the
domain of a variable of P is empty, P is unsatisfiable (i.e., sols(P) = (), which
is denoted by P = 1; to simplify, we consider that no value is present in a CN
P such that P = L. The CN P|,—, is obtained from P by removing every value
b # a from dom(x). A value (x,a) of P is SAC-consistent iff GAC(P|z=q) # L
[9]. A value (x,a) of P is 1-AC-consistent iff (z,a) is SAC-consistent and Yy €
vars(P) \ {z},3b € dom(y) | (x,a) € GAC(P|y=p) [2]. A value (z,a) of P is
BiSAC-consistent iff GAC(P"|,—,) # L where P* is the CN obtained after re-
moving every value (y,b) of P such that y # z and (z,a) ¢ GAC(P|y=s) [4]. P
is SAC-consistent (resp., 1-AC-consistent, BiSAC-consistent) iff every value of P
is SAC-consistent (resp., 1-AC-consistent, BiSAC-consistent). P is BoundSAC-
consistent iff for every variable z, min(z) and maz(x) are SAC-consistent [16].
A decision-based second-order consistency is dual consistency (DC) defined as
follows. A locally consistent instantiation {(z,a),(y,b)} on P, with y # =z, is
DC-consistent iff (y,b) € GAC(P|z=q) and (z,a) € GAC(P|y=p) [14]. P is
DC-consistent iff every locally consistent instantiation {(z,a),(y,b)} on P is
DC-consistent. P is sDC-consistent (strong DC-consistent) iff P is GAC+DC-
consistent, i.e. both GAC-consistent and DC-consistent. All consistencies men-
tioned above are well-behaved. Also, we know that sDC > BiSAC > 1-GAC >
SAC > BoundSAC > GAC.

3 Decision-Based Consistencies

In this section, we introduce decisions before presenting general classes of con-
sistencies.
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3.1 Decisions

A positive decision J is a restriction on a variable x of the form x = a whereas
a negative decision is a restriction of the form z # a, with a € dom™(x). A
membership decision is a decision of the form z € D,, where z is a variable and
D, C domi”“(:c) is a non-empty set of values; note that D, is not necessarily
dom(x), the current domain of z. Membership decisions generalize both positive
and negative decisions as a positive (resp., negative) decision z = a (resp., x # a)
is equivalent to the membership decision = € {a} (resp., z € dom™(x) \ {a}).
The variable involved in a decision d is denoted by var(d).

For a membership decision §, we define P|s to be the CN obtained (derived)
from P such that, if § denotes = € D, and if x is a variable of P then each value
b € dom® (x) with b ¢ D, is removed from dom® (x). If I' is a set of decisions, P|r
is obtained by restricting P by means of all decisions in I", and vars(I") denotes
the set of variables occurring in I'. Enforcing a given well-behaved consistency
¢ after taking a decision § on a CN P may be quite informative. As seen later,
analyzing the CN ¢(P|s) allows us to identify nogoods. Computing ¢(P|s) in
order to make such inferences is called a decision-based ¢-check on P from 9, or
more simply a decision-based check. For SAC, a decision-based check from a pair
(z,a), usually called a singleton check, aims at comparing GAC(P|,=,) with L.

From now on, A will denote a mapping, called decision mapping, that as-
sociates with every variable x and every possible domain dom, C dom™(x),
a (possibly empty) set A(x, dom,) of membership decisions on x such that for
every decision z € D, in A(x,dom,), we have D, C dom,. For example, an
illustrative decision mapping A®* may be such that A*(z,{a,b,c,d}) = {z €
{a,b},x € {d}}. For the current domain of z, i.e., the domain of x in the context
of a current CN P, A(x, dom(z)) = A(x, dom® (x)) will be simplified into A(z)
when this is unambiguous. To simplify, we shall also refer to A as the set of
all “current” decisions w.r.t. P, i.e., A will be considered as Uycyars(p)A(2).
This quite general definition of decision mapping will be considered as our basis
to perform decision-based checks. Sometimes, we need to restrict sets of deci-
sions in order to have each value occurring at least once in a decision. A set
of decisions I" on a variable z is said to be a cover of U ep,)erDz- For ex-
ample, A" (z,{a,b,c,d}), as defined above, is a cover of {a,b,d}. A is a cover
for (x,dom.), where dom, C dom¥(z), iff A(x,dom,) is a cover of dom,. For
example, A®* is not a cover for (x,{a,b,c,d}). A is a cover for z iff for every
dom, C dom™*(x), Ais a cover for (z,dom,). A is covering iff for every variable
z, Ais a cover for x.

As examples of decision mappings, we have for every variable x:

— A(z) containing only x € dom(z);
() containing x = a, Ya € dom(x);
— A7(z) containing x # a, Va € dom(x);
— AP (z) containing # = min(r) and z = max(z);
— AP2(z) containing x € D! and z € D? where D! and D? resp. contain the
first and last |dom(x)|/2 values of dom(z).
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For example, if P is a CN such that vars(P) = {z,y} with dom(x) = dom?’ (z) =
{a,b,c} and dom(y) = dom® (y) = {a, b} then:

“(z) = {z € {a,b,c}} and A"(y) = {y € {a,b}};
“(@)={r=az=0bua=c}and A7(y) = {y =a,y =b};
#(2) ={z #a,x #bx#chand A%(y) = {y # a,y # b};
— A(g) = {x = a,z = ¢} and A" (y) = {y = a,y = b};

— AP (2) = {z € {a,b}, v = c} and A2 (y) = {y = a,y = b}.

- A
- A
A

Note that, except for A4 all these decision mappings are covering. Also, the
reader should be aware of the dynamic nature of decision mappings. For ex-
ample, if P’ is obtained from P after removing a from dom® (x) then we have
A (g dom®' () = {z = b,z = ¢}.

3.2 Two Classes of First-Order Consistencies

Informally, a decision-based consistency is a property defined from the outcome
of decision-based checks. From now on, we consider given a well-behaved nogood-
identifying consistency ¢ and a decision mapping A. A first kind of inferences is
made possible by considering the effect of a decision-based check on the domain
initially reduced by the decision that has been taken.

Definition 1 (Consistency S%). A value (x,a) of a CN P is S%-consistent
iff for every membership decision x € D, in A(z) such that a € D,, we have
(z,a) € ¢(Plzep, ).

The following result can be seen as a generalization of Property 1 in [2].
Proposition 1. Any S%-inconsistent value is globally inconsistent.

Proof. If (z,a) is an S%-inconsistent value, then we know that there exists a
decision x € D, in A(x) such that a € D, and (x,a) ¢ ¢(P|zep, ). We deduce
that x € D, A x = a cannot lead to a solution because ¢ is nogood-identifying.
This simplifies into x = a being a nogood because a € D,. a

SAC is equivalent to S$4C (because no value belongs to L), and BoundSAC!
GAC

is equivalent to S%;¢ . Note also that GAC is equivalent to Sf;;‘c. As a simple
illustration of Sf, let us consider the five binary CNs depicted in Figure 1; each
vertex denotes a value, each edge denotes an allowed tuple and each dotted
vertex (resp., edge) means that the value (resp., tuple) is removed (resp., no
more relevant). Py, Py, P3 and P, are obtained from P by removing values that
are S4C-inconsistent when A is set to A, APz A" and A=, respectively. For
example, for A™> we find that (y,c) ¢ AC(P|ye(c.a})- Note that the CN Py is

also obtained when setting A to A7.

! Another related consistency is Existential SAC [16], which guarantees that some
value in the domain of each variable is SAC-consistent. However, there is no guar-
antee about the network obtained after checking Existential SAC due to the non-
deterministic nature of this consistency. Existential SAC is not an element of S%.
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Fig. 1. Illustration of S§4¢

In [2], it is also shown that inferences regarding values may be obtained by
considering the result of several decision-based checks. This is generalized below.
The idea is that a value (x,a) of P can be safely removed when there exist a
variable y and a cover I' C A(y) of dom(y) such that every decision-based check,
performed from a decision in I", eliminates (x,a).

Definition 2 (Consistency E%). A value (x,a) of a CN P is E%-consistent
w.r.t. a variable y # x of P iff for every cover I' of dom(y) such that I' C A(y),
there exists a decision y € Dy in I' such that (x,a) € ¢(P|yep,). (v,a) is

E?-consistent iff (z,a) is E%-consistent w.r.t. every variable y # x of P.
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Proposition 2. Any ES-inconsistent value is globally inconsistent.

Proof. If (z,a) is an E%-inconsistent value, then we know that there exists a
variable y # x of P and a set I' € A(y) such that (i) dom”(y) = Uyep,)erDy
and (ii) every decision y € Dy in I" entails (z,a) ¢ ¢(P|yep,). As I' is a cover
of dom(y), we infer that sols(P) = U,ep,)ersols(Plyep,)- Because ¢ preserves
solutions, we have sols(P) = Uep,)ersols(¢(Plyep,)). For every y € Dy in I',
we know that (z,a) ¢ ¢(Plyep,). We deduce that (z,a) cannot be involved in
any solution. O

As an illustration, let us consider the CN of Figure 1(a) and A(z) = {x €
{a,c},x € {b,d}}. We can show that (z,a) is E{4C-inconsistent because (z,a) ¢
AC(Plyefa,cy) and (z,a) ¢ AC(P|yeqp,ay)- The consistency P-k-AC, introduced
in [2], corresponds to S+ E? where ¢ = AC and A necessarily corresponds to
a partition of each domain into pieces of size at most k.

3.3 Classes Related to Nogoods of Size 2

Decision-based consistencies introduced above are clearly domain-filtering: they
allow us to identify inconsistent values. However, decision-based consistencies
are also naturally orientated towards identifying nogoods of size 2. N GQ(P)?
denotes the set of nogoods of size 2 that can be directly derived from checks
on P based on the consistency ¢ and the decision mapping A. From this set,
together with a decision x € D,, we obtain a set ND1(P,x € Dx)i of negative

decisions that can be used to make further inferences.
Definition 3. Let P be a CN and x € D, be a membership decision in A(z).

- NG2 (P)ieDm denotes the set of locally consistent instantiations {(x,a), (y,b)}
on P such that a € D, and (y,b) ¢ ¢(Plzep,)-

— NG2(P)% denotes the set U(;eANGQ(P)f.

— ND1(P,z € Dx)ﬁ denotes the set of negative decisions y # b such that
every value a € D, is such that {(x,a),(y,b)} € P or {(z,a),(y,b)} €

NG2(P)%\ (vep, ;-
From ND1 sets, we can define a new class Bf of consistencies.

Definition 4 (Consistency BY). A value (x,a) of a CN P is BS-consistent
iff for every membership decision x € D, in A(z) such that a € D,, we have

(z,a) € ¢(P’{zeDz}uND1(P,zeDz)j)'
Proposition 3. Any Bﬁ-mconsistent value 1s globally inconsistent.

Proof. The proof is similar to that of Proposition 1. The only difference is that
the network P is made smaller by removing some additional values by means of
negative decisions. However, in the context of a decision x € D, taken on P, the
inferred negative decisions correspond to inconsistent values because they are
derived from nogoods of size 2 (showing that elements of NG2(P)% are nogoods
is immediate). 0
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(b) P’

Fig. 2. Illustration of B§4¢ and DGAC

As an illustration of B%, let us consider the binary CN P in Figure 2(a). For
¢ = AC and A = A2 = {z € {a,b},2 = c,y € {a,b},y = ¢,z = a,z = b}
we obtain NG2(P)% = {{(z,a), (y,a)}, {(x,a),(z,b)}, {(2,b),(y,¢)}} since for
example (z,a) ¢ AC(P|yciay)- Because {(x,b), (2,b)} € P and {(z,a), (z,b)} €
NG2(P)%, ND1(P,z € {a,b}))% = {z # b}, and (x,a) is B%-inconsistent as
(7,a) & AC(P|yefabyuiz2b})- Here, P is $%-consistent, but not B%-consistent.

Note that BiSAC [4] is equivalent to BYAY. On the other hand, there is a
2-order consistency that can be naturally defined as follows.

Definition 5 (Consistency D2). A locally consistent instantiation {(z,a),
(y,b)} on a CN P is D%-consistent iff for every membership decision € D, in
A(x) such that a € Dy, (y,b) € ¢(P|pep,) and for every membership decision
y € Dy in A(y) such that b € D,, (z,a) € ¢(P|yep,)-

Proposition 4. Any D% -inconsistent instantiation is globally inconsistent.

Proof. D%-inconsistent instantiations are exactly those in N GQ(P)?, which are

nogoods. a

Note that DC [15] is equivalent to DAY, and recall that DC is equivalent to PC
(Path Consistency) for binary CNs. D% (being 2-order) is obviously incomparable
with previously introduced domain-filtering consistencies. However, a natural
practical approach is to benefit from decision-based checks to record both Sf—
inconsistent values and D%-inconsistent instantiations. This corresponds to the
combined consistency S‘f—i—Df.

As an illustration of D%, let us consider again Figure 2. For ¢ = AC and
A=A = {x e {a,b},z=c,y €{a,b},y=c,z=a,z=0b}, we have that P is
Sg—consistent, not Bf—consistent and not Dﬁ—consistent. Enforcing Sf + Df on
P yields the CN P’, which is also the strong DC-closure (here, AC+PC-closure)
of P.
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4 Qualitative Study

In this section, we study the relationships between the different classes of con-
sistencies (as well as some of their combinations), and discuss refinements and
well-behavedness of consistencies.

4.1 Relationships between Consistencies

From Definitions 1 and 4, it is immediate that any S%-inconsistent value is
necessarily B%-inconsistent.

Proposition 5. Bf > S‘f.
In order to relate BS with Ef, we need to consider covering sets of decisions.
Proposition 6. If A is covering, BS > ES.

Proof. We show that every E%-inconsistent value in a CN P is necessarily B%-
inconsistent. Assume that (z,a) is a E%-inconsistent value. It means that there
exists a variable y # x of P and I' C A(y) such that dom” (y) = Uyep,)erDy
and every decision y € D,, in I" is such that (z,a) ¢ ¢(P|yep,). We deduce that
for every value b € dom® (y), we have {(z,a), (y,b)} in NG2(P)%. On the other
hand, we know that there exists a decision x € D, in A such that a € D, (since
A is covering). Hence, NDI1(P,xz € Dx)ﬁ contains a negative decision y #* b

. P _
for each value in dom" (y). It follows that ¢(P’{zeDm}uND1 (P,meDw)i) =1, and

(z,a) is BS-inconsistent. O

As a corollary, we have Bi’ > Sf + Ef when A is covering. Note that there exist
consistencies ¢ and decision mappings A such that BY is strictly stronger (>)
than S¢ and E? (and also Sf+Ef). For example, when ¢ = AC and A = A=,
we have B? = BiSAC, Sf = SAC and S% + Ef = 1-AC, and we know that
BiSAC>1-AC [4], and 1-AC > SAC [2].

Because D% captures all 2-sized nogoods while 5% can eliminate inconsistent

values, it follows that the joint use of these two consistencies is stronger than
BS.

Proposition 7. S2+D% > BY.

Proof. Let P be a CN that is Sf—kDf—consistent. As Pis Sﬁ—consistent, for ev-
ery decision z € D, in A and every a € D,, we have (z,a) € ¢(P|,cp,). But
&(Pleep,) = ¢(P|{$€DZ}UND1(PJ€D1)Z) since P being D%-consistent entails

NG2(P)% = 0 and ND1(P,z € D,)% = ). We deduce that P is B3-consistent.
O

One may expect that 59 > ¢. However, to guarantee this, we need both ¢ to be
domain-filtering and A to be covering, For example, S4¢ > AC does not hold
if for every dom, C dom™(x), we have A(z,dom,) = 0: it suffices to build a
CN P with a value (z,a) being arc-inconsistent.
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Proposition 8. If ¢ is domain-filtering and A is covering, 59 > 0.

Proof. Assume that (x,a) is a ¢-inconsistent value of a CN P. This means that
(z,a) ¢ ¢(P). As A is covering, there exists a decision € D, in A with a € D,.
We know that P|,ep, < P. By monotonicity of ¢, ¢(Plzep,) = ¢(P). Since
(z,a) ¢ ¢(P), we deduce that (z,a) & ¢(Pleep, ). So, (x,a) is S%-inconsistent,
and 5% is stronger than ¢. O

Figure 3 shows the relationships between the different classes of consistencies
introduced so far. There are many ways to instantiate these classes because the
choice of A and ¢ is left open. If we consider binary CNs, and choose ¢ =
AC and A = A=, we obtain known consistencies. We directly benefit from
the relationships of Figure 3, and have just to prove strictness when it holds.
Figure 4 shows this where an arrow denotes now > (instead of ). An extreme
instantiation case is when A = A and ¢ is domain-filtering. In this case, all
consistencies collapse: we have Si’id = Efm = Bi’id = Di’id = ¢. This means that
our framework of decision-based consistencies is general enough to encompass
all classical local consistencies. Although this is appealing for theoretical reasons
(e.g., see Proposition 11 later), the main objective of decision-based consistencies
remains to learn relevant nogoods from nontrivial decision-based checks.

S¢+ES — 5 E?

LN

S{+DS —>BL —> 8L = ¢
\Di

Fig. 3. Summary of the relationships between (classes of) consistencies. An arrow from
© to 1 means that ¢ > 1. A dashed (resp., dotted) arrow means that the relationship is
guaranteed provided that A is covering (resp., A is covering and ¢ is domain-filtering).

1-AC —> Efzc

T\

sDC ——>BiSAC—> SAC ——> BoundSAC —>AC

e

Fig. 4. Relationships between consistencies when ¢ = AC and A = A~ (except for
BoundSAC which is derived from A’™?). An arrow from ¢ to 1 means that ¢ > .
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4.2 Refinements

Now, we show that two consistencies of the same class can be naturally compared
when a refinement connection exists between their decision mappings.

Definition 6. A decision mapping A’ is a refinement of a decision mapping A
iff for each decision x € Dy in A there exists a subset I' C A'(x) that is a cover
of D,.

For example, {z € {a,b},z = c} is a refinement of {z € {a,b,c}}, and {z €
{a,b},x = c,y = a,y = b,y = ¢} is a refinement of {x € {a,b,c},y € {a,b},y €
{b,c}}. Unsurprisingly, using refined sets of decisions improves inference capa-
bility as shown by the following proposition.

Proposition 9. If A and A’ are two decision mappings such that A is a re-
finement of A, then Xi’, > X2 where X € {S,E, B, D}.

Proof. Due to lack of space, we only show that Si), > S%. Assume that (z,a)

is an S%-inconsistent value of a CN P. This means that there exists a decision
x € Dy in A(x) such that a € D, and (z,a) ¢ ¢(P|zep, ). We know, by hypoth-
esis, that there exists a subset I' C A’(z) such that D, = Ugepr)erD;,. Hence,
there exists (at least) a decision z € D/, in I" such that a € D!, and D), C D,. As
D;, C D,, we have Pl.ep: =X P|sep,, and by monotonicity of ¢, ¢(Plzep:) =
#(P|zep,). Consequently, (x,a) ¢ ¢(Plzep,) implies (z,a) ¢ ¢(P|zep:). We
deduce that there exists a decision x € D! in A’'(z) such that a € D) and
(7,a) & ¢(P|zepy). Then (z,a) is Sf/—inconsistent. We conclude that Sf, > 59,

O

As a corollary, for any decision mapping A, we have: Xf: > X% > Xfm where
X € {S,E, B, D}. In particular, if ¢ = GAC, we have SAC = §§A¢ > §§¢AC
> S94C¢ = GAC.

Because, consistencies S¢ identify inconsistent values on the basis of a single
decision, we obtain the two following results. In the spirit of our set view of
decision mappings, for any two decision mappings A; and As, Ay U Ay is the
decision mapping such that for every variable z and every dom, C dom®™¥(z),
(A1 U Ag)(z,domy) = Aq(x,domy) + Ag(x, domy).

Proposition 10. Let A; and As be two decision mappings. We have Sfl =+
S8, = 88,08

Proof. Let P be a CN and (z,a) be a value of P. (z,a) is S‘fluA?—inconsistent &
there exists a decision € D, in Ay U Ay such that (z,a) ¢ ¢(Plrep,) < (x,a)
is Sfl—inconsistent or (z,a) is Sﬁ’g—inconsistent < (z,a) is Sfl —|—Sf2—inconsistent.

O

% denotes the set of equivalence classes modulo ~ of the consistencies 5%
that can be built from ¢ and all possible decision mappings A. It forms a com-
plete lattice, in a similar way to what has been shown for qualitative constraint
networks [7].
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Proposition 11. (.#?,>) is a complete lattice with SS- as greatest element
and Sfid as least element.

Proof. Let Sfl and Si be two consistencies in ..
(Existence of binary joins) From Proposition 10, we can infer that Sflu A, s the
least upper bound of Sﬁl and 5252-

(Existence of binary meets) Let us define the set E as E = {S% € ¢ : % <
Sfl and S¢ < Sﬁ;}. Note that E # () since Sfid € E. Next, let us define Si’E
such that AF = USXGE A;. For every S‘fi € E, AF is a refinement A;, and so,

from Proposition 9, we know that SjE is an upper bound of E. We now prove
by contradiction that Si’E < S(jl. Suppose that there is a value (z,a) of a CN
P that is SfE—inconsistent and Sfl—consistent. This means that there exists a
decision z € D, in A(z) such that (z,a) ¢ ¢(P|zep,). From construction of A,
we know that there exists a decision mapping A; such that Si cFandzx e D,
is in A;. By definition of FE, we know that S‘fi < S‘fl. Consequently, (z,a) is
Sfi—consistent and (z,a) € ¢(Plyep,). This is a contradiction, so §% < Sfl.
Similarly, we have Sf < SfQ. Then Sf is the greatest lower bound of Sfl and
5%, O

4.3 Well-Behavedness

Finally, we are interested in well-behavedness of consistencies. Actually, in the
general case, the consistencies Sﬁ’, Ef, Bf and Df are not necessarily well-
behaved for (£, <). Consider as an illustration three CNs P, P, and P, which
differ only by the domain of the variable x: dom® (x) = {a,b, c,d}, dom®™ (z) =
{a,b,c} and dom®2(z) = {d}. Now, consider a decision mapping A defined for
the variable z and the domains {a, b, ¢, d}, {a, b, ¢} and {d} by: A(z, {a,b,c,d}) =
{z € {a}}, A(z,{a,b,c}) = {z € {a,b,c}} and A(z,{d}) = {x € {d}}. Despite
the fact that dom® () = dom™ () Udom® (z), one can see that the value (z, a)
could be Sf—consistent in P, and P», whereas Sf—inconsistent in P. With such
a A, 5% is not guaranteed to be well-behaved.

Nevertheless, there exist decision mappings for which consistencies are guar-
anteed to be well-behaved, at least those of the class S%. Informally, a relevant
decision mapping is a decision mapping that keeps its precision (in terms of
decisions) when domains are restricted.

Definition 7. A decision mapping A is said to be relevant if and only if for any
variable x, any two sets of values dom, and dom!, such that dom!, C dom, C
dom™ " (z) and any decision x € D, in A(x,dom,), we have:

D, ndom), # 0 = 3I' C Az, dom},) | Dy N dom), = Uzepr)er Dy

We can notice that A, A=, A7, AP are relevant decision mappings. For our
proposition, we need some additional definitions. A CN P’ is a sub-CN of a
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CN P if P’ can be obtained from P by simply removing certain values. If P;
and P, are two CNs that only differ by the domains of their variables, then
P = P, UP, is the CN such that P, and P, are sub-CNs of P and for every
variable x, dom?” (z) = dom®™ (z) U dom?™2 ().

Proposition 12. Let A be a relevant decision mapping and let P, Py, and P
be three CNs such that P = Py U Py. If P, and Py are Sf—consistent then P is
S‘f-consistent.

Proof. Let (z,a) be a value of P = P; U P;. Let us show that this value is §%-
consistent. Consider a membership decision x € D, in A(x, dom® (x)) such that
a € D,. We have to show that (z,a) € ¢(P|zep,). We know that dom® (z) =
dom®1 (z) U dom®?(z). Hence, a € dom™ (x) or x € dom®?(z). Assume that
a € dom™ (x) (the case a € dom™(x) can be handled in a similar way). Since
A is a relevant decision mapping, there exists I' C A(z,dom®* (z)) such that
D, N dom™ (x) = UgzepryerD,. Tt follows that there exists a decision z € D},
in A(z,dom® (z)) such that @ € D! and D! C D,. From the fact that P; is
5%-consistent we know that (z,a) € ¢(Pi|zep1). Since a € D}, D, C D, and
Py is a sub-CN of P we can assert that (z,a) € ¢(P|.ep,). We conclude that
(z,a) is a S%-consistent value of P. 0

Corollary 1. If A is a relevant decision mapping then 5% is well-behaved.

Indeed, to obtain the closure of a CN P, it suffices to take the union of all sub-
CNs of P which are Sﬁ—consistent. Hence, the consistency Sis for which A is a
relevant decision mapping is well-behaved for (£, <).

5 Conclusion

In this paper, our aim was to give a precise picture of decision-based consis-
tencies by developing a hierarchy of general classes. This general framework
offers the user a vast range of new consistencies. Several issues have now to be
addressed. First, me must determine the conditions under which overlapping
between decisions may be beneficial. Overlapping allows us to cover domains
while considering weak decisions (e.g., decisions in A7) that are quick to prop-
agate, and might also be useful to tractability procedures (e.g., in situations
where only some decisions lead to known tractable networks). Second, we must
seek to elaborate dynamic procedures (heuristics) so as automatically select the
right decision-based consistency (set of membership decisions) at each step of
a backtrack search as in [19]; many new combinations are permitted. Finally,
bound consistencies and especially singleton checks on bounds may be revisited
by checking several values at once (using intervals at bounds with the mechanism
of detecting X ?_inconsistent values), so as to speed up the inference process in
shaving procedures. These are some of the main perspectives.
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Abstract—A common way to decide the consistency problem approaches can be used.

of a qualitative constraint network (QCN) is to encode it as a . . . .
boolean formula in order to benefit from the efficiency of SAT The first, introduced by Nebel [7], consists in a syn-

solvers. In recent works, a decomposition method of QCNs hay ~ chronous  backtracking algorithm by maintaining a local
been proposed to reduce the amount of boolean formulae. In  consistency. This algorithm exploits certain tractablesses

this paper, we first show that the decompositions used can be of relations with multi-valued assignments and the weak
expressed by particular tree decompositions. Furthermorgfor composition closure allowing to obtain a local consistency

some classes of relations, we prove that the consistency ptem | ¢ th ist At h step duri h
of a QCN can be decided by applying the method of the closure close 1o path-consistency. each step during search, a

by weak composition on the clusters of a tree decomposition. Cconstraint relation is split into sub-relations belongiteg
This result allows us to extend the approach recently propaed ~ the tractable class. The constraint is iteratively replaog

to tree decompositions of QCNSs. each sub-relation. This cutting allows us to decrease the
Keywords-Temporal qualitative constraints ; Consistency ~Pranching factor during the search. Most of h€N solvers
problem ; Tree decomposition exploit this solving method, in particular GQR8] which

is currently the most efficient solver.

|. INTRODUCTION The second approach [9], [10] consists in encoding the

Reasoning about temporal or spatial knowledge is a majofonsistency problem dRCNs as boolean formulae in order
task in many domains of Artificial Intelligence, such as to benefit from the efficiency of SAT solvers. However, the

Geographic Information System (GIS), natural language proCPunter-part of this approach is the large amount of the

cessing, temporal/spatial scheduling, and so on. Quéitat boolean formulae obtained. Recently, in order to overcome

reasoning is a way to express and process the qualitatifis drawback forQCNs of the Interval Algebra, Liet
aspect of knowledge about temporal or spatial entities. A2 [11] proposed a method of decomposition allowing to
qualitative calculus considers a domain from temporal odiScard some constraints of t@CN. This method splits

spatial entities and a finite set of base relations over thesgCuUrsively theQCN considered in two equivalent sub-
entities. Each base relation symbolizes a relative pasitio @CNS: Each constraint of the initig@ CN which is absent

between the entities, and is a factoring for configurationdfom one of the twdRCNs is considered as useless to decide
given as numeric information. These previous decades, marf)® consistency, and is not considered in the encoding. The
qualitative calculi have been studied. The Interval Algebr @mount of the boolean formulae is greatly reduced compared
[1] represents temporal entities by intervals and considert© the full encoding, and the experimental results show an
thirteen base relations describing each possible relatve MProvementin term of solving time.

sition between two temporal entities (see Figure 1). Many In this paper, we define particular decompositions called
qualitative calculi for temporal knowledge are derivedniro RecPart decompositions. These specific decompositions for-
the Interval Algebra [2], [3], [4]. In spatial reasoning, malize the decompositions dCNs used by Liet al. in

the well-known qualitative calculus RCC [5], [6] is quite their process of SAT encoding. Then, we show that the
possibly the most studied. RCC is based on eight basBecPart decompositions can be equivalently defined as tree
relations between entities defined over all regions of alecompositions [12], widely studied in the framework of
topological space. In the qualitative calculi framewortkee  finite CSPs. Moreover, we study the consistency problem for
set of temporal or spatial information may be representedhe QCN through the tree decompositions. In particular, we
by some specific constraint networks called qualitative-conshow that, given a tree decomposition foilQCN defined
straint networksQCNs). In aQCN, each variable stands for over a tractable class of relations, the weak composition
a temporal or spatial entity and each constraint restriws t closure applied on each cluster is sufficient to decide the
possible configurations between entities by using a set ofonsistency of theQCN. Finally, by exploiting this result
base relations. Given QCN, the main decision problem is we propose to decide the consistency@iNs by using a

the consistency problem. In the general case, this problernactable class of relations and a tree decomposition in the
is NP-complete. To solve it, we can cite two kinds of framework of boolean formula encodings.
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II. PRELIMINARY NOTIONS ON QUALITATIVE CALCULI
A. Qualitative calculi

A qualitative calculus considers a finite set of relatids
calledbase relationsover an infinite domail representing

with a,b € B, 7 o s =U,c, pe.{a © b}, With s € 2B,
The relationr ¢ s is also defined as the strongest relation in
2B which contains the usual compositier s = {(z,y) €
DxD:3x,y,z € Dwithz a z,2by andz ¢ y}. For some
qualitative calculi,r o s andr < s are equivalent.

the temporal or spatial entities. In our study, we focus on A classof relationsC is a subset 028 which contains the

binary relations (a large part of qualitative calculi caless
this kind of base relations). Each base relatiorBofepre-

relation ¥, all of the singleton relations af®, and which is
closed under converse, intersection and weak composition.

sents a certain relative position between spatial or tealpor Givenr € 28 and a clasg, the smallest relation af which
entities. They areJointly Exhaustive and Pairwise Disjoint containsr is denoted byr¢ and is called the closure of

(JEPD),i.e. each elementz,y) € D x D belongs to one

and only onea € B. The setB has some properties [13] :

(1) B is a partition ofD x D, (2) B contains the identity
relationid and, (3)B is closed by converség. the converse
of an base relation iB is also inB. As an illustration,
the Interval Algebra(lA), also known asAllen’s calculus

rin C. In 1A, let us consider the relatiogp, m} € 2B
between two entitiesX andY. X {p,m} Y means that
X preceder meetsY. The converse relatiofip,m} ' =
{p~1,m~1} = {pi,mi} expresses the relation betwekn
and X, soY is precededor is met by X. Finally, let us
introduceY {m, s,eq} Z. We have some information about

[1], considers intervals of the line to represent the terapor the relations betweek,Y andY,Z, so we can deduce

entities. The domaiD is defined byD = {(z~,z%) €

information about the relation betweeX, Z by using the

QxQ |z~ < z*}. The base relations correspond to theweak composition. Sincép, m} < {m,s,eq} = {p,m}, we

set B = {eq,p,pi,m,mi,o,0i,s,si,d,di, f, fi}. Each of

have X {p,m} Z.

these base relations symbolizes a relative position betwee

two temporal intervals, which is illustrated in Figure 1.
A complex relationalso calledrelation, for a qualitative

B. Qualitative Constraint Networks
A Qualitative Constraint NetworkQqCN) consists of a finite

calculus is an union of base relations. It is customary tOset of m, variablesV = {v1,...,vm} Which represent the
represent a relation by the set of the base relations whichpatial or temporal entities, and a mépfrom V x V to 2B
compose it. Hence, in the sequel we make no distinctiosych thatC(v;, v;) C {Id} for eachv; € V, with Id the base

between the set of relations and the Z&which will repre-

relation corresponding to the identity relation ougr and

sent the set of relations of a qualitative calculus basedent (v, v;) = C(v;,v;)”" for all v;,v; € V. In the rest of
set of base relationB. In the Interval Algebra, the relation this paper, we will also denot€(v;, v;) by Nv;,v;]. The

r = pUmi Ueq will be represented by the s¢p, mi, eq}.
The usual set-theoretic operatianson (U), intersection(n)
andconversg-—!) are defined ove2B. For a relation- € 28,
the converse is defined as! = J{a"!la € r}. Among

figure 2 illustrates QCN N of the Interval Algebra. In this
figure, a variable is represented by a node, and a constraint
by an arc labelled with the associated relation. Note tloat, f
simplicity, there is no arc going from; to v; when either

the relations oRB, ¥ denotes the relation that contains all there is already an arc going from to v; or i = j.

the base relations dB. The set2” is also equipped with
the weak compositioroperation, denoted by, defined as:
aob={ceB:3x,y,zeDwithzazzbyandz cy},

Relation | Symbol Converse lllustration
X
recedes i
p p y Y
meets m mi Y
X
overlaps o] oi \4
P X
starts s si F— v
X
durin d di y
’ X
finishes | f fi y
X
equals eq eq Y
—
Figure 1. The base relations of the Interval Algebra.
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Given aQCN N = (V, (), a partial instantiationof A
on V' C V is a maps from V'’ to D. A partial solution
on N onV’ C V is a partial instantiation ori’’ such
that (s(v;), s(v;)) satisfiesC/(v;,v;) for all v;,v; € V7,
i.e. there exists a base relatidn € C(v;,v;) such that
(s(v;),s(vj)) € bfor all v;,v; € V'. A solutionof NV is a
partial solution ofVV on V. A/ is consistenif, and only if,

{o,mi, fi} Aﬁq-' m, s, si}
¢ Vs @

{p, pi, di}

{oi, mi}

{o, 0i,mi, fi}

{oi,m, fi}
{eq,p, fi}
{di,o,m}

Figure 2. AQCN N = (V,C) of the Interval Algebra.



there exists a solution 0¥. NV is trivially inconsistentwhen {Xo = {vo, v1, va, V3, V4, Vs, Vg, V7, Vs, ’Lr'g;vm}j
there exist two variables, v’ € V' such that\V[v, v'] = 0.
N is globally consistenif, and only if, each partial solution [Xl = {wy, v1, V2, 3, V4, Vs, Vg, 1;7}] [X2 = {vo,vﬁ,q,vs,q,rg,q;m}]
of N can be extended to a solution &f. The projection
of the QCN AN to V’/ with V' C V, denoted byNy, is [Xg = {’U[)7U172)2,’U;5,U(;,’U7}} [X4: {vl,m,vaﬂ
the QCN (V7, Cpro;) With Clro; the restriction ofC' to the
setV’. A subQCN A’ of N is aQCN (V,C”) such that [X7 = {vowhvz,veuw}} @(5 = {7«'0-,7/'&1’87”9}] [Xs = {vs,vg,mo}]
C'(vi,vj) C C(vi,v;), for all v;,v; € V. Let N1 and N2
be two QCNs defined respectively on the sets of variables Xy = {v2,v3}
V1 andV2, with for each pair of variables, v’ € V1 NV?2,
Nv,v'] = N2[v,v']. We denote byV! U A2 the unique
QCN N defined onV! UV?2 such that\[v, v'] = N [w, ']
for all v,v" € V1, Nv,v'] = N?[v,0'] for all v,v" € VZ,
N, o' =¥ forallv e VZ2\ V! andv' € V1\ V2.
A QCN N = (V,C) is «o-consistent or closed by weak
composition if, and only ifC'(v;, v;) C C(v;, vg)oC(vk, v;)
for all v;,v;, v, € V. The weak composition closure of the 7 -
QCN WV, denoted by (V) is the largest (foC) o-consistent [)T7 = {vo, v1, Vs, Vg, 1)73 [X = {0, vs, vs, 09} [XG = {”87“9*’103
sub-QCN of A/. This closure may be obtained by iterating —
the operatiorC(v;, v;) « C(vs,1,)N(Clwr, v )oClvr, v;))

Figure 3(b). A tree decomposition @f corresponding td".

Figure 3(a). ARecPart T = (X, F') decomposition of\/.

X5 = {vs, vo}

Xy = {v1, 04,05}

for all v;,v;, v, € V until a fixpoint is reached. The worst-
case time-complexity of this method @(m?), with m the
number of variables. For some classes of relations, such as

the set of the ORD-Horn relations or the set of the convex . . ) !
relations [14], [15] of IA, the consistency problem of a within the framework of the discrete CSPs we define a tree

QCN can be decided by enforcing-consistency. Hence decomposition of &CN as a decomposition of its constraint

a o-consistent ORD-HorQCN with no empty constraint graph_: iy .

is a consistenQCN. The class of convex relations admits Deflnmo_n 1 Let N = (V.C) be aQCN and G(.N) -
a stronger property : eactconsistent conveXQCN non ,(V’ E) be its constraint graph. A tree dgcomposnmn_/‘éf
trivially inconsistent is globally consistent [16]. We adade IS a treeT’ = (X. - {XO’.’ > Xn}, F) with 7 a positive
this section with some definitions about trees. Given a mote N€9e", Wherex’ is a. family of subsets of variables ¢f
tree (a connected acyclic graph with a rdbt} (X, F') and (X; € V), such that :

a nodeX; € X, we denote bylesc(X;) (resp.asc(X;)) the (1) U{X; e X} =V,

set of the descendant nodes (resp. the ancestor nodes) (&) V(v,v') € E, there exists; € X with v,v" € X;;

X; (note thatX; belongs todesc(X;) andasc(X;)). Given ~ (3) for all X;, X;, X; € X, if X; is on the unique path
X’ C X a non-empty subset of noddsa(X’) denote the betweenX; and X}, then X; N X; C X;.

node ofT" which is the lowest common ancestor of the nodesGiven a tree decompositiofi = (X = {Xy,..., X, }, F)
belonging toX’. The setleaves(T") corresponds the set of of a QCN, the treewidth off" is equal tomaz{|X;| — 1 :
the leaf nodes of". Finally, given aX; € X, T, denotes X, € X}. Furthermore, every set of variablé§ is called
the sub-tree of" rooted in X;. a cluster. In Figure 3(b), a tree decomposition of €EN

1. DECOMPOSITIONS OFQCNS N of Figure 2 is represented.

A. Tree decompositions B. TheRecPart decompositions

The relation¥ consists of all the possible base relations ofRecently, Liet al. [11] proposed a method allowing to

B and is satisfied by any pair of elements of the domairtranslateQCNs of the Interval Algebra into boolean satis-
D. A constraint between two variables of QCN defined fiability problem (SAT instances). This method recursively
by the relation¥ specifies that locally there is no constraint decomposes at each steQaN N = (V, C) into two QCNs
concerning the relative position of both entities représgn  N! and A2 such that\' = AM*' U A2, The constraints
So, in a natural way, we define the graph of constraints of alefined by the relatior in the QCN A/ not belonging to
QCN NV = (V, C), by the undirected grapB(N) = (V,E)  N'! andN? are characterized as not necessary in the search
with (v,v’) € E if, and only if, N[v,v'] # ¥ andv # v’.  of a solution of the initialQCN and thus not translated.

In the sequel we suppose that giverQ&EN A, G(N) is  The advantage of such a translation is that the obtained
connected. In the contrary cas®, may be trivially split SAT instance is of smaller size than an instance stemming
in two independenfQCNs without common variables. As from a complete translation. Taking inspiration from this
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method, we define particular decompositions QCNs,  we can assert thal[v,v'] = ¥ and that(v,v’) is not
called RecPart decompositions (for recursive partitioning), an edge ofG(N'). Moreover, we have previously assumed
in the following way: that for everyQCN A considered,G(N\) is connected.
Definition 2: Let ' be aQCN = (V,C). A RecPart  Consequently, for alb € X, andv’ € X, there exists
decomposition of ' is a rooted treeT = (X = a path of G(\V) betweenv and v'. Moreover this path

{Xo,...,Xn}, F), with n a positive integer, wher& is  passes necessarily through two edgesv”) and (v,v"")
a family of subsets o¥ (X; C V) and X, =V with X,  with o € V'\ {X,; U X} andv” € V' \ {X,; U X;}. As
the root of . Moreover, each node @f has two or no child X, U X, = X;, we havev” ¢ X;. Let X; be the nearest
nodes and, giveX;, X;, X}, € X such thatX; and X, are  common ancestor o¥; such thatv” € X;. Let X,,, and
child nodes ofX;, T' must satisfy the following properties : X, be the two child nodes of; with X,, € asc(X;).
(1) Nx, =Nx, UNx,, X; \ Xi # 0 and X, \ X; # 0. We havev” ¢ X,, andv € X,,. Moreover,v” € X,
(2) For everyX,, € desc(X;), if X, N (X;NXy) #0  sinceX,U X, =X;. We also knowVx, = N, UNx,.
then (X, N X;) C Xpn. _Consequently, we haW[«u7_'u”] =0, We_ kr_10w that(v,v")
In Figure 3(a) is represented RecPart decomposition of IS @n edge ofG(V). There is a contradiction. We conclude
the QCN A illustrated in Figure 2. We define the treewidth that X; N0 X, # 0. )
of a RecPart decompositior” = (X, F) by maz{|X;|—1: (2) Let X; X5, X € X with Xy = lca({X;, X;j}).
X, € leaves(T)}. Note that from the property (1) of the ASSUme thatX, # X; and X, # X;. We have necessarily
previous definition,X; # () for every X; € X. A RecPart Xk & leaves(T)). Let us denote by; and.X,, the two child
decomposition satisfies the following properties : nodes ofXj.. We haveX; € desc(X;) and X; & desc(X,,)
Proposition 1: Let T = (X = {Xy,...,X,},F) be a or, X; € desc(X,,) and X; € desc(X;). Hence, from

RecPart decomposition of @QCN A = (V,C). For each Proposition 1 (1), we haveX; ¢ X; and X; C X,
X, € X, we have : or, X; € X,, and X; C X,;. Consequently, we have

c C
(1) For eachX; € X such thati 7 j, X; # X; and é’:)mlfet XX QXS(WTH?;nCI::Jgr?STQZf( trr:eX casé(kwhere
moreover, ifX; € desc(X;) thenX; C X, ;

; ” . X; € leaves(X). By definition, X; = X;, hence the
gg f;( '° E?%Partiecggf\?eilz&?n ;)}f/\./xi ’ property is satisfied. Now, assume th&} ¢ leaves(X)
) XX 7U{X )E{Ieaves(T . X/ and letX; andX; be the two child nodes ak;. We have

X

XpNnX, =X; #0. Letv € X;, we havev € X;. From
The proofs of these properties are omitted, they can b?’roposmon 1 (4), there exist&; € leaves(T') N desc(X;)
directly established from Definition 2. Note that from the g - thaty X;. From the property (2) of Definition 2

previous property (1), we have for al;, X; € X, the sets o haveX}, N Xz C X; since(X), N X,) N X; # 0. 4
X, and X; which are distinct sets if, and only if, # j. -
Hence, for eaclX; € X, the set of variables belonging 16;
characterises one and only one nodelofLet 7' = (X, F') IV. FROM RecPart DECOMPOSITIONS TO TREE
be aRecPart decomposition of QCN N = (V, C). Given DECOMPOSITIONS
X, € X, X; will denote the setX; in the case where
X; € leaves(T). In the case whereX; ¢ leaves(T), X;
is defined by the seX; N X, with X; and X}, the two
child nodes ofX;. Note thatX; C X; sinceX; C X; and
X C X;. Moreover, we have the following properties :
Proposition 2: Let T = (X = {Xy,...,X,},F) be a
RecPart decomposition of QCN N = (V, C).
(1) For eachX; € X, X; # (.
(2) GivenXZv,Xj,Xk € X with X, = Ica({Xi,Xj}), if
X 7éXz anka #XJ thenXiﬂX]' QX_k {p,0.m}
(3) For eachX; € X, there existsX; € leaves(X) such
that X; C X;. {fi}
Proof.
(1) Consider the case wher®; ¢ leaves(T) (for the case
where X; € leaves(T") the property is trivially satisfied
since X; = X; and X; # 0). Let X;, X;, X}, € X such

In this section, we are going to show that fromRacPart
decompositionT of a QCN we can define a tree de-
composition7” with same treewidth and considering the
same clusters of variables (more exactly the same binary
constraints). Before this, we introduce a new notation egiv

{pi,oi, mi}

that X; is the parent node of{; and X,. Suppose by {eq,d, di,o,0i,s,si, f, fi}
contradiction thaf{; N X, = (. From Definition 2, we have
Nx, = NXj U Ny, . Hence, for allv € X; and v e Xg, Figure 4. N’ a ORD-Horn$,—consistent su®CN of V.
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X, X; € X with X; child node ofX;, X;X; will denote
the set{Xy : Xj € desc(X;) andX; C X, }. Concerning
XE(/J we have the following properties :

Proposition 3: Let T' = (X, F') be aRecPart decompo-
sition of aQCN NV = (V,C) and letX;, X; € X with
X; a child node ofX;. We have : (1)X;X; # 0, (2)
Ica(Xin) € XlXJ
Proof.

(1) We know thatX; # () (Proposition 2 (1)), hence
there existsy € X;. By definition of X;, we know
that v € X;. From Proposition 1 (4), there exists
X, € leaves(T') Ndesc(X;) such thatv € Xj. From the
property (3) of Definition 2, we can assert thﬁ C Xg.
Hence, X € X X; and we can conclude thasf X; 7é 0.

(2) Let X; = Ica(XX) There existsXy, X,,, € X,X
such thatX; = Ica({ Xy, X;n}). In the case wher&; = X,
or X; = X,, the property is trivially satisfied. In the

case whereX; # X and X; ;zé X,,, from Proposition

2 (2) we haveX, N X,, € X;. As X; C X, and

X C X,, we can assert thak; C X;. Moreover, since
= lca({Xk, Xm}), Xi € desc(X;) andX,, Edesc( X;),

we haveXl € desc(X;). We conclude thal; € X X;. A

Now, we define from aRecPart decompositionT of
a QCN N a tree denoted byl. We will prove in the
sequel that this tree is a tree decomposition of &N N
satisfying some particular properties.

Definition 3: Let N be a QCN and T (X
{Xo,..., X}, F) a tree decomposition of/. FromT and
an elementX; € X, we inductively define a rooted tree
Tx, = (Xx,, Fx,) with root X; in the following way :

« Base case X; ¢ leaves(T), Tx, = ({X;},0).

» Inductive case X; ¢ leaves(T'). By consideringl’, let
X; and X}, the child nodes ofX;, X; = lca(X;X;)
and X,,, = lca(X;Xy). Xx, and Fx, are defined by
Xx, = Xx, UXx, U{X;}, Fx, = Fx, UFx, U
{(Xivxl)v (Xiva)}'

T is defined by the rooted tréEx, with X, the root of 7.
Let us show that the tre€ is a tree decomposition of the
QCN N for which T' is a RecPart decomposition.

Proposition 4: Let A" = (V, C) be aQCN and aRecPart
decompositiod” = (X = {Xo,..., X}, F). We havel =
(X = {Xo,...,X,},F) which is a tree decomposition of
N such that for eachX; € X there existsX; € leaves(T)
with X; C X;.

0 the property is trivially satisfied. Now, assume that the
property is satisfied for each path with a lengtk 0 and
let us show in an inductive way that the property holds
for each path betweeX; and X of lengthl + 1. First,
assume thaf\; ¢ desc(Xy) and X, ¢ desc(X;) w.rt. T.
By examining the definition 3 we notice that f@t a path
betweenX; and X, necessarily passes through, with
X, = lca({X;, Xy}). From Proposition 2 (2) we have
X;NX;, CX,. Consequentlyu € X,. By considering the
two pathsXj;,..., X, andX,, ..., X, which have a length
lower or equal td, and by usmg the induction hypothesis,
we can assert that the nodes on the path..., X, and
the nodes on the patl,, ..., X} containv since X;, X,
and X, containv. Now, assume thak; € desc(Xy) in T
(the caseX} € desc(X;) can be handled in a similar way).
The caseX; = X} is a trivial case, assume that; # X.
We haveX; € desc(X,) with X, one of the child nodes of
X, in T. By examining Definition 3 we remark that far,

a path betweerX, and X; passes necessarily through,,
with X,,, = lca(X:X,). From Proposition 3 (2), we know
that X, C X,,. It results thatw € X,,,. By considering the
paths X;,...,X,, and X,,,..., X which have a length
lower or equal ta/, and by using the induction hypothesis,
we can assert that the nodes of the paih..., X,, and
the nodes of the patl\,,, ..., X, containv sinceX;, X,,
and X, containv.

The fact that for eaclX; € X, there existsX; € leaves(T)
such thatX; C X results from Proposition 2 (3). a

V. TREE DECOMPOSITIONS AND CONSISTENCY OQCNS

In this section we are going to show that to decide the
consistency of &QCN from one of its tree decomposition
we can leave aside some of its constraints. In particular,
we show that for some classes of relations, the closure by
weak composition restricted to constraints of the clusters
stemming from a tree decomposition is complete for the
consistency problem. First of all, we introduce a new local
consistency corresponding to the propertyceonsistency
restricted to some subsets of variables gj@N:

Definition 4: Let N' = (V,C) be aQCN and X =
{Xo,..., X} a family of subsets o¥’. \ is % -consistent
if, and only if, for eachX; € X, the QCN Nk, is a
o-consistentQCN.

Given aQCN N = (V,C) and X = {X,,..., X} afamily
of subsets of/, we will denote by (N) the larger (forC)
% -consistent sulRCN of A\.

Proof. Properties (1) and (2) of the definition 1 arise from The following result extends the one of Et al. on atomic

the fact that for eachX; € leaves(X), X; = X; and

networks. It concernQCNs whose constraints are defined

from Proposition 1. Now, let us prove that the propertyby relations stemming from a clagsfor which any QCN

(3) of Definition 1 is satisfied byl'. Let X;, X;, X}, € X
with X; on the unique path betweek; and X w.rt. 7.
We are going to show that if € X; andv € X, then
v € X;. If the length of the path betweeK; and X}, is

closed by weak composition is globally consistent. As
illustration, we can consider th@CNs defined by relations
belonging to the class of the convex relations of the Interva
Algebra which admits this property.
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Theorem 1:Let N = (V, C) be aQCN defined on a class
of relationsC for which eachQCN ¢-consistent is globally
consistent, and lef’ = (X = {X,,...,X,}, F) be a tree
decomposition of\. If A/ is a non trivially inconsistent and
%-consistentQCN then\V is a consistenQCN.

Proof. We suppose without loss of generality th&thas a
root. Let X; € X andTx, = (Xx,, Fx,) the sub-tree of
T. Given a partial instantiation on V' with V' N X/ C X,

for each X/ € X, and such that for eac’; € X with

X; C V', sx, is a solution ofNyx,. We are going to prove
the following property :s can be extended to a partial
instantiations’ on V"' =V’ U U{X’ € Xx,} such that for
eachX; € X with X; C V", sX is a solution of Nx;.

We are going to prove this property in an inductive way on
the size ofXx;,.

is a %-consistentQCN, we have theQCN Nx, which is a
QCN o-consistent and hence globally consistentn x, is a
partial solution ofA'x, which can be extended to a solution
s" of Nx,. We define bys’ the partial instantiation on
VU X; in the following way : ifv € V' thens'(v) = s(v)
elses’(v) = s”(v). We haves’y, which is a solution of
Nx, and more generally’Xk is a solution ofNx, for each
Xy e X andX, CV'UX,.
e Inductive step: |Xx,| >
property holds for each sub-trégy,

1. We assume that the
= (XXjaFXj) with

a partial instantiations’ on V' U X; such thats’y, is a
solution of N'x, for eachX; € X and X, C V' U X;. By
the induction hypothesis, this partial instantiatigncan be

extended to the set of variables belonging to the descendaTt

nodes of X;. Indeed, considetX; a child node ofXj;.
First, we remark that by denoting by, = (Xx,, Fx,)
,|- Moreover, as
T is a tree decomposition, we have for eakh, € Xx,,
Xm N (VU X;) C X; (from the property (3) of the

definition 1). Hence, the induction hypothesis can be

applied onTx, = (Xx,, Fx,).

By applying the previous property oX, the root of T,
we know that there exists an instantiatieron the set of
variables| J{X; : X; € X} such thatsx, is a solution of
the QCN N, for eachX; € X. First, from the property (1)
of Definition 1 we can assert th&f = (J{X, : X; € X}.
Hence, s is an instantiation onV. Moreover we can
show thats is a solution of /. Indeed, letv,v" € V, if
Nv,v'] = ¥ we haves(v) and s(v’) which satisfy the
constraintN[v, v’]. Now, assume thad/[v,v'] # ¥. From
the property (2) of Definition 1, there exisf§; € X such
thatv € X; andv’ € X;. We know thats(v) and s(v')
satisfy Nx, [v,v']. As Nx,[v,v'] = N[v,v'] we can assert
that s(v) and s(v') satisfy N[v,v']. We can conclude that
s is a solution of\/ -

We are going to characterize a similar result for the
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particular class of the ORD-Horn relations of the Interval
Algebra. In [15], Ligozat attributes a dimension (an
integer included betweefi and 2) to each base relations
of the Interval Algebra : the dimension of the base
relationsp, pi, o0, 01, d, di is 2, this one of the base relations
m,mi, s, si, f, fi is 1, and the dimension okq is 0.
A partial solution of maximal dimension is a solution
satisfying for every pair of variables a base relation of
maximal dimension with regard to the dimensions of the
base relations belonging to the constraint. For illustrati
consider theQCN A in Figure 4, a maximal instantiation
5 Of N (00 .01,00,06,0,) IS TEPresented in Figure 5(b), the
atomic QCN corresponding to this solution is given in
Figure 5(a). For example, the base relation satisfied betwee
s(vp) and s(v1) is the base relation of dimension2, it is
a maximal dimensionw.r.t. to the dimensions of the base
relations of the relationV'[vg, v1] = {egq, o, fi}. Given a
QCN A closed by weak composition defined by ORD-Horn
relations, in the general cagé is not a globally consistent
QCN. Nevertheless we have a nearest property which is
satisfied : each partial solution of maximal dimension
of A/ can be extended to a maximal solution &f (see
Proposition 6 in [15]). From this property we can establish
the following result :

Theorem 2:Let N/ = (V,C) be a QCN defined by
relations of the ORD-Horn class of the Interval Algebra and
let T = (X = {Xo,...,Xn}, F) be a tree decomposition
of N. If V' is a%-consistenQCN non trivially inconsistent
then\V is consistent.

Proof. The proof is similar to the proof of Theorem
except that the manipulated partial instantiations are

maximal partial instantiations. B

{o}

atomic of

5(a).

{vo,v1,v2,v6,v7}

Figure An SURCN
!

s(vg) ‘ !

(v1)

Figure 5(b). A maximal solution aN” (v v, vs,v6,07}




We proved in the previous section that giveQ@N N and 100
a RecPart decompositionl’ = (X = {Xo,..., X}, F)
of this QCN we can define a tree decomposition 80 e epeae e
T = (X' = {X},...,X/},F) = T such that for o e
each X/ € X’ there existsX; € leaves(T) such that i @
X/ C X;. From this property and the previous theorems R i
we can establish the following properties : & * L e ’
Corollary 1: Let N/ = (V,C) be aQCN defined on a a0 f
class of relationg and letT = (X = {Xo,...,X,},F) a g‘* i
RecPart decomposition of\/. ol - -
e, i,j) - PartRec decompositions +
o If C is such that each-consistentQCN defined onC (i) - Tree decompositions LexBFS =
. . . . . = (i,j,k) - PartRec decompositions *
is globally consistent and iV is aj,, ., -consistent o ‘ ‘ (iik) - Tree decompositions LexBFS, »
QCN then\ is consistent. 4 6 8 10 12 14 16 18 20 22
« If C is the ORD-Horn class of the Interval Algebra and Density of non trivial constraints
if V'is afzaves(T)'ConSiStenQCN then\ is consistent. Fligure 6(c). Percentages of pairs and triples of variablsnging to the
VI. FROM QCNS TO BOOLEAN FORMULAE CUStersl
To decide the consistency problem @fCNs, recent
studies [9], [10] propose to exploit the theoretical and
practical framework of the propositional logic, by usingTSA o8 T o
encodings. Given &CN N = (V,C), a first part of these
encodings allows to represent the possible base relations 0 s
C(vs,v;) for each pair of variables;,v; € V. A second 2 X O
part is defined by a set of clauses allowing to the SAT *
solver to enforce the property ofconsistency during search. o o
Intuitively, these clauses represent the possible corgigur o
tions for each triple of variables;, v;, v, € V with regard 02 .
to the weak composition operation. Hence, a SAT instance B
resulting of these encodings will be consistent if, and only . Tree Gocompostiony LexBFS,  x
if, there exists a>-consistent sulRCN of A. The encoding 4 6 8 o 12 14 16 18 20 22

Density of non trivial constraints

proposed in [9] leads to a sUBCN defined by singleton
relations whereas the approach proposed in [10] leads to
convex subQCN.

From Theorem 1, we can restrict these encodings to the
constraints belonging to clusters of a tree decomposition
of N. For illustration, we consider two kinds of decom-

positions :RecPart decompositions obtained by a method ., therecPart decompositions. Remark that the less is the

similar as in [11], and tree decompositions obtained froMyengity of non-trivial constraints, the more is the number o
triangulation of the constraint graphs of tRENS by using  yiscarded constraints. In Figure 6(d) are given the ratfos o

the lexBFS algorithm [17]. We have focused QENS of w0 gjse of the SAT instances using tree decompositions to
the Interval Algebra, randomly generated by following they,q jse of the SAT instances using the complete encoding.

model A(n, d, s) ,[7]' This model involves the generation o gat encodings used are based on the SAT encoding
of QCNs according to three parametersithe number of = yafineq in [10]. Unsurprisingly, the using of the LexBFS-

variables,d the density of constraints not defined by theocoq tree decompositions always performs the using of
relation¥ (the average degree of the nodes in the constraing, p. .+ decompositions.

graph) ands the average number of base relations in each

constraint. The results presented conc&@N instances Figure 6 shows the number of solved instances against

from seriesA(100, d, 6.5) for d varying from4 to 24 with CPU time. The results are given f&CN instances with

a step of0.25, for each point We generateld0 networks the parameterd varying from 8 to 12, and Minisat 2.2

for each serie. [18] was used to solve generated SAT instances. CPU time
In Figure 6(c) are given the percentages of pairs ands restricted to solving time, an@QCN instances are not

triples of variables belonging to clusters for each kindreét  preprocessed before encoding into SAT instances. As we

decompositions. Clearly, we can observe that the lexBFSean see, the lexBFS-based tree decompositions allows to

based tree decompositions discard much more constrainisiprove the performance for solving SAT instances.

Ejgure 6(d). Ratios of the size of the SAT instances by usieg tlecompo-
sitions to the size of the SAT instances by using the comm@at®ding.
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Figure 6. Number of solved instances against CPU time.

VIlI. CONCLUSION AND FUTURE WORKS

In this paper, we have introduced and studiedRbePart

decompositions. We proved that these decompositions a
equivalent to particular tree decompositions. Moreover, w

have studied the consistency problem@ENs with regard
to tree decompositions. We proved that, for some tractable

classes of relations such as ORD-Horn class, we can decide o ) )
12] G. Gottlob, Z. Miklds, and T. Schwentick, “Generalizbag-

the consistency problem of CN by enforcing theo-
consistency restricted to the constraints belonging tstehs

of a tree decomposition. In order to illustrate these result

we have compared two kinds of decompositiorfRecPart

(6]

(7]

(8]

(10]

1]

(13]

decompositions and tree decompositions obtained from tri-
angulation of the constraint graphs QCNs by using the

lexBFS algorithm. A future work is to conduct extensive

experiments in order to compare more tree decompositiong4]
into the framework of SAT encodings GfCNs.

(1]

(2]

(3]

(4]

(5]
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